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1. Introduction

Etant donné un nuage de n points en dimension d, ’analyse en composantes principales
(ACP) consiste a trouver la direction de l'espace qui porte la plus grande part de la
dispersion totale; puis la direction orthogonale a la précédente portant la deuxieme plus
grande part, et ainsi de suite. Du point de vue géométrique, ¢’est un simple changement
de base, qui a pour effet une nouvelle représentation dans des directions correspondant
a des variables décorrélées (au sens empirique), et obtenant par la méme le statut de
facteurs, susceptibles d’expliquer 'information contenue dans le nuage sans la redondance
qui pouvait caractériser la représentation de départ.

L’exemple emblématique du cocktail party illustre le point de vue de la séparation de
sources : on enregistre d conversations simultanées en plagant d microphones bien répartis
dans la piece, chacun enregistrant une superposition de toutes les conversations, mais un
peu plus nettement celles qui se trouvent a proximité directe. Le probleme est d’isoler
chacun des discours pour comprendre ce qui s’est dit.

En psychométrie, une des disciplines précurseur de l’analyse factorielle, on utilise la
notion de variables latentes, c¢’est-a-dire inobservables directement mais dont les effets sont
mesurables a travers des batteries de test, chaque test révélant, en partie et entre autre,
leffet de telle ou telle variable du modele latent. Un exemple connu est celui des cing
grandes dimensions de la personnalité (Big Five) identifiées a partir de ’analyse factorielle
par des chercheurs en évaluation de la personnalité (Roch, 1995).

D’autres domaines d’applications tels que 'imagerie numérique, le datamining, 1’économie,
la finance ou encore l'analyse (statistique) de textes, ont recours a des modeles, de type
inverse, ayant pour objet de révéler des facteurs explicatifs indépendants a extraire d’une
accumulation d’indicateurs éventuellement tres divers, et globalement liés a un phénomene.

L’analyse en composante indépendantes (ACI) est un outil de ce type, avec ou sans la
notion de réduction de la dimension d, et dont I’ambition est par ailleurs de révéler des
facteurs qui soient indépendants au sens plein, et non plus seulement au sens de la non
corrélation.

Le modele se formule a minima de la facon suivante : soit X une variable aléatoire sur R¢,
d > 2, telle que X = AS ou A est une matrice carrée inversible et S une variable aléatoire
latente dont les composantes sont mutuellement indépendantes. On se propose d’estimer A,
pour atteindre {Si,...,S,}, a partir de la donnée d’un échantillon {X3,..., X,,} indépendant,
identiquement distribué selon la loi de X, c’est-a-dire tel que X; est indépendante de X;
pour j # i, mais tel que les composantes X},..., X¢ d’'une méme observation X; ne sont a
priori pas mutuellement indépendantes.

L’ACI ainsi formulée considére uniquement des superpositions linéaires de signaux
indépendants, résultant du mixage par A. C’est souvent une restriction légitime; par
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exemple les systemes de transmission sont des milieux linéaires ou les signaux agissent
comme s’ils étaient présents indépendamment les uns des autres, ils n’interagissent pas
mais s’additionnent (Pierce, 1980).

D’autres formulation prennent en compte des mélanges dits post nonlinéaire (Taleb, 1999,
Achard, 2003) issus de transformations monotones de mélanges linéaires s’exprimant par
X = f(AS), f de composantes monotones et A inversible. Dans d’autres cas encore, on ne
s’appuie pas sur l'indépendance, et on exploite au contraire une corrélation temporelle
des signaux sources. Il existe aussi des modeles convolutifs, ot le mixage par A n’est pas
instantané, mais de la forme X(¢t) = >, A(u)S(t — u), A(u) désignant une suite de matrices
inversibles. Enfin, on peut aussi considérer des modeles bruités.

Le modele étudié dans la suite du document est le probleme standard défini plus haut.
Pour ce probleme, en pratique, la transformation ACP (empirique) de la matrice d x n
M = (21 ... mz,) contenant le signal observé fournit la premiere partie de la réponse
au probleme ACI, par décorrélation simple; et toute la réponse si les signaux mesurés
sont purement gaussiens. Dans le cas contraire, pour résoudre le probleme entierement,
la procédure usuelle consiste a minimiser une certaine fonction de contraste C = C(W)
qui s’annule si et seulement si les composantes de WX sont indépendantes, ou W est une
matrice d x d candidate a I'inversion de A.

Le probleme ACI standard est toujours paramétrique en A, et est paramétrique ou
non paramétrique en S suivant les hypotheses fonctionnelles appliquées a la densité de
probabilité de S, qui est le plus souvent supposée admettre une densité par rapport a
la mesure de Lebesgue (des modeles de déconvolution discrete sont aussi étudiés, voir
notamment Gassiat et Gautherat — 1999).

Le modele de densité de I’ACI s’écrit de la fagon suivante; soit f la densité de S par
rapport a la mesure de Lebesgue, la variable observée X = AS admet la densité f4, définie

par
fa(z) =|det A7 f(A )

= |det B| fL(byz) ... f(bgz),

ou b, est la ligne numéro ¢ de la matrice B = A~'; cette écriture résulte d'un changement
de variable étant donné que f, la densité de S, est le produit de ses marges f!... f%.

Dans le modele ACI exprimé ainsi, f et A sont les deux inconnues, et la donnée consiste
en un échantillon indépendant et identiquement distribué {Xi,..., X,,} de fa. Le cas semi-
paramétrique correspond a des hypotheses non paramétriques pour f, dont la forme n’est
pas spécifiée, mis a part les criteres généraux de régularité nécessaires a ’estimation.

1.1 Principales approches du probleme ACI

On trouve au fil de la littérature abondante sur I’ACI les avantages et les inconvénients
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des différentes méthodes ayant été proposées depuis les années 1980 et surtout 1990 ou les
premiers algorithmes performants ont été introduits.

On constate également que les propriétés statistiques (notamment les vitesses de conver-
gence) des modeles classiques sont généralement peu étudiées explicitement, puisque cela
ne correspond pas forcément a une priorité pour les chercheurs des domaines concernés,
et que d’autre part le critere d’Amari peut tenir lieu de référence dans la validation d’une
méthode.

La performance d’un algorithme n’est en effet pas mesurée spécifiquement par le degré
de suppression de la dépendance, mais par sa capacité a inverser la matrice A. Le critere
utilisé est la distance de Amari (1996) normalisée de 0 a 100 entre la matrice A (connue
dans les simulations) et l’estimation de son inverse ACI, W,

d d d d
_ 100 [pij] |pi; |
-1 -1 avec WA = (p;;).
2d(d — 1) ;(Z maxy, [pi| EDI0D max; o] ) v (Pij)

j=1 j=1 i=1

Les deux objectifs portent d’ailleurs des noms différents (on parle d’estimation du mélange
ou de restitution de source) et ne coincident pas dans certains types de modeles ou A n’est
pas carrée inversible.

La plupart des méthodes classiques ne font pas a proprement parler d’hypotheses
paramétriques pour f, mais n’entrainent pas pour autant la mise en ceuvre de méthodes
typiquement non paramétriques.

L’explication tient au fait que ces méthodes ont recours a des contrastes de substitution
dont I'annulation n’implique pas exactement 'indépendance mutuelle, et qui, du point de
vue théorique, sont plus faciles a estimer qu'un critere exact. Dans beaucoup de cas les
contrastes utilisés fournissent de fait un inverse de A tres satisfaisant.

Les méthodes mettant en avant leur caractere non paramétrique sont basées sur des
contrastes exacts, dont ’annulation implique l'indépendance mutuelle des composantes
(parfois seulement par paire), et dont ’évaluation en toute généralité n’est possible qu’a
travers les contraintes techniques particulieres de I'estimation non paramétrique.

Mis a part le fait que les méthodes classiques sont souvent caractérisées par une plus
grande facilité d’implémentation et une complexité numérique peu élevée, la distinction la
plus évidente entre les deux groupes est sans doute le recours ou non a un parametre de
régularisation, élément clef dans les techniques d’approximation de fonctions, et élément
qui se trouve relié aux performances générales de 1'algorithme ACI dans les cas ou les
propriétés statistiques sont le plus clairement établies.
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Méthodes classiques

Des méthodes issues du maximum de vraisemblance et des contrastes basés sur l'informa-
tion mutuelle ou autre mesures de divergence ont souvent été utilisées. Comon (1994) a
défini le concept de 'ICA comme la maximisation du degré d’indépendance statistique
entre outputs, en utilisant des fonctions de contraste approchées par un développement
d’Edgeworth de la divergence de Kullback-Leibler. Par ailleurs Hyvérinen et Oja (1997)
ont proposé I'algorithme FastICA, qui est une méthode de minimisation par point fixe (au
lieu de méthode du gradient) applicable a plusieurs types de contrastes ACI.

On identifie habituellement quatre grandes catégories de méthodes (voir Hyvérinen et al.
2001) :

Maximisation du caractere non gaussien (Hyvérinen, 1999) ;

On cherche a maximiser le caractere non gaussien d’une combinaison linéaire *bx de
I'observation z. Le caractere non gaussien est estimé a partir du kurtosis ou de la
negentropie.

Il s’agit d’'une méthode déflationniste, c’est-a-dire ou on opere composante par com-
posante, par opposition aux approches simultanées ou on cherche directement W permet-
tant d’extraire toutes les composantes en méme temps. Cela entraine généralement que
Ierreur dans 'estimation de la premiere composante s’accumule et augmente l'erreur des
composantes suivantes (Hyvérinen et al, 2001, p. 271). C’est également une méthode peu
robuste en présence de données aberrantes, en raison dune croissance cubique en |y| du
kurtosis (idem, p. 277).

La maximisation s’opere par une méthode du gradient simple ou par une méthode de point
fixe (FastICA).

Maximum de vraisemblance et notamment I’algorithme Infomax (Bell, Snejowski, 1995) ;

La vraisemblance d'un échantillon {1, ...,z,} s’écrit

1 1 e ,
ElogL(:zzl,...,xn,B) =log | det B| + EZZlogfﬂ( th;a).

i=1 j=1

Dans 'ICA par maximisation de la vraisemblance, on cherche les densités f/ dans une
famille {ps; 6 € ©} ou © ne contient que 2 valeurs correspondant 'une a une densité
supergaussienne, et ’autre a une densité subgaussienne.

Cela s’explique par le fait que pour toute fonction G paire et de classe C2, et soit z = NAs
la transformée ACP de 2 = As, les maxima (resp. minima) locaux en w de EG( twz) sous la
contrainte |w|| = 1 sont les lignes ¢ de la matrice N A, telles que E[s‘G’(s*) — G"(s°)] > 0 (resp.
>0), ou s’ est la composante ¢ de s. La condition est issue d'un développement de Taylor.
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La fonction G divise donc 'espace des densités en deux selon le signe du critere associé a
G et s’, et un représentant de chaque demi-espace est suffisant pour obtenir la convergence
de l'algorithme (voir Hyvérinen, 2001, p.201).

Dans le cas du maximum de vraisemblance, la fonction G = (G*,...,G?) est donnée par
G* = log f( twz) ;

dans cette expression, toute densité dans le méme demi-espace que f* convient également ;
ainsi dans l'algorithme de Bell et Snejowski (années 1990) on prend (G%)'(y) = —2tanh(y)
et (GY) (y) = tanh(y) — v.

L’algorithme Infomax (Bell et Snejowski, 1995), basé sur un réseau de neurones, est
assimilable & une méthode de maximum de vraisemblance (Cardoso, 1997).

Il faut noter que les méthodes basées sur la maximisation du caractere non gaussien et les
méthodes du maximum de vraisemblance (utilisant le découpage précédent) sont en défaut
si on se trompe de demi-espace dans l'initialisation de I'algorithme.

Méthodes tensorielles, et notamment les méthodes FOBI et JADE (Cardoso, 1990, 1994).

Pour supprimer les corrélations jusqu’a l'ordre 4, de z = (2%, ..., z%) on considere les tenseurs
de cumulants cum(z?, 27, 2%, 2!) qui généralisent les matrices de covariance cov(z?, z7).

Soit F le tenseur d’ordre 4, agissant sur des matrices d x d, défini par

M,d x dw— F;;(M) = ZMM cum(z?’, 2, 2% 2ty ;
k,l

une matrice propre de F est une matrice M telle que F(M) =AM, X € R.

On montre que les matrices orthogonales W = w,, *w,,, m = 1...,n, sont les matrices propres
de F. Les valeurs propres associées sont les kurtosis des composantes indépendantes s.

La méthode JADE (joint approximate diagonalization of eigenmatrices) s’appuie sur ce
principe (Cardoso, 1993).

Décorrélation non linéaire, algorithme de Jutten et Hérault (1987), Cichocki et Ubenhauen
(1992).

On cherche a estimer Ef(y')g(y?), idéalement pour toutes fonctions f, g continues a support
compact, passant ainsi d'un critere de décorrélation simple a un critere d’orthogonalité,

équivalent a une indépendance si au moins une des deux variables est centrée.

En utilisant un développement de Taylor, le critere devient

=

ZZ .!i!f(i)(o)g(j)(O)E(yl)i(y2)j TR=0

i=1 j=1

<
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et le probleme se transforme en une décorrélation des composantes y', 32 a toutes les
puissances 7,5 du développement a l'ordre p. Cela revient donc a exploiter les différents
moments des observations, avec ce que cela comporte comme problemes de robustesse.
Jutten et Hérault sont historiquement parmi les premiers a présenter un algorithme ACI.
On sait que leur méthode présente des problemes de convergences dans certaines situations
(J.C. Fort, 1991); Amari et Cardoso (1997) en ont proposé une extension (fonctions
estimables).

Information mutuelle

Hyvérinen et al. (2001, p. 274) font remarquer que le critere théorique de I'information
mutuelle entre les composantes de z = As possede un caractere universel, au sens ou il
peut-étre vu comme la limite du principe de maximisation de la vraisemblance auquel
s’assimilent beaucoup de méthodes.

Soit un estimateur fi de la densité f4 de X = AS; la vraisemblance L(z1,...,%n, fa) =
Ly log fa(x;) tend vers Ey, log fa(x), quantité qui s’écrit aussi en utilisant la substitution

fa=fafatfa,

/fAlong:/fAlong+/fAlog§—j = —K(fallfa) — H(fa),

L’entropie différentielle H(f4) est une constante indépendante de A, puisqu’elle est in-
variante par transformation inversible (ou plus précisément orthogonale, contrairement &
I’entropie de Shannon — Comon 1994, p.293 —, ce qui suppose qu’on s’est ramené au cas A
orthogonale par pré-transformation ACP), de méme que la divergence de Kullback-Leibler
K, et puisque s = A™1z,

K(fa@)lIfa(@) = K(F(s)I1F(5)) 3

les composantes de s étant indépendantes, la divergence se décompose aussi en

K(f(o)Ilf () = K(f($)If*(9)) + E(F*(5)lIf(5))

ou f*(s) est la densité produit des composantes de s. Cette quantité est minimum lorsque

fa = f4 et vaut K(f(s)||f*(s)) qui n’est autre que l'information mutuelle des composantes
de s.

L’information mutuelle du couple (z,y) est aussi définie par I(z,y) = H(z) + H(y) — H(z ®y),
ou H est 'entropie différentielle et z @y la composée ; Cette quantité est toujours positive
et vaut zéro si et seulement si z et y sont indépendantes.

Le critere est généralement utilisé sous la forme d’un minimum d’entropie marginale : si
Y = BS est une variable aléatoire de dimension d, I(Y) = >, H(Y?) — H(S) — log|det B|, le
terme log étant nul si on se restreint aux matrices B orthogonales. On cherche donc dans
ce cas W* = argmin , [H(Y')+...+ H(Y?)], ol Y* est la composante ¢ de Y.
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On peut noter que cette maniere de procéder ne permet pas de savoir si le minimum obtenu
est proche de l'indépendance mutuelle, puisque H(S) n’est pas connue (et H(Y), intégrale
en dimension d, n’est pas estimée). Le critere du minimum d’entropie marginale élimine
donc la possibilité de construire un test statistique permettant de décider que le minimum
a été atteint.

Méthodes d’essence non paramétrique

Ces méthodes peuvent étre classées en trois groupes : les méthodes a noyau, les méthodes
a contraste exact, les méthodes directes.

Groupe 1 — kernel ICA (Bach et Jordan, 2002) et les méthodes basées sur une norme
de Hilbert-Schmidt (Gretton et al., 2003, 2004) qui fournissent des criteres exacts
d’indépendance des composantes par paire plutot que mutuelle, a partir de méthodes a
noyau dans un espace de Hilbert a noyau reproduisant (RKHS).

Le contraste exact visé par les méthodes kernel est le critere d’indépendance de deux
tribus, c¢’est-a-dire X et Y sont indépendantes si Efg = EfEg pour toute fonction f de carré
intégrable sur les ensembles de la tribu générée par X et toute fonction g de carré intégrable
sur les ensembles de la tribu générée par Y. On suppose donc implicitement que le RKHS
sur lequel le critere est effectivement vérifié est inclut dans I'espace Li(o(X)) et La(o(Y)) .

Pour deux variables aléatoires réelles = et y, le contraste de kernel ICA est défini comme
la F,-corrélation pr,

pF, = max corr(f(z),g(y)).

La F,-corrélation est nulle pour z et y indépendantes, et, pour un espace de fonction F,
suffisamment gros, contenant par exemple les fonctions z — ™, une F,-corrélation nulle
implique I'indépendance de x et de y. Dans I’ACI a noyau, F, est issu du noyau gaussien
isotrope k(z,y) = e =2 1#¥° avec § = F, et F, croit vers Ly(R%), quand o2 — +oc.

Dans les méthodes basées sur la norme de Hilbert-Schmidt, on considere deux espaces
mesurés (X,T,p,) et (V,A,p,), et I'espace produit (X x Y,T @ A, pyy).

On considere également F, un RKHS de fonctions de & dans R associé au noyau défini
positif k(.,.): X x X — R, et a la fonction caractéristique ¢, ¢(z) = k(x,.); et on considere
(G, I(.,.), ¥), un second RKHS de fonctions de Y dans R.

Le contraste est défini comme la norme de Hilbert-Schmidt de l'opérateur de covariance
croisée
Cacy = Emy [(¢(£L‘) - Mm) ® (¢(3/) - My)]

ou E,, est l'espérance par rapport a la loi jointe p,,, ® est le produit tensoriel défini par
f®gheGr f<gh>ge F et u,, u, sont donnés respectivement par <, f>r= E,f(z) et
<y, 9>g= Eyg(y).
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En dimension supérieure a 2, on opere sur toutes les associations par paires.
Groupe 2 — information mutuelle, et méthodes basées sur une estimation de densité,

implicite ou non ; par exemple la méthode Radical (Miller et Fisher III, 2003) basée sur
un estimateur de I'entropie différentielle initialement introduit par Vasicek (1976) ;

=n1 loo (X, X,
n ; 85 (Xrm) = Xii=m))
ou X(; est la statistique d’ordre associée a un échantillon ii.d. Xi,..., X,.

Un autre estimateur de 'information mutuelle utilisé dans le contexte ACI par Boscolo et
al. (2001) s’écrit sous la forme

n d
==Y log fi(wex;) + log| det W,

=1 (=1

3|'—‘

ou wy est la ligne ¢ de la matrice candidate W, et les auteurs estiment les densités marginales
+¢ a I'aide d’'un estimateur a noyau gaussien classique, qu’ils substituent ensuite dans la
formule ci-dessus.

Pham (2004), propose également des algorithmes rapides basés sur I'estimation du critere
cW) =0, HWX*) —logdet W, utilisant un estimateur & noyau spline pour les entropies
marginales, et des fonctions score liées au gradient de I’entropie pour la minimisation.
D’autre part la méthode s’appuie sur une estimation discrétisée de la densité multipliée
par son log, flog f.

Groupe 3 — méthode de la fonctionnelle matricielle (Tsybakov et Samarov, 2001); c’est
une des méthodes les plus abouties au plan théorique, basée sur un estimateur a noyau d’une
fonctionnelle matricielle fournissant une solution algébrique directe au lieu d’un contraste
a minimiser numériquement.

Cette méthode donne une estimation consistante de A~! a la vitesse /n sans 'auxiliaire
d’une fonction de contraste a minimiser, a partir d’'une fonctionnelle utilisant le gradient
de f4. Mis a part certaines densités exclues de fait, la méthode est donc optimale, et donne
une consistance de I'estimation directe de A plutot que de celle d’un contraste qui reste a
minimiser. En pratique, la complexité numérique est au minimum en O(n?).
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1.2 Motivation

La différence entre les méthodes classiques et les méthodes non paramétriques (c’est-a-dire
ici & parametre, mais de régularisation) parait finalement assez mince, puisque on a dans
un cas un contraste biaisé, estimé avec un certain degré d’incertitude, et dans 'autre un
contraste exact mais dont 'estimation est nécessairement biaisée.

Les criteres classiques tendent généralement vers I'information mutuelle, mais sans mention
d’aucune vitesse puisqu’on ne s’appuie pas sur une classe fonctionnelle définie par une
notion de régularité, par exemple de type module de continuité (on suppose parfois que
la densité est “suffisamment dérivable”). D’autre part ces contrastes utilisent souvent des
criteres basés sur les moments de la distribution, ce qui ne nécessite aucune connaissance
de la forme de la densité.

La motivation des approches d’essence non paramétriques est donc de partir de criteres
d’indépendance exacts, dont on espere qu’ils permettront d’atteindre une inversion de
A plus précise, et de s’appuyer pour leur estimation sur le cadre statistique étendu de
I’approche non paramétrique. Le critere de I'information mutuelle montre que le probleme
de 'estimation d’un contraste ACI exact est fondamentalement celui de I’estimation d’une
fonctionnelle non linéaire d’une densité.

Premiere observation; dans beaucoup de cas, la précision supplémentaire a laquelle on
accede sur le papier est quelque peu écornée par les difficultés de mise en ceuvre ou une
complexité numérique élevée qui obligent souvent a rétrocéder quelque chose dans le calcul
concret.

Dans la méthode Radical, constatant l'insuffisance de prise en compte de la régularité
par le seul parametre m, les auteurs ajoutent une seconde régularisation par bruitage, en
remplacant chaque observation X; par Zle €; Ol ¢; suit une loi normale N(X;,021;). Si la
consistance de l'estimateur de Vasicek est montrée dans I'article de Vasicek (1976) et dans
un article ultérieur de Song (2000), la seconde régularisation change le probleme.

Les méthodes a noyau s’appuient par construction sur une régularisation définissant la
largeur du noyau, en général gaussien isotrope. Et la encore c’est insuffisant en pratique.
Dans kernel ICA, le probleme de valeurs propres généralisé n’a pas de solution sans une
régularisation additionnelle, dont I'effet statistique n’est pas totalement clair. La méthode
kernel de Hilbert-Schmidt ne demande pas formellement de seconde régularisation, mais
le bon fonctionnement du contraste nécessite un seuil de signification v jouant a peu
pres le méme role. D’'une maniere générale, 1'utilisation d'une décomposition de Choleski
incomplete dans les méthodes kernel introduit des parametres supplémentaires dont on ne
connait pas les valeurs optimales.

Autre remarque d’ordre général, les simulations montrent que les méthodes non paramétri-

ques donnent de bons résultats dans un grand éventail de situations, mais 'une ou l'autre
des méthodes classiques n’est jamais tres loin en terme d’erreur Amari (voir des exemples y
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compris dans les simulations de I’article de Bach et Jordan), et finalement aucune méthode
ne se détache des autres dans tous les cas de figure.

Dans la fonctionnelle matricielle, on a pu constater de moins bons résultats que les
méthodes classiques dans le cas de densités multimodales (Gémez Herrero, 2004, p. 15).

Dans la méthode Hilbert-Schmidt, les auteurs annoncent d’excellents résultats comparés
aux méthodes classiques et a kernel ICA, sauf dans le cas ou le nombre d’observations est
faible (n = 250).

Sur I’ensemble test de Bach et Jordan en dimension 2, les simulations de Radical montrent
des résultats en moyenne meilleurs que FastICA, Jade, Infomax et kernel ICA.

D’une maniere générale, il semble que les méthodes classiques sont performantes notam-
ment pour des densités unimodales ou la notion de supergaussienne et subgaussienne a un
sens visuel.

Troisieme observation ; pour avoir un intérét pratique, une méthode ACI doit posséder une
complexité numérique modérée, et sur ce point les méthodes classiques ont I'avantage. Il

semble impossible d’obtenir a la fois une optimalité théorique et une complexité numérique
faible.

Les méthodes a noyau réduisent considérablement la complexité du contraste grace a
une décomposition de Choleski incomplete. Mais cela revient a introduire de nouveaux
parametres dont les valeurs optimales ne sont pas connues.

Les méthodes basées sur I'information mutuelle n’estiment jamais 'information mutuelle
de la densité multivariée, mais seulement celle des composantes, pour couper court a une
estimation cotiteuse. En échange de ce gain dans la complexité numérique, on perd la
possibilité de savoir si le minimum atteint est loin du minimum absolu.

La fonctionnelle matricielle est optimale au plan théorique, mais la forme de I'estimateur
implique une complexité numérique élevée, au moins de I'ordre de O(n?). Il faut également
utiliser des noyaux possédant d+ 3 moments nuls, ce qui n’est pas une situation idéale en
grande dimension.

Enfin, certaines méthodes fonctionnent sous conditions ou bien, de fait, ne fonctionnent
pas sans la pré-transformation ACP, qui est une opération non-linéaire dépendant de
I’échantillon. Aucune méthode ne prend en compte ’anisotropie.

Ainsi pour la fonctionnelle matricielle, dans les simulations pratiquées par Gémez Herrero
(2004), estimation avec une fenétre » uniforme dans les d dimensions s’avere instable sans

une pré-transformation ACP, pourtant non formellement prévue par la méthode.

Il est important de noter que la pré-transformation ACP dépend entierement de 1’échan-

20



tillon courant, et que son utilisation introduit des le départ une rupture non linéaire dans
le probleme ACI. Cardoso (1994, 1999) a d’ailleurs montré que le pouvoir de séparation
des algorithmes ACI adoptant la pré-transformation ACP admettait une borne inférieure ;
il souligne aussi le fait que le minimum d’un critere d’indépendance ne correspond pas
forcément a une décorrélation totale, puisqu’on n’obtient jamais une indépendance exacte
dans la pratique; autrement dit si la décorrélation est souhaitée, elle doit étre effectuée
séparément, en plus de la minimisation du contraste.

Dans la plupart des méthodes, au maximum une seule composante gaussienne est autorisée
pour le bon fonctionnement des contrastes, et y compris dans le cas de la fonctionnelle
matricielle.

Le probleme de l'identifiabilité du modele ACI est discuté dans un article de Comon
(1994). Pour une source s & composantes indépendantes et si z = As a des composantes
indépendantes, covzr et covs sont diagonales, cove = Acovs *A, et A peut étre identifiée
a n’importe quelle matrice de la forme A = (covaz)zQ(covs) 2, oul Q est orthogonale. La
matrice A de z = As est identifiable & une permutation et normalisation pres si et seulement
si au plus une seule composante de la source est gaussienne.

Les gaussiennes sont donc exclues du champ de ’ACI, mais en pratique il n’est pas
impossible d’en rencontrer, et un contraste qui conserve un sens méme en présence de plus
d’une gaussienne peut étre intéressant, méme si une minimisation post-ACP ne pourra pas
fonctionner pleinement.

La motivation de ce projet a été d’étudier dans quelle mesure un contraste a base
d’ondelettes pouvait apporter quelque chose dans la résolution du probleme ACI, étant
donné les nombreuses méthodes déja existantes.

La théorie des ondelettes a été congue pour pouvoir approcher des fonctions ou des surfaces
éventuellement tres irrégulieres et est un outil efficace utilisé dans les domaines de la
compression de données, de 'image et de la théorie du signal. Son utilisation en statistique
non paramétrique s’est révélée également tres puissante. Les algorithmes computationnels
associés aux ondelettes sont rapides; par exemple la projection sur une base d’ondelettes a
une certaine résolution et le changement de résolution sont des opérations numériquement
stables et linéaires en n.

A la différence d'une onde sinusoidale, une ondelette est de durée finie; le terme renvoie
ainsi a une localisation en fréquence et a une localisation temporelle (ou spatiale). Les
irrégularités spatiales (multi-modes, discontinuités, mélanges) peuvent étre retranscrites
efficacement sur une base d’ondelettes et la description de fonctions compliquées tient
généralement en un petit nombre de coefficients, souvent plus faible que dans ’analyse de
Fourier classique.
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La projection linéaire d’une fonction f sur une base d’ondelettes a un niveau de résolution
j opére un lissage qui revient a fixer des coefficients de détails a la valeur zéro. Une
autre option consiste a ne conserver que les coefficients plus grands que un certain seuil ;
le résultat est une projection non linéaire appelée seuillage qui fournit des procédures
adaptatives dans le cas ou la régularité de f n’est pas connue.

L’autre intérét des ondelettes est leur articulation avec les espaces de Besov, espaces
d’approximation par excellence, qui généralisent des espaces fonctionnels classiques, comme
les espaces de Sobolev, Holder, etc., ayant connu historiquement des développements
séparés.

Le cadre fonctionnel des espaces de Besov permet d’obtenir des vitesses de convergence
tres précisément reliées a la régularité de la densité latente du probleme et des conditions
d’utilisation éventuellement adaptatives. On espere ainsi pouvoir disposer d'un cadre exact
qui ne se dilue pas ensuite dans une succession de parametres de réglage a fixer selon des
principes généralement empiriques.

Une motivation a posteriori de ce projet est d’offrir une alternative a I'information mutuelle,
qui reste vue comme un critere difficile a estimer (Bach et Jordan, 2002, p.3).

L’estimateur de l'information mutuelle proposé par Vasicek (1976) s’obtient par le change-
ment de variable F(x) =p, 0 <p <1, et en dérivant F(F~1(p)) = p, 'entropie différentielle H
s’écrit

+oo 1 L
H=- / llog f (2] (x)dz = — / log f(F~(p))dp = / log d%F-l(p)dp.

On obtient I'estimateur H,,, avec F~'(p) = inf{xz: F,,(z) > p} ol F, est 'estimateur empirique,
et en remplacant la dérivée par une différence premiere. ; c’est-a-dire %F*l(p) = 2 (X(itm)—
X(i—m)) POUr (i —1)/n <p <i/n.

Song (2000) fait remarquer que Iestimation directe de H en fonction de F n’est pas possible
en raison de l'opérateur différentiel. H étant fondamentalement une fonctionnelle d’une
densité, la technique d’estimation est essentiellement celle d’une densité, d’onu la présence
du parametre m jouant le role du parametre de lissage.

Une alternative a I'information mutuelle est donnée par la distance en norme L, (au carré)
entre la densité et le produit de ses marges.

C(fa) = / (Fa - F3)%

ou f3 le produit des marges de f4.

On peut noter que ’égalité presque sire de f4 et de f4, conséquence de C(f4) = 0, entraine
bien I'indépendance des composantes puisque les fonctions de répartitions F, et F7 seront,
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elles, égales en tous points. Le contraste C(f4) est donc un critere d’indépendance mutuelle
exact. On remarque aussi la similitude de forme entre les deux quantités [ flogf et [ f2,
et le caractere plus simple de la seconde forme.

Cette mesure de factorisation a été initialement considérée par Rosenblatt (1975) dans le
cadre d'un test d’indépendance des composantes d’une fonction en dimension 2 et avec
une méthode d’estimation a noyau. On trouve également dans ’article de Rosenblatt une
procédure de test permettant de décider de I'indépendance, selon un critere qui tend vers
une loi normale. L’ensemble est d’ailleurs directement utilisable dans le cadre ACI, sous
une forme éventuellement & moderniser, si on s’en tient a une association des composantes
par paire.

La mesure C(f4) est apparentée au probleme classique de l'estimation de [ f?, pour lequel
la vitesse minimax est connue pour plusieurs types de régularité. Pour une régularité de
type Holder et pour la perte Lo, Bickel et Ritov (1988) ont montré que la vitesse minimax
du probleme [ f? en dimension 1 est de type paramétrique, soit n~!, pour une régularité
s>1/4; la vitesse tombe a n=8/1%4 pour s < 1/4,.

En dimension d, si s > d/4, et pour une boule de Besov © = B,,, (M) la constante est identifiée
et la vitesse minimax s’exprime par

2

infsup E; (q - /f2> =4A(0)n (1 +o(1))
4 feo

oll A(8) =sup,e [ f* est une constante et 44(6)n~" est I'inverse de I'information de Fisher

non paramétrique (voir Cai et Low, 2005).

On trouve en introduction d’un article de Kerkyacharian & Picard (1996) un exemple
d’estimateur par projection sur une base d’ondelettes atteignant la vitesse minimax dans
le cas d’une régularité de type Besov.

La mesure C(fa) est aussi apparentée au cas [(f — g)?, pour f et g deux fonctions sans
relations entre elles. Ce cas est développé dans un article de Butucea et Tribouley (2006)
a propos d’un test d’homogénéité non paramétrique basé sur la perte en norme Lo.

La mesure de factorisation [(f — f*)? qui nous occupe est d'une forme un peu différente ;
la fonctionnelle s’écrit q(f) = [ (f — [, f- [.4 f)2, ou [, f est la marge numéro .

L’autre intérét a posteriori de ce projet est de pouvoir proposer différents estimateurs du
contraste L., qui soient numériquement stables, potentiellement optimaux, ou bien sous-
optimaux mais de complexité linéaire en n, avec le minimum de parametres de réglage, et
en se placant dans un cadre statistique unique, clairement établi.

La procédure peut également distinguer I'indépendance mutuelle de l'indépendance par
paire. Cette distinction est en théorie d'un intérét nul en ACI ou par hypothese au
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maximum une seule gaussienne compose la source s ; dans ce cas en effet, d’apres un résultat
de Comon (1994), 'indépendance par paire est équivalente & I'indépendance mutuelle. Mais
elle reprend tout son sens si on réintegre la présence du bruit ou si on admet plusieurs
composantes gaussiennes, mis a part que dans ce dernier cas on retombe éventuellement
dans des problemes d’identification de A; la distinction pourrait néanmoins fournir un
angle d’attaque dans le cas de plusieurs composantes gaussiennes.

1.3 Résultats théoriques obtenus

L’étude porte sur le risque de différents estimateurs de la mesure de factorisation L, sous
une régularité de type Besov, et sur quelques questions liées a I'utilisation du contraste en
ondelettes.

Mixage linéaire et appartenance Besov

Dans le cadre de la minimisation du contraste, on s’est assuré que pour une matrice A
inversible, toute transformée f4 appartient au méme espace Besov que la densité f originale,
autrement dit le calcul du risque a une portée générale, valable pour I'ensemble de la
procédure.

(Voir propositions 3.2 et 3.3).

Contraste en projection
Soit le contraste en projection
Ci(fa) Z/(ijA - Pif3)?
ou P; est Popérateur de projection sur espace V; d’une analyse multirésolution de L?(R?).

Une explicitation de I’écart entre le contraste en ondelettes et le carré de la norme L, de
fa — f3 qui représente le contraste idéal est donné par

0 < |lfa—FfAlls — Cj(fa— fi) < C27%%;

Le contraste en projection fournit donc un critere de factorisation approché, mais
précisément relié a la régularité s

f est factorisable = C;(f - f*)=0
Cilf —=f)=0 = Pf=PFf" . .Pf" ps

(voir aussi les propositions 3.1 et 4.6).
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= Le contraste plug-in s’exprime également sur les coefficients de détail (voir lemme 5.15),
J1
Cin(£) = Cio () + D D (Bjk = By - Byna)*.
Jj=jo k

ou k= (k',....k% et B = [ f*(a")0jpe (2¥) dat et Bjx = [ f(2)¥i(x) da.

Estimateurs et vitesses

Le tableau ci-dessous résume les vitesses de convergence obtenues a la résolution optimale,
pour les différents estimateurs détaillés ensuite. La premiere ligne concerne des estimateurs
utilisant des blocs distincts issus d’un découpage de 1’échantillon de départ ; 1’estimateur
figurant a la quatrieme ligne est adaptatif.

Vitesses de convergence
statistic 27d <n 27d >n choix de la résolution j
~ ~ A —8s . 2 -
A?, G?, Fj2 paramétrique nis+d 2 =npas, s <d/4; 2id oy n,s > d/4
~ ~ _ 1 —8s . 1
D3(X) n~tTEE N+ idem si 5§ < d/4; 2 =nT, s>d/4
~ ~ —4s - 1
Oj (X) n4s+d impraticable 21 = nTs+d
= —2s
Cjo7j1 n2s+d lOgn impraticable o7d — Cn(log n) , Jjo=20
» Un estimateur de la mesure de factorisation C(fa) = ||fa — f4l% et plus directement du

contraste en ondelette C;(f4 — f3) est donné par la statistique

Ci(X1, . Xn) =Y (G — G - Gjpa)?
k

ol dyi (resp. a;e) est l'estimateur naturel du coefficient aj, de la projection de fa (resp.
marginale numéro ¢ de fa) sur le sous-espace V; d’une analyse multirésolution de Lo(R?);
c’est-a-dire

X I
Qjk = n Z(ijl(Xil) < Pk (de) et Qjpe = Z%k@
=1
ol X* est la coordonnée ¢ de X € R.

On montre que 'erreur en moyenne quadratique de la statistique C; pour une classe Besov
Bspq €5t au plus de lordre de n7+ (voir proposition 4.10), soit mieux que I'estimation de
densité n= 7 mais moins bien que la vitesse optimale de I’estimation d’une fonctionnelle
quadratique, n~! pour s > 4 et nTE POUr s < 4. a laquelle se rattache [(fa — f4)%.
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» Un estimateur U-statistique du contraste en ondelettes s’écrit

. . 1
D?:D?(Xla"'aXn):T_i_g Z X, .., Xjpare)
A7 e+

avec

h= Z (@51 (Xi1) = @jrr (X2) -+ e (Xjasn)] [Pk (Xjarz) — jur (Xjars) - - e (Xhara)]
kez?

ol ¢ est une fonction d’échelle, <I>Jk( z) = @i (@) . opa (), I = {(it,...,im):if €N, 1 <if <
n, i #i% if 0 # 6} et AT = m‘ =|I.

On peut simplifier 'expression, du noyau h en définissant une fonction A;. de la fagon
suivante . 4 .
Ajk(Xi17 R 7Xid) = Pjkt (le) ce Pk (Xid) Vi € In
Aji(Xi) = @50(X0) = @ (X]) - e (X)) Vie {1...,n}

ou la seconde ligne est prise comme convention.

On découpe ensuite les paquets de 2d + 2 variables X; d’indices distincts en 4 sections :
Pour i € 1292 on définit les 4 variables factices V; = X;,, V; = (Xiy,... Xi,,1), Zi = Xiyas
T; = (Xigygr---Xisu,n); clest-a-dire que Y; et Z; admettent la distribution Py, V; et T;

admettent la distribution P, et Y;, Vi, Z;, T; sont mutuellement indépendantes sous Py, .

On peut alors exprimer f)JZ sous une forme qui rappelle I'estimateur U-statistique d’ordre 2
de [(f—g)? pour f et g deux fonctions quelconques définies sur R? (Voir Butucea, Tribouley
2006 ) :

D3 =z 0 3 [An(¥) — (V)] [A6(2) ~ Au(T)]

12442k

Ainsi la complexité supplémentaire de D? est entierement encapsulée dans les sections larges
V; et T;, qui peuvent posséder chacune jusqu’a d coordonnées communes avec la deuxieme
copie du noyau dans le cadre du calcul de 'TEMQ E}, [Df]2

D’autre part D7 admet la décomposition D? = Ujaa — 2Ujap + Ujuu, avec

]aa = 2 ZZ@]*’C 11 Jk 12)

n 12
JQ# Ad+1 § : E :(I)Jk Z0 Jk 11a cee 7Xid)
14tk
JMM 2d E E Ajk ITEREEE )Ajk(Xid+17"'7Xi2d)7
n 124

chacun respectivement étant aussi un estimateur sans biais de Cjaa, Cjau €t Cjpup, avec
2 2
Cj = Z Qjk — 2Zajk)‘jk + Z Ajk = Cjaa = 2Cjau + Cjuu,
k k k
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ce qui démontre que C‘f est la V-statistique associée a D?.

On peut noter que seul Uj,, possede un noyau symétrique ; pour cette raison, la plupart
des calculs réalisés dans ce projet ne s’appuient pas sur une symétrie du noyau.

Le calcul du risque peut donc se faire sur D? ou bien sur chacune des composantes Uj..,
mais dans le second cas on perd une propriété du risque, certes relativement accessoire, qui
veut que la borne obtenue se compose d'une constante nulle a I'indépendance ; la borne
s’exprime en effet par

C*2in~t + C294n~2,
ou C* = 0 a l'indépendance (quand A = I) (proposition 4.11). On n’obtient pas une telle
constante C* en majorant le risque sur chacune des composantes prises séparément.

La présence du facteur 27 dans I'expression ci-dessus matérialise la sous optimalité de f)f-
par rapport a un estimateur U-statistique de [ f2.

On a également utilisé les U-statistiques a noyaux symétriques

B}({Xy,...,X Z D0 (Xa )k (Xp2)
n i€l?

B?({Xfa H Z Z <P_]k’~7 <P_]k£ (Xg )
n i€l?

qui nous replacent dans le cadre de I'estimation de [ f? traité en introduction de ’article
de Kerkyacharian et Picard (1996), mis a part que dans notre cas 'estimation a lieu en
dimension d.

En estimant chaque plug-in a;,(R°) et a;;..(RY), et la U-statistique B2?(R°), B}(RY), f=1,....d
sur des tranches indépendantes R° R',..., R? de I’échantillon de depart, on peut définir
Iestimateur mixte plug-in
FXR"R',...,R%) = B}(R%) + 2R =2 > ap(RY)dgm (RY) ... dypa(RY),
keZ?

u:j&

en vue d’estimer la quantité 37, a2, + []j_ 1(Zkzezajk@) — 23 k. oa = C2 (voir
proposition 4.8).

Deuxieme fagon de faire : on peut tirer de I’échantillon de départ {X;,..., X,,} un échantillon
Lid. de f3, par exemple {X{...X{, X} .. X8y s X g 1yags - X{hjaats & la maniere de

la décomposition de Hoeffding. Evidemment ce procédé possede 'inconvénient de laisser
de coté une grande partie de I'information disponible.

Quoi qu’il en soit on peut supposer qu’on dispose de deux échantillons indépendants, un
pour fa étiqueté R et un pour f étiqueté S, avec R indépendant de S. On définit alors les
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estimateurs
G3(R,8) = B}(R) + B3(S) — 2 Z ik (R)ajx(S)

et la U-statistique a deux échantillons utilisée dans Butucea et Tribouley (2006)

A3(R.S) = 4= LS Y e — Dji(Sin)] [k (Riz) — @i (S;2)]

A i€l2 ez

en supposant pour simplifier que les deux échantillons ont la méme taille n (qui n’est plus
le n de départ).

A%(R,S) ne recele plus de sections larges, n’est plus que d’ordre 2 et représente l'exacte
réplique de la statistique utilisée dans Butucea and Tribouley (2006) (en dimension d au
lieu de 1) pour lestimation de [(f — g)? dans le cas ou f et g sont deux fonctions sans
relation entre elles.

Cette procédure est optimale et son risque est C*n=1 4 279n=2 avec C* =0 a l'indépendance
(quand A = 1) (voir proposition 4.9).

L’estimateur seuillé qui a été étudié s’écrit Cj, ;, = Cj, + T}

Joj1

avec

A2
7071 ZZ ik — ]kl" ﬁjkd)
Jj=jo k

ou éjk est le substitut seuillé de j3j;, et jo = 0 ou quelques unités.

On a étudié le cas d’un seuillage fort

s ~ ~ PS ~ A 1 ].
Bin = BieI{ 1Bk > t/2} et fjpe = BjpeI{|Bjne| > (¢/2)7}, avec t~ Ogn'

On démarre la procédure a la résolution de 'estimation de densité, soit 2714 = Cn(logn)~!

Le contraste seuillé terme & terme de C; admet une vitesse de convergence de 'ordre de
(logn)n¥+1, soit légerement moins que la Vitesse minimax du probleme de l'estimation de
densité dans le cas adaptatif qui est [(logn)n~!]=7.

Autrement dit le seuillage terme a terme fait perdre plus qu’un log comparé au contraste
linéaire dont la vitesse est en n7+a (voir proposition 5.18 ).

Cette perte d’efficacité est due a une forme de seuillage inappropriée : il s’agit d’un seuillage
terme & terme de C;, tandis que pour le probleme [ f2, on sait que le seuillage par bloc
fonctionne mieux (voir par ex. Cai et Low, 2005 p.4). Mais dans le cas du contraste plug-in
¢’était impraticable car le seuillage par bloc démarre typiquement a 2714 ~ n? et s’arréte
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a 2704 ~ n, deux résolutions au-deld du maximum de fonctionnement de ¢; : pour 2/¢ > n,
I’algorithme est instable, puisque on n’est jamais assuré de la convergence de la borne en
27dp=1 Jorsque n augmente.

On n’a pas implémenté le seuillage par bloc de l'estimateur U-statistique de [(fa — f3)?,
en raison de la complexité élevée du calcul associé, et on n’a pas non plus cherché a
démontrer le résultat théorique, puisqu’il devrait découler du cas [ f? classique, mais c’est
théoriquement la configuration tirant le meilleur parti du seuillage.

Pour une boule Besov © = By, (M), on sait en effet que le risque minimax de 'estimateur
adaptatif de [ f2 est inchangé pour s > d/4, c’est-a-dire qu'il reste paramétrique, et est de
Pordre de n##s (logn) 7% quand s < d/4, c’est-a-dire est augmenté d’un terme log (Cai et
Low 2005). Voir aussi Gayraud et Tribouley (1999) pour le modele bruit blanc.

En tant qu’estimateur du contraste en projection lui-méme seuillé Cj ;, défini par
Cjo.ir = Cjo + Tjoj, avec

J1
Tjos = > > (Bik = Bisa - Bjpa)?

Jj=jo k

ou Bix = B d{|Bjx| > t/2}, la statistique Cj, ;, admet un risque dont la vitesse ne contient
plus de terme log. C’est intéressant en soi puisque l’estimation du contraste est un but
intermédiaire, et un contraste seuillé qui omet les petites contributions peut suffire a donner
un inverse de A satisfaisant.

Propriétés de filtrage du gradient et du Hessien

Dans le cadre de I’ACI, une fois estimé en un point fy 4 donné, ou W matrice dx d représente
Iestimation courante de A~', le contraste doit encore étre minimisé en W. A ce stade, on
rejoint la procédure suivie par n’importe quelle autre fonction de contraste utilisée dans
d’autres méthodes de résolution de I’ACI, et notamment la procédure de Bach et Jordan.

Dans le cas d’une ondelette deux fois continument différentiable, soit par exemple une
Daubechies au moins D4, il est possible de donner une formulation explicite du gradient
et du Hessien de I'estimateur ¢; en tant que fonction de W ou de ¥ = WX ; de plus la
formulation permet de passer facilement d’une résolution a une autre par transformation
en ondelette discrete (DWT). Voir la partie 6.

1.4 Résultats pratiques

Les résultats pratiques présentés dans cette partie concernent essentiellement 1’estimateur
plug-in.
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Comme pour I’ACI a noyau de Bach et Jordan, I’estimation concrete de la matrice B repose
sur une procédure de minimisation du contraste qui peut plus ou moins bien tourner mais
se résout en général en quelques itérations.

Utilisation du contraste plug-in

L’estimateur plug-in C; fonctionne seulement a la résolution j telle que 2/¢ < n; en effet,
le risque étant en 279n~! on n’a aucune stabilité numérique par augmentation de n sur
I'ensemble {j,d: 27 >=n} (voir propositions 3.4 et 4.10).

Théoriquement le choix optimal de j dépend de la régularité s et s’établit a j. tel que
2+ = n7 (voir proposition 4.7 et voir la proposition 3.5 basée sur une borne du risque
sous optimale). Mais en pratique il existe une bande de résolution j fonctionnant tout
aussi bien que le j optimal. Si la régularité s n’est pas connue, on peut démarrer par
la plus petite résolution technique (tenant compte de la longueur du filtre de l'ondelette
Daubechies utilisée), et augmenter le j progressivement si la minimisation ne semble pas
s’opérer (voir les simulations dans la partie 3).

L’alternative consiste a utiliser le contraste seuillé, qui s’adapte automatiquement a la
bonne résolution ; dans les simulations effectuées on n’a pas observé une plus-value tres
nette du seuillage comparé a un choix moyen de résolution compris entre 0 et logn(dlog2)=!
(voir les simulations de la partie 5 p.164). Il faut préciser que le seuillage optimum dans
un probleme de type [ f? est de type global. Dans le seuillage global, on démarre a une
résolution 27¢ au dela de n, ce qui n’est pas opérant pour le contraste plug-in.

Le contraste n’est pas en défaut en présence de gaussiennes ou si le mixage n’est pas
linéaire. Dans tous les cas on a une estimation de la norme L, de f4 — f4. Evidemment si le
mixage n’est pas linéaire, le risque de la procédure n’est pas celui annoncé puisqu’on n’est
plus sur de I'appartenance Besov de fa, et la minimisation sur la sous-variété de Stiefel
devient probablement inopérante.

Dans ce projet on a utilisé une pré-transformation par ACP et une minimisation sur la
sous-variété de Stiefel, pour se rapprocher du modele utilisé par Bach et Jordan, mais cela
n’est pas une nécessité. D’autres méthodes de minimisation sont envisageables et 1’absence
de pré-transformation ACP n’a pas de conséquence sur la stabilité numérique du contraste.

Dans la pratique, il n’y a qu’un seul parametre a calibrer, la résolution j.

Stabilité numérique

Basé sur des convolutions et des sommes, le contraste en ondelettes est numériquement
stable et trivial du point de vue algorithmique, méme si une implémentation efficace
indépendante de d est relativement difficile a obtenir. La projection sur l'espace V; est
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I'équivalent d’un histogramme de fenétre 277 pour une D2 (Haar) ou bien approxima-
tivement 2-UVE) avec pondération pour une D2N (L est le parametre d’approximation aux
dyadiques), avec une certaine frange de recouvrement due au chevauchement du support des
ondelettes ; le calcul du contraste proprement dit est une somme de carrés de différences.

Cette simplicité d’opération est a mettre en perspective avec les approches basées sur
des calculs d’algebre linéaire (valeurs propres généralisées, décomposition de Choleski
incomplete) dont la mise en ceuvre requiert des parametres supplémentaires, parfois fixés
selon des regles empiriques, et ou la sensibilité numérique est nettement plus problématique
dans les cas limites (d ou n grands) ou bien si les conditions d’utilisations ne sont pas réunies
(mixage non exactement linéaire, présence de gaussiennes, régularisation mal calibrée...).

Dans le cas du contraste en ondelettes, la concrétisation du calcul n’est qu'une question de
ressources systeme. Pour jd grand, on peut lotir I'espace mémoire nécessaire a la projection
sur V;, ainsi que la traversée de la boucle du contraste. Le calcul se préte tres bien a une
programmation parallele ou répartie.

Complexité numérique

La statistique C; est un estimateur plug-in; son évaluation s’appuie en premier lieu sur
I’estimation complete de la densité de fa et de ses marges; ce qui demande un temps de
calcul de l'ordre de O(n(2N — 1)4) ou N est l'ordre de I'ondelette de Daubechies, et n le
nombre d’observations ; on précise donc ici ce qu’on entend par O(n).

Un n de l'ordre de 10000 ou 100000 ne sature pas la procédure (voir p. 101 et suivantes), on
a ainsi le cas échéant la possibilité de démixer des ensembles de données importants, pour
des applications de type datamining par exemple (pour diverses applications avancées de
I’ACI voir par exemple Bingham, 2003). En comparaison, les méthodes a noyau plafonnent
en général a n = 5000, tout au moins dans les simulations présentées.

Dans un second temps, le contraste proprement dit est une simple fonction des 27¢ + d27
coefficients qui estiment la densité f4 et ses marges; le temps de calcul additionnel est
donc en O(27%).

On voit ici le principal défaut numérique du contraste en ondelettes dans sa formulation
totale, celui d’étre de complexité exponentielle en la dimension d du probleme, mais
c’est par définition le cout d’une condition garantissant l'indépendance mutuelle des
composantes en toute généralité : d ensembles By,..., B; sont mutuellement indépendants
si P(ByN...NBy) = PBy ... PB; pour chacun des 2¢ choix d’indices dans {1,...,d}.

La complexité en jd tombe a O(d?2%) si on se concentre sur une indépendance 2 a 2 des
composantes, comme dans kernel ICA et la méthode basée sur la norme de Hilbert-Schmidt
(voir pp. 71, 73) ou dans la méthode Radical (voir p.75). L’indépendance par paire est
en fait équivalente a l'indépendance mutuelle en I'absence de bruit et dans le cas ou au
maximum une seule composante est gaussienne (Comon, 1994).
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Usage d’estimateurs U-statistique

Les estimateurs U-statistiques de C; sont de complexité au minimum O(n?(2N—1)%9), ¢’est-a-
dire quadratique en n; en revanche la complexité en jd est probablement abaissée puisque
le contraste se calcule par accumulation, sans qu’il soit nécessaire de conserver toute la
projection en mémoire, mais seulement une fenétre dont la largeur dépend de la longueur
du filtre de la Daubechies.

On n’a pas implémenté l'estimateur U-statistique, mais dans une configuration ol on
minimise les dépendances par paire, puisque on estime au maximum des densités en
dimension deux, son utilisation pourrait s’avérer compétitive, sans compter que la U-
statistique se préte a un seuillage par bloc.

Haar et évaluation directe aux dyadiques

L’ondelette de Haar (D2N, N = 1) ne convient pas pour le calcul d'un gradient, empirique
ou théorique; la variation de I'histogramme (projection sur 'espace V; engendré par
I'ondelette de Haar), en réponse a une faible perturbation de la matrice de démixage
W est en général inexistante ou imperceptible (voir notamment les simulations p. 101 et
suivantes).

Le probleme se pose également au moment de l'initialisation par histogramme a une
résolution élevée, souvent utilisée en estimation de densité, avec une série de filtrages vers
les résolutions plus basses a suivre.

Pour obtenir un gradient empirique, on utilise donc une ondelette au moins D4 et le calcul
direct 1. ¢;x(X;) avec approximation des valeurs X; aux dyadiques d’apres l'algorithme
expliqué dans Nguyen et Strang (1996). Heureusement, et contrairement peut-étre a une
idée répandue, ce calcul n’est pas un probleme, a partir du moment ou les valeurs prises
par l'ondelette a une précision donnée sont préchargées en mémoire. Le temps de calcul
correspondant n’est en aucun cas un goulet d’étranglement pour I’ACI, d’autant moins
qu’on économise des séries de filtrage en dimension d (voir partie 6).

Pouvoir de séparation du contraste

On donne ci-dessous un extrait des simulations figurant dans la partie 3; il s’agit du
résultat moyen de 100 runs en dimension 2 avec 10000 observations, une Daubechies D4,
j =3 et L =10 (précision dyadique) pour différentes densités; la colonne start indique
la distance Amari (sur une échelle de 0 a 100) et le contraste en ondelette en entrée;
la colonne it est le nombre moyen d’itération de la minimisation Stiefel. Pour quelques
densités, apres la transformation ACP, on se trouve déja pres du minimum, mais le contraste
détecte quand méme une dépendance ; la procédure n’est pas exécutée si le contraste ou
le gradient empirique sont trop proches de zéro, et cela correspond pratiquement toujours
a une erreur Amari inférieure a 1.
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density Amari start Amari end cont. start cont. end it.
uniform 53.193 0.612 0.509E-01 0.104E-02 1.7
exponential 32.374 0.583 0.616E-01 0.150E-03 1.4
Student 2.078 1.189 0.534E-04 0.188E-04 0.1
semi-circ 51.401 2.760 0.222E-01 0.165E-02 1.8
Pareto 4.123 0.934 0.716E-03 0.415E-05 0.3
triangular 46.033 7.333 0.412E-02 0.109E-02 1.6
normal 45.610 45.755 0.748E-03 0.408E-03 1.4
Cauchy 1.085 0.120 0.261E-04 0.596E-06 0.1

Table 4. Average results of 100 runs in dimension 2, j=3 with a D4 at L=10

On peut noter que dans le cas de composantes gaussiennes, la minimisation ne s’opere pas.

Les deux exemples ci-dessous permettent de visualiser la variation du contraste et de
Perreur Amari, a une résolution qui n’est pas forcément la meilleure. On peut noter que
le contraste basé sur Haar (D2) donne une courbe visuellement correcte pour la recherche
d’une minimum.

exponential_0_1 J=6 Db=4 nobs= 10000 Student_0_1_3 J=2 Db=2 nobs= 10000
100 T T T T T L T T T T T

T T
amari amari
contrast ------- contrast -------

0 10 20 30 40 50 60 70 80 % o 10 20 30 40 50 60 70 80 2
rotation angle(deg) rotation angle(deg)

Fig.1. Exponential, D4, j=6, n=10000 Fig.2. Student, D2, j=2, n=10000

Voir d’autres exemples dans la partie 3.

1.5 Eléments de comparaison avec d’autres méthodes

La méthode que nous proposons fournit un cadre unique dont les propriétés statistiques sont
clairement établies, et laisse une assez grande liberté de manceuvre dans la pratique. On a
le choix entre des estimateurs plug-in ou U-statistique ; on peut décider de se restreindre a
une indépendance des composantes par paires ou par triplets, ou a I'indépendance mutuelle
d’une partie seulement des composantes pour couper court a la procédure complete de
complexité numérique plus élevée, lorsque son utilisation n’est pas justifiée (c’est-a-dire en
utilisation normale : une seule composante gaussienne au maximum et bruit négligé).
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Contrairement au critere de 'information mutuelle utilisé sur les marges uniquement, on
connait la valeur du minimum global, qui est zéro, et on a donc au moins en théorie une
possibilité de savoir s’il a été atteint.

Dans la suite de cette partie on passe en revue plus précisément les méthodes non
paramétriques concurrentes déja présentées plus haut.

Kernel ICA

Dans I’ACI a noyau de Bach et Jordan (2002), on utilise une forme de décorrélation non
linéaire portée par un espace de Hilbert a noyau reproduisant (RKHS) F, .

L’espace F, est issu du noyau gaussien isotrope k(z,y) = e*ﬁ”x’y”z, avec () = Fy et F, croit
vers Ly(RY), quand 02 — +oo.

Le parametre o est donc I’équivalent du parametre de résolution j dans I’ACI par ondelettes.

Soit W, inverse potentiel de la matrice A solution de z = As, soit y; = Wz; ou z; est la
transformation ACP de z;, 'observation i.

On utilise 'estimateur covg, (Y1, Y?) = L tal K1 Kya?, et

t 1K K 2
pr(Y1 Y?) = max @ L 2¢ .
ala? (talK2al)3(ta2K2a?)}

)

ol K; et K, sont les matrices n x n de Gram données par
kiyi) - k(i yn)
k(W y1) - kW, vn)-

La solution de ce probleme de corrélation canonique est donnée par la solution du probleme
de valeur propre généralisé

0 K1K2 041 o K12 0 al
KK, 0 a2) P00 K2)\a?

Dans le cas général on forme une super matrice de Gram des K,, préalablement centrés,
de dimension (nd x nd) notée K : K= (K, ... Kg)(K, ... Ky).

La complexité du calcul de la solution généralisée est théoriquement de 1'ordre de O(d*n?),
mais les auteurs ont recours a une décomposition de Choleski incomplete, qui revient a se
restreindre a une solution de rang m = h(n/n) < nd, ol n est un parametre de précision et
h une fonction dépendant du type de décroissance (inconnu) a Uinfini des densités sous-
jacentes, soit h(t) = O(logt) pour une décroissance exponentielle et h(t) = /9 pour une

34



décroissance polynomiale. La complexité est ainsi ramenée a hauteur de O(d?n), mais il
n’existe que des regles empiriques sur le caractere optimal du choix de m en fonction de la
précision n souhaitée.

Dans le cas du contraste en ondelettes, la complexité du critere d’indépendance par paire
est en O(d?*n) + O(d?2%) = O(d?n) pour la statistique plug-in et en O(d?n?) pour la U-
statistique. Il n’y a pas de parametre supplémentaires a introduire, la connaissance du
type de décroissance des marginales a I'infini est inutile.

Un autre point important réside dans la nécessité d’introduire un second parametre de
régularisation x < 1 dans la diagonale de K, ainsi K? est remplacée par (K, + I)?.

Soit D la matrice dont la bande diagonale est occupée par le carré des (K, + sI);
D = diag((K; + sI)%,...,(Kq+ xI)?). On cherche en réalité A, la plus petite valeur propre de
'équation Ka = ADa olt a € R¥ ; X est dénommée premiere (kernel) corrélation canonique.

Le parametre de régularisation a pour effet que le probleme devient numériquement stable
et doit étre choisi de la forme x = kon pour obtenir un critere pr indépendant de n, en
négligeant le terme d’ordre 2. Le critere réellement estimé s’écrit ainsi

ta1K1K2a2

pF(YY?) = max ; T
ala? (var fH(zl) + 26n =t f1]|%) 2 (Var f2(2?) + 2601 £2(|5) 2

puisque a(K+kl)?a = faK?a+2k faKa+k? taa, et n™1 taK?a = var f1(z!), n7! taKa = || f!||%.

Dans le cas général, d > 2, A\(K1,...,Ky) est une estimation de A(z,...,zq) la F-corrélation
entre d variables. On a 0 < X <1, et A = 1 si et seulement si les variables fi(z1),..., fi(zq4) sont
non corrélées, ou f; € F,. Il s’agit donc d’une indépendance par paire, puisque une matrice
de corrélation donne une information sur les paires (voir aussi la méthode de Hilbert-
Schmidt p. 73 qui généralise kernel ICA); dans le cadre ACI usuel, c’est équivalent a une
indépendance mutuelle (Comon, 1994).

Dans le cas du contraste en ondelettes on peut distinguer 'indépendance par paire de
I'indépendance mutuelle, lorsque il y a une différence, moyennant une augmentation de la
complexité numérique.

Au total, kernel ICA demande un choix de quatre parametres, o (équivalent au j des on-
delettes), m et n pour la décomposition Choleski incomplete, « pour la stabilité numérique,
auxquels s’ajoutent les parametres de minimisation du contraste.

Le contraste en ondelettes ne demande qu’un seul parametre (mis a part la minimisation) ;
la résolution j.

Dans l'article de Bach et Jordan (2002), les choix opérés sont n = 1073k, k = 107%n, 0 = 1
pour n < 1000 et o = 1/2 pour n > 1000. On ne connait pas de critere théorique permettant
de fixer les choix optimaux.
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Pour la résolution j du contraste en ondelette, on dispose d'un procédure auto-adaptative,
par seuillage ; sans le seuillage, un choix moyen de j avec 27¢ < n s’avere quasiment auto-
adaptatif dans les simulations effectuées avec 'estimateur plug-in. Le j optimal est relié a
la régularité de la densité sous-jacente s.

Un ensemble tres complet de simulations en dimension 2 avec n = 256 et 1024 observations
montrent des résultats en moyenne meilleurs pour ’ACI & noyau comparée a Jade,
Infomax, et FastICA. Il semble néanmoins que la méthode soit en difficulté avec un nombre
d’observation n tres élevé, en raison de la taille de la matrice £ dépendant de n. Dans les
simulations présentées en grande dimension, d = 8,16, le nombre d’observations maximum
s’arréte a 4000 ce qui parait relativement peu. Pour ces cas, la méthode peut-elle faire
mieux en augmentant n 7

Le contraste en ondelettes étant issu d’'une méthode de projection classique, un n tres élevé
(100000) ne compromet pas la réalisation du calcul.

Du point de vue théorique, les propriétés statistiques de Kernel ICA restent a étudier ; par
exemple on n’a pas d’ordre de grandeur de la vitesse de convergence de I'algorithme.

Méthodes de la norme de Hilbert-Schmidt

D’autres approches basées sur un espace de Hilbert a noyau reproduisant (RKHS) ont été
étudiées par Gretton et al. (Gretton et al. 2003, 2004) qui présentent un critére général de
dépendance statistique liée a la norme de Hilbert-Schmidt.

Soit un RKHS F de fonctions de X dans R associé au noyau défini positif k(.,.): X x X — R,
et a la fonction caractéristique ¢, ¢(z) = k(z,.), c’est-a-dire en résumé

Ve € X, p(z) € F, <d(x),p(z’)>7r=k(z,2') et <o(x), f>r= 6.1 = f(x).

Soit un second RKHS (g, i(.,.), ¥) de fonctions de ) dans R.

On suppose également que X et Y sont des espaces mesurés (X,T,p,) et (V,A,p,), ol p, et
py sont des mesures probabilités. Et on considere aussi l'entité jointe (X x Y,T ® A, psy).

Les auteurs introduisent 'opérateur de covariance croisée

Czy = Eqy [(Qb(x) - /Lx) & (7/}(9) - /Ly)]

ou E,, est l'espérance par rapport a la loi jointe p,,, ® est le produit tensoriel défini par
f®gheGr f<gh>g€F et u,, u, sont donnés respectivement par < p,, f >r= E,f(x) et
<y, 9>g= Eyg(y).

La mesure de dépendance HSIC considérée est le carré de la norme de Hilbert-Schmidt de
I'opérateur linéaire C,,
HSIC(pzy, F.G) = || Caylis
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avec [Coyllls = >, ; <Cuviyu;>% et {u;, j € J} base orthonormée de F, {v;, i € I} base
orthonormée de G.

Les auteurs montrent ensuite que ||Cy,]|% ¢ = 0 si et seulement si = est indépendant de y, les
présupposés étant que X et Y sont des domaines compacts et que F et G sont des ensembles
de fonctions bornées. Pour le cas d > 2, on généralise le critere en considérant tous les C2
appariements de 2 variables, ce qui revient donc a se restreindre a une indépendance par
paire, moins contraignante que I'indépendance mutuelle, mais suffisante dans le cadre ACI
usuel.

Ce qui a été dit dans kernel ICA sur le noyau gaussien isotrope et la décomposition
Choleski incomplete reste vrai dans cette méthode. On retrouve donc les trois parametres
o (équivalent au j des ondelettes), n et m.

Le critere HSIC s’exprime en fonction des noyaux par
HSIC(pzyv F.G) = Eynryy [k(xa I/)l(ya y/)} + By k(x, I/)Eyy’l(yv y/) —2Egy [Ex/k(:zr, x/)Ey/l(y, y/)
ol E.., est 'espérance relative a la loi de deux paires indépendantes (z,y), (z/,y’).

Un estimateur de HSIC est donné par
HSIC(Z,F,G) = (n—1)"% trace KHLH,

avec H K,L € R™ | H = I,—n~'(1,'1,,), K;; = k(xs,2;), Lij = L(yi,y;) €t Z = {(x1,91), - - - (@n, yn)} C
X x Y est un échantillon indépendant identiquement distribué de p,,.

Les auteurs montrent que HSIC(Z) est biaisé a 'ordre n~! et montrent aussi en utilisant
une majoration de grande déviation pour U-statistique que pour tout § > 0, toute loi p,,
etn>1

log6/s C

2 +—
a?n n

Py ||HSIC(pay) — HSIC(Z)| >

ol a > 0,24.

On a donc une convergence en probabilité Py du critere empirique vers le critere exact a
une vitesse au mieux n~/2, et on peut donc s’attendre, avec une grande probabilité, a une
amélioration de la précision par augmentation de n.

Par comparaison, la consistance du contraste en ondelettes est démontrée en moyenne
quadratique. D’autre part la consistance de I'estimateur HSIC ne prend pas en compte le
biais d’approximation entre le RKHS et ’espace de Hilbert englobant sur lequel est défini
le critere exact d’indépendance des deux tribus o(X) et o(Y).

Pour tester I'indépendance au seuil de signification v on définit

A(Z) =1 {HSIO(Z) > cm}
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et

Ez[A(Z) =1] = Pz||HSIC(Z)| > Cy/n~1log l/v] <.

La méthode ne demande pas formellement de parametre de régularisation supplémentaire
x comme pour kernel ICA. En revanche, il faut fixer le seuil de signification v pouvant
éventuellement étre vu comme jouant le méme role, ainsi que la constante C.

La résolution passe par une minimisation du critere HSIC empirique en faisant varier
la matrice de démixage selon la méme méthode que kernel ICA (minimisation sur la
sous variété de Stiefel). Comme pour kernel ICA; le critere HSIC est approché par une
décomposition de Choleski incomplete.

L’ACI par ondelettes se préte également a 'utilisation d’un test d’indépendance, mais la
minimisation fonctionne méme sans un tel test, tandis que dans la méthode de Hilbert-
Schmidt, le calcul du critere englobe le test statistique, et ne fonctionne pas sans.

Les auteurs annoncent d’excellents résultats comparés aux méthodes classiques et a kernel
ICA, sauf dans le cas ou le nombre d’observations est faible (n = 250).

Estimateur RADICAL

Miller et Fisher III (2003) ont proposé un contraste ACI basé sur I'information mutuelle &
partir d’'un estimateur initialement introduit par Vasicek (1976).

Soit Y(y,... Y, la statistique d’ordre d'un échantillon i.i.d. de ¥ = WX = WAS. Soit Fu le
fonction de répartition de Y.

Comme indiqué plus haut, si Y = BS est une variable aléatoire de dimension d, I(Y) =
Y, H(Y?Y) — H(S) — log|det B|, le terme log étant nul si on se restreint aux matrices B
orthogonales. On cherche donc W* = argmin ,, [H(Y')+...+H(Y%)], ou Y* est la composante
¢devy.

L’estimateur proposé s’exprime par

n7171
m

n+1
m

H(X1,...X,) = n”jl log[
1=0

(X (mitm+1) — X(mi-i—l))]
ou X; est la statistique d’ordre associée a I’échantillon.

La consistance de 'estimateur est montrée dans l'article de Vasicek (1976) et dans un
article ultérieur de Song (2000).

Le parametre m joue le role du parametre de régularisation, et on doit s’assurer que m — +oo
et m/n — 0. Les auteurs ont pris m = /n.
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Dans la méthode proposée par Miller et Fisher, la minimisation de H(W) est réalisée en
passant en revue les C plans libres de R?, étant donné que une minimisation en dimension 2
équivaut a faire varier un parametre ¢ entre 0 et 7/2. On substitue ainsi a la minimisation
sur la sous-variété de Stiefel S(n,d), d(d — 1)/2 minimisations dans S(n,2). Cela revient a
minimiser toutes les dépendances 2 a 2 entre les composantes de X, et concretement on
applique des rotations de Jacobi a la matrice W pour sélectionner le plan dans lequel on
veut minimiser la fonction de contraste. Les auteurs proposent un calcul systématique le
long d'une grille a K = 150 points pour échapper au probleme des minimums locaux.

La méthode fournit donc seulement une indépendance par paire, moins difficile a obtenir
qu’'une indépendance mutuelle, mais suffisante dans le cadre ACI usuel.

On peut utiliser la méme procédure de minimisation en substituant le contraste en ondelette
au contraste de I'information mutuelle; ce faisant on obtient en prime un critere qui se
préte a la construction d’un test d’indépendance. D’autre part un contraste a base de Haar
(de complexité numérique Cn avec C = 1) est utilisable dans le cas d’'une minimisation sans
gradient.

Constatant I'insuffisance de prise en compte de la régularité par le seul parametre m, les
auteurs ajoutent une seconde régularisation par bruitage, en remplagant chaque observation
X; par Zle €; Ol ¢; suit une loi normale N(X;,0%1,).

Les choix effectués dans les simulations sont o = 0,35 pour n < 1000 et ¢ = 0,175 pour
n > 1000, K = 150, R = 30, m = /n. La complexité de 'algorithme est en O(KRN log RN),
le terme log étant du a la nécessité de trier les observations (typiquement de complexité
nlogn).

La complexité est donc plus élevée que celle du contraste en ondelette dans sa version
plug-in.

Sur I’ensemble-test de Bach et Jordan en dimension 2, les simulations montrent des résultats
en moyenne meilleurs que FastICA, Jade, Infomax et kernel ICA.

Fonctionnelle matricielle

Tsybakov et Samarov (2002) ont proposé une méthode d’estimation des directions b;,
ol B = (by ... byg) basées sur des estimations non paramétriques de fonctionnelles
matricielles utilisant le gradient de fa.

La méthode permet d’estimer la matrice B = A~! a une vitesse paramétrique et permet
également d’estimer la densité f, dont les composantes sont indépendantes, a la vitesse
de D'estimation d’une densité en dimension 1. La méthode d’estimation est basée sur
I'utilisation de noyaux possédant au moins d + 3 moments nuls, et le choix d'une fenétre
appropriée. Une caractéristique de cette méthode réside dans le fait que I'estimation s’opere
directement, sans le recours a une fonction de contraste qui reste a minimiser. Cela revient
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a dire qu’on obtient algébriquement des valeurs qui sont a trouver numériquement dans les
autres méthodes.

Dans I’ACI par ondelettes, on a également une estimation des densités sous-jacentes du
probleme a partir de ’estimateur plug-in. On a également une estimation du signal a toutes
les étapes du démixage, bien que on n’ait pas donné spécifiquement le risque de cette
procédure d’estimation et que le j optimal ne soit pas le méme que celui de I'estimation
du contraste. L’estimateur U-statistique atteint également la vitesse paramétrique, mais
seulement dans le cas s > d/4. Si on utilise la minimisation par paire, cela revient a dire
que l'estimation atteint la vitesse paramétrique des que s > 1/2.

Les auteurs considerent la fonctionnelle T(f) = E;[Vf(z) 'V f(z)] = S0_; Yi_y ciubs thi, ol
Vf est le gradient de f, ¢;r = (det B)2E[[1,; pi( “@bi) [T, pm( “abm)p( taby)p( ‘aby)], et
B=(b ... ba).

Avec la condition [(f9)'(z)(f)? = 0, ¢ = 1,...,d, la fonctionnelle se simplifie en 7T(f) =
>y cisbs by = BC'B, C = diag(cy;).

T est définie positive, B {T~'B = C~! et Btvar(X)B = D; cela implique que P 'SP = A et
P'T=1Pp =T avec ¥ = var(X), P=BCz et A =CzDCxz.

Un résultat d’algebre matricielle permet d’écrire A comme la matrice diagonale des valeurs
propres de TS et les colonnes de P comme les vecteurs propres de TX.

On cherche donc les vecteurs p;, j =1,...,d, solutions de TYp; = \;p;, ce qui est équivalent
A chercher les vecteurs ¢; solution de T2XTzq; = \;q;, oll ¢; = T~ 2p; et les ¢; orthogonaux
entre eux.

On estime donc W = 72Tz, dont on prend ensuite la transformation ACP pour estimer
. . 1
les g, puis les p; = Tzq;, puis les b; = ¢;*p; = p;p;l| "

L’estimateur de ¥ est le classique estimateur empirique de la variance, et 'estimateur de
T est donné par

T:

SRS

> Vio(X) VP (X))
=1

ou la composante [ de Vp_;(X;) est donnée par

dp_i(X;) 1 - XL-x X! - X!
- K (77 ) K(ij )
Aoz (n— Da&T Z o h H h
j=1,j#i k=1, k#l

Avec des hypothese de régularité de type Holder pour les composantes de f, des conditions
sur les fenétres h, nh?4+* — oo et nh?~2 — 0, b > d+ 3, et b moments nuls pour les noyaux K,
et Ki, et E||X||* < oo, les auteurs montrent que l'estimation des directions b; de la matrice
B est consistante a la vitesse /n.
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Dans le cas de I’ACI par ondelettes, le nombre de moments nuls de l'ondelette est
indépendant de d, une ondelette D4 s’est avérée suffisante dans les simulations effectuées.
Par ailleurs la consistance est démontrée en moyenne quadratique. Il n’y a pas de restriction
sur la forme des densités.

La méthode de la fonctionnelle matricielle permet également d’estimer la densité f a partir
de l'estimateur

d A d 1 - 'A t.’I]i)]
eSS E

LR

~ —Li_ ~ . . . . N
ol h;j ~ n* " et K admet s = mins; moments nuls. Cette estimation est consistante a la
vitesse n¥1, soit la vitesse optimale de l'estimation de densité en dimension 1. Mais le
nombre de moments nuls du noyau dépend du parametre s inconnu.

La méthode de Tsybakov et Samarov est optimale du point de vue théorique, possede
I’avantage de donner la consistance de l’estimation de la matrice A et a donné de
bons résultats dans les simulations (Gémez Herrero, 2004) mais possede aussi quelques
inconvénients.

La condition [(f*)(z)(f*)* = 0 vérifiée pour toute densité a support dans R ou toute densité
symétrique a support dans un intervalle, et la condition E|X|* < co excluent de fait les
densités ne répondant pas au critere (par exemple béta, Cauchy, x2, Pareto, triangulaire,...)

On a pu constater de moins bons résultats que les méthodes classiques dans le cas de
densités multimodales (Gémez Herrero, 2004, p. 15).

La forme de I'estimateur 7 implique une complexité numérique élevée, au moins de 'ordre
de O(kdn?), ou x est un facteur multiplicatif constant dépendant du noyau qui doit posséder
d + 3 moments nuls.

Le choix de la fenétre optimale h dépend de b < mins;, ou les s; sont les régularités des
composantes inconnues (comme le j dans I’ACI par ondelettes, mais il y a des estimateurs
adaptatifs).

L’estimation avec h uniforme dans les d dimensions s’avere instable sans une pré-
transformation ACP, non formellement prévue par la méthode mais de fait largement
utilisée dans la pratique de ’ACI.

La méthode donne un résultat relativement indéterminé avec des lois gaussiennes qui
introduisent des valeurs propres multiples dans la décomposition spectrale de T. Méme si
les gaussiennes sont précisément hors du champ de I’ACI, en pratique il n’est pas impossible
de tomber sur ces cas la.

En comparaison, en tant que critere d’indépendance tres général, le contraste en on-
delette garde tout son sens en présence de gaussiennes, méme si la minimisation s’en
trouve éventuellement compromise. Cela revient a dire que dans le cas de la méthode
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par ondelettes, la consistance porte sur l'estimation du contraste exact C(fa), et pas
spécifiquement sur celle de la matrice A.

1.6 Perspectives

Au terme de ce projet de these, on a envisagé un certain nombre de prolongements possibles,
d’ordre informatique, statistique ou purement pratique.

Prolongements d’ordre pratique

Sur le plan informatique, on peut chercher a améliorer la complexité numérique de la
minimisation du contraste.

Des simulations en dimension 2 montrent que ’ondelette de Haar produit une courbe de
contraste visuellement elliptique, souvent sans minimum locaux (voir p. 106). Le probleme
pour Haar vient du calcul du gradient. Des méthodes de minimisation n’impliquant pas
de gradient, pourraient rétablir I'utilité de ce contraste. Dans ce cas la complexité de la
projection sur V; passe de O(n(2N —1)4) & O(n) (N =1 pour Haar).

Par exemple on peut appliquer la méthode testée par Miller et Fisher (2003) et par Gretton
et al. (2004), qui consiste a rechercher le minimum dans chacun des €2 plans libres de R?,
en appliquant des rotations de Jacobi pour sélectionner un plan en particulier. La recherche
dans chacun des plans est équivalent au cas d =2, ou on recherche le minimum en 6 d’une
fonction réelle, pour ¢ € [0,7/2]. Pour ce faire le plus simple est encore d’essayer tous les
points de 0 a 7/2 selon une grille plus ou moins fine, ou d’employer des méthodes de type
bissection si la courbe ne possede pas de minimums locaux (comme c’est le cas pour le
contraste en ondelettes dans les exemples p. 106).

On peut envisager d’implémenter ’estimateur U-statistique qui serait au maximum de com-
plexité numérique n?, sur lequel pourrait étre opéré le seuillage par bloc. Cela permettrait
avec un nombre d’observation peu important, comme c’est souvent le cas dans les simu-
lations ACI, de donner un critere adaptatif potentiellement plus précis que l'estimateur
plug-in, dans sa version linéaire ou adaptative.

Prise en compte de ’anisotropie
Si les composantes de f sont de régularités tres différentes, on peut étudier le cas anisotrope.

Dans ce projet, on s’est contenté d'un découpage de l’espace en cube de coté 277, mais
dans le cas anisotrope on peut modifier la méthode en considérant des rectangles avec des
j différents selon les dimensions. Du point de vue de I'implémentation, cela ne constitue
pas une extension tres difficile. Du point de vue théorique, il faut considérer des espaces
de Besov anisotropes.
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Contraste de type plug-in atteignant une vitesse paramétrique

Il pourrait étre intéressant de prolonger I’étude a des contrastes plus généraux du type
>k @ — djgr ... Gypa [P OU encore sup, @, — dyga ... Gypa|, ce dernier contraste pouvant éviter
le stockage d'un tableau de taille 2/¢ puisqu’on n’a besoin de conserver que le maximum
courant de |G, — g ... Gjpal.

Le cas L? peut en effet étre prolongé de la facon suivante : a partir du lemme de Meyer
(lemme 4.8) on obtient,

/ 1P < 2 LB+ 277%) < OV S gy + 2P
k

On définit alors le contraste en ondelettes généralisé
P
Crfa— TR =

/ (fa— F)®5
keZ?

et le contraste normalisé CV'(fa — f4) = 2%(%2)(}5(]“,4 — £

On voit que pour f € By, si le contraste généralisé est égal a zéro, [|fa — f4|P < C27P3¢
(et dans tous les cas lorsque la fonctionnelle C? est égale & zéro, le contraste généralisé est
aussi égal a zéro).

Pour le probleme de 'estimation d’une fonctionnelle non quadratique, Kerkyacharian et
Picard (1996) ont utilisé un développement exact de (P;f + f — P;f)?, ou P; est I'opérateur
de projection associé a ’ondelette de Haar.

Dans notre cas, sauf pour p = 2, le contraste généralisé C7 défini plus haut n’utilise
qu'une inégalité de convexité. Cette approche probablement sous-optimale dans le cas
de lestimation d’une fonctionnelle non quadratique fournit néanmoins une famille de
contrastes ACI applicables a n’importe quelle ondelette de Daubechies.

Dans le cas p = oo, on peut définir C2°(fa — f4) = sup,cza | [(fa — f1)®;x| et on a de le méme
fagon .
sup |f| < sup |P;f| 4277

<27 sup laji| + C277%
k
c’est-a-dire que si le contraste C5° est nul, sup, |f| < C277%.

Les premieres investigations semblent indiquer que un p au-dela de 2, améliore la vitesse
du contraste plug-in. On aurait alors un résultat ressemblant a celui-ci :

Soit p € N*. Soit Xi,..., X, un échantillon i.i.d. de f, une densité a support compact définie
sur R?. On suppose que ¢ est une ondelette de Daubechies D2N. Soit Q7 = {(i',...,i"):i’ €
N, 1 <if <n}. Soit I;" = {i € Q' by # by = i #i*}

43



Pour i € 5, soit hi = Y, ®k(Xn)... ®(Xip). Soit 6 = 3, of,. Soit BY = (AD)~' Y, v hs
Iestimateur U-statistique de 6. Soit HY =n=P3>,_» h; 'estimateur plug-in de 6.

Sur I’ensemble {27¢ < n?},

?A|Bjap —0]? < 074C-Plp {2jd <n}+ C2jdn7p]l{2jd >n}
E} | Hjor — 0> < C209279C7P) 11 {204 <} 4 020! =20 {204 >}

Autrement dit le cas p = 2 était en fait insuffisant pour le contraste plug-in (Hj.»), et le
choix p > 3 assurerait une vitesse paramétrique sur I’ensemble 27 < n.

Une étude plus complete du cas p général permettrait donc de statuer sur cette hypothese,
et d’envisager une stratégie de choix de p.

Test d’indépendance

On peut envisager la construction d’un test statistique permettant de décider objectivement
que le minimum global a été quasiment atteint dans une situation réelle ou le critere
d’Amari n’est pas disponible.

Butucea et Tribouley (2006) ont déja proposé un test d’homogénéité basé sur le critere
J(f —g)?, pour f et g deux fonctions réelles. Pour tester I’hypothese

Ho:f=g
contre 'alternative

Hy:f,ge V{f,g:|f — gl = Crom}

ol V est un espace fonctionnel nécessaire a I’estimation, et r,,, une suite qui tend vers zéro
quand n A m tend vers U'infini. Les auteurs considerent la statistique a deux échantillons

Ty =[(nAam)(nAm—1D1"" Y (0(Xi,) — 0in(¥a) (96 (Xin) — 050 (Y2,))
i1yia=1 k

et une statistique de test D,

o O ST <tjum
D= D] B { 1 Si |TJ| > tj,n,m

ol j et ¢, sont a choisir de facon a obtenir le meilleur test D; dans une famille {D;,j € J},
ou bien dans le cas adaptatif, D = max;c; D;.

Les auteurs obtiennent que la vitesse minimax de séparation des hypotheses Hy/H; au

. . . —4s . .z , .
niveau v en dimension 1 est de 'ordre de n=+ pour un choix approprié de la résolution j
et du seuil du test ¢;.
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La procédure devrait s’appliquer mutatis mutandis au cas g = f*, compte-tenu de ce qui a
été fait dans ce projet pour le calcul d’une borne du risque (voir notamment la partie p. 26
et suivantes pour les similitudes entre la statistique utilisée par Butucea et Tribouley et la
notre).

D’autre part, le test d’indépendance qu’on trouve dans l'article de Rosenblatt (1975)
devrait également pouvoir s’appliquer.

Considérant en dimension 2 la mesure de factorisation empirique

2

Su= [ [£a(0) = gnla () o
ol fu(z) = == S w (251, gn(2t) = 24 D w (11;&1) (idem pour h) et w(z) = w'(z!)w?(2?)
est un noyau défini positif & 2 moments nuls, et avec un certain nombre de conditions
supplémentaires, Rosenblatt aboutit a une convergence de la quantité

h*l[—A(h)Jrnh?/ [ = gutin]’]

vers une loi normale de moyenne nulle et de variance 20® [ f2 quand n — oco,nh? — oo et
h=o(n"35), oll A(h) est une quantité en O(1).

Dans son article, Rosenblatt s’interroge sur les avantages d’un test basé sur les densité
plutot que sur la distribution empirique, et indique que comparé a certains tests sur les
distributions de Blum et al. (1961) le test basé sur les densités est éventuellement moins
puissant mais plus aisé a mettre en ceuvre en raison de la convergence vers une loi normale
au lieu d'une loi aux propriétés inconnues dans le second cas. D’autre part un estimateur
de la fonction de répartition de type ”espacé” qui serait basé sur une statistique d’ordre
(voir le cas de l'estimateur RADICAL p. 75) & une complexité en n plus élevée, de 1'ordre
de nlogn.

Adaptation

En plus de I’étude du seuillage global sur un estimateur U-statistique du contraste L,, on
peut envisager I'application de procédures adaptatives alternatives comme la méthode de
Lepski (lissage aléatoire), ainsi que des méthodes d’agrégation ou de sélection de modeles.

Gradient exact du contraste Lo

Dans ce document on a étudié le gradient de l'estimateur empirique du contraste en
projection. On peut aussi chercher a déterminer le gradient et le hessien exact du contraste
Ly, ce qui revient a s’intéresser a des quantités proches de celles qu’on trouve dans la
méthode de la fonctionnelle matricielle. On peut ensuite chercher a estimer ces quantités
dérivées selon une méthode non paramétrique a base d’ondelettes.
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Mixage non linéaire
Le contraste en ondelette reste valide méme si le mixage n’est pas linéaire.

Pour une variable aléatoire X = F(S) ou F:U c R? — V < R? n’est plus linéaire mais
inversible, la mesure de factorisation s’écrit de la méme fagon, [ ||fr — f||* et on en a une
estimation par le contraste C;. Dans le cas non linéaire, la minimisation ne s’opérerait plus
sur la sous-variété de Stiefel, mais sur un autre ensemble dépendant de F.

ACI sans ACP

On peut envisager une minimisation sur la sous-variété de Stiefel sans tranformation ACP
préalable.

Soit A une matrice inversible ; par factorisation QR, il existe une matrice @ orthogonale
telle que QA = T soit triangulaire supérieure. Si la diagonale de T est strictement positive,
Q et T sont uniques.

Pour une telle matrice T I'inversion est immédiate.

Soit x = As; il existe donc une unique matrice Q orthogonale telle que y = Qz = QAs = T's.
La normalisation var s = I, implique que covy = TT’. La matrice symétrique 77" a donc pour
terme général cov(y*,y') = ar = 2,5 tritii, quantités estimables a partir des observations et

de la matrice Q.

Soit W une matrice orthogonale, si W = Q, T—! est estimable a partir de la matrice de
covariance observée.

On pourrait donc considérer la fonction de contraste

C:Q— C(T7Qu).

. . ~fa b , (a®>+b* be 1 (a ' —blac)™?!
Endlmensan,T_(O C>,TT_< he c2>’T = o )

Soit,

2 =vary,, a® = vary; — cov(yr, y2)*(varys) !, b* = cov(yy,ye)?(vary,) '

et

Sg=1¢ Y2

Ss1 = a_l[yl - bc_lyg]
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1.7 Organisation du document

Les parties 3 a 5 correspondent a trois articles ayant été soumis a des revues a comité de
lecture. La partie 6 contient tous les éléments utiles a I'implémentation de la méthode.

Dans la partie 3, on montre expérimentalement que la méthode fonctionne, que I'ondelette
de Haar convient en dehors de I'usage d'un gradient, que les courbes en dimension 2 sont
en général elliptiques si on est a une résolution convenable, qu’il existe une bande de
résolutions convenables autour du j optimal, que le contraste en ondelette a un pouvoir
discriminant tres fin (des rotations de 'ordre de un demi degré sont détectées), et que les
temps de calculs sont compétitifs en petite dimension, méme pour nombre d’observations
tres grand.

Du point de vue théorique, on montre que le mixage par A inversible conserve 'apparte-
nance Besov des densités originales. On relie le critere C; a une mesure de 'indépendance
des composantes de X, et on montre, en adoptant un point de vue volontairement simplifié,
que 'erreur en moyenne quadratique (EMQ) du contraste en ondelette est au plus de l'ordre
n7+a, soit la vitesse minimax de Pestimation de densité.

Dans la partie 4, on développe la relation entre le probleme [ f? et le probleme ACI. On
montre que la vitesse de convergence de 'EMQ du contraste en ondelettes est en fait au
moins de l'ordre Cn7 et on montre que des estimateurs U-statistiques atteignent une
vitesse paramétrique pour des régularités s > d/4, comme dans le probleme [ f2.

La démonstration passe par des lemmes combinatoires permettant de simplifier des calculs
tels quels irréalisables. On montre que un estimateur U-statistique pris sur 1’échantillon
tout entier est légerement sous-optimal; et en conséquence on étudie des stratégies de
découpage de I’échantillon qui permettent de retrouver I'optimalité.

Dans la partie 5, on étudie le risque d'un estimateur seuillé du contraste en ondelettes. Des
simulations completent la présentation théorique.

Dans la partie 6, on a regroupé tout ce qui concerne I'implémentation de la méthode, ce
qui comprend a la fois des informations sur la sous-variété de Stiefel et sur la méthode de
minimisation contrainte a cette sous-variété, les formulations du gradient et du Hessien et
leurs propriétés de filtrage, des éléments pratiques et le détail commenté des parties clefs
de la programmation.

Notations et conventions

Dans la suite on peut étre amené a employer indifféremment le terme ”contraste en
ondelettes” pour désigner C; € R™, un estimateur C;(X,,...,X,), ol X, est une variable
aléatoire de densité fa, ou bien la fonction yi,...y, € R — Cj(yi,...,yn) Ou encore la
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fonction W e R — C;j(Way,...,Wax,) ol z; € R est 'observation i.

Dans les parties 4 et 5, C; est noté €2, et idem pour l'estimateur C;, en référence a la norme

au carré de P;f.

D’une maniere générale, les caracteres en exposant désignent les coordonnées d’entités
multidimensionnelles, tandis que les caracteres en indice désignent des éléments d’un meéme

ensemble.

Autres notations

ny AL

Cj

;

X, Xi, X!
fa

Ef,

7,

aVb, aNb
I{R}, Ip
Qn, Iy

Dk, Yk, Aji
Ak, Bjk
) ﬁjk@
Ajks 05

Ay

A

N

n, d

3

n!/pl(n —p)!, nl/(n - p)!

contraste en ondelette sauf partie 4

contraste en ondelette dans la partie 4

échantillon X; ..., X, variable numéro i, composante ¢ de la variable i
IdetA=1| f(A 1)

espérance par rapport a la loi jointe du couple Xi,..., X, de densité f§"
produit des marges de f, marge numéro ¢ de f

max(a,b), min(a,b)

fonctions indicatrices

{G . im)eit e N 1 <if <n}, {i e Oy £l =i £ i}

o (@) ..., ok (z?), voir le rappel sur les ondelettes dans la partie 3, voir p. 26
coordonnées du développement en ondelette sur les fonctions @, ¥
coordonnées du développement en ondelette sur les fonctions ¢,

Qjgt + o Ojgd 5 Qljle — Ajg

all ..o, pour des p; tels que 0 <p; <, St opi=r

cardinal de I’ensemble A

parametre de 'ondelette Daubechies D2N, N=1 pour Haar

taille de I’échantillon, dimension du domaine de f

candidat a l'inversion de la matrice de mixage A
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2. Introduction (english translation)

Given a scatter of n points in dimension d, principal component analysis (PCA) consists
of finding the direction of the space carrying the largest part of the total dispersion ; then
the orthogonal direction carrying the second largest part, and so on. From a geometrical
point of view it is a simple change of basis, resulting in a new representation in directions
corresponding to decorrelated variables (in the empirical sense), and thereby obtaining
the factor status, likely to explain the information contained in the scatter without the
redundancy that could characterize the initial representation.

The emblematic cocktail party example illustrates the point of view of signal processing :
to separate the conversations of d persons talking at the same time, set d microphones in
the room, each recording a superposition of all conversations, but more clearly those in
direct proximity. The problem is to isolate each source to understand what was said.

In psychometrics, one of the disciplines precursory in factorial analysis, one makes use of
latent variables, that is to say not directly observable but whose effects are measurable
through series of tests, each test revealing, partly and among others, the effect of some
variable or other of the latent model. A known example is the five dimensions of personality
(Big Five) identified from factorial analysis by researchers in personality evaluation (Roch,
1995).

Other application fields such as numerical imaging, data mining, economy, finance or
statistical analysis of texts, make use of those inverse type models aiming to reveal
independent factors to be extracted from an accumulation of possibly quite diverse
indicators that are globally related to a phenomenon.

Independent component analysis (ICA) is one such tool, with or without dimension
reduction, and whose goal is to reveal factors that are independent in the full sense and
not only in the sense of decorrelation.

The model is usually stated as follows : let X be a random variable on R? d > 2, such
that X = AS where A is a square invertible matrix and S a latent random variable whose
components are mutually independent. One tries to estimate A, to reach {Si,...,S,}, given
an independent identically distributed random sample {X,..., X,,} distributed according
to the law of X, that is to say such that X; is independent of X; for j # i, but such that
components X}, ..., X? of a single observation X; are a priori not mutually independent.

ICA thus only considers linear superpositions of independent signals, resulting from the
mixing by A. This is often a legitimate restriction; for instance transmission systems are
linear media where signals act as if they were present independently of each other, they do
not interact but add up (Pierce, 1980).

Other formulations take into account the so called post non linear mixtures (Taleb, 1999,
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Achard, 2003) consisting in monotone tranformations of linear mixtures and expressed by
X = f(AS), f having monotone components and A invertible. In other cases, one does not
build upon independence but on the contrary tries to exploit a temporal correlation of the
sources. Also exist convolutive models, where the mixing by A is not instantaneous, but of
the form X (t) =3, A(u)S(t —u), A(u) designating a sequence of invertible matrices. Finally,
one can consider models with noise.

The model under study in what follows is the standard problem defined above. For this
problem, in practice, the (empirical) PCA transformation of d xn matrix M = (21 ... x,)
containing the observed signal gives the first part of the answer, by linear decorrelation ;
and the whole answer if the signals are purely Gaussian. In the alternative, to fully solve the
problem, the ordinary procedure consists of minimizing some contrast function ¢ = C(W)
that cancels out if and only if components of WX are independent, where W is a d x d
matrix candidate to represent an ICA inverse of A.

The ICA problem is always parametric in A and is parametric or non parametric in S
according to the functional hypothesis applied to the probability density of S, which is
always supposed to admit a density relative to Lebesgue measure (discrete deconvolution
models are also studied, see Gassiat and Gautherat, 1999).

The ICA density model is written in the following way : let f be the density of S relative
to Lebesgue measure; the observed variable X = AS admits density fa, defined by

fa(z) =|det A7 f(A" )
= |det B| f(biz) ... fU(bgz),

where b, is line number ¢ of the matrix B = A~!; this writing comes from a change of
variable, given that f, the density of S, is the product of its margins f!... f4.

In the ICA model expressed this way, f and A are the two unknown, and the data consists
in an independent, identically distributed sample {X;,...,X,} of fa. The semi-parametric
case corresponds to non parametric hypotheses for f, which is left unspecified except for
general regularity assumptions required for estimation.

2.1 Main approaches in the ICA problem

One can find in the extensive ICA literature advantages and drawbacks of the different
methods that have been proposed since the eighties and particularly the nineties, when the
first effective algorithms were introduced.

It can be noticed that statistical properties (especially convergence rates) of classical models
are generally not studied very explicitly, for it is not necessarily in the top preoccupations
of researchers of domains under concern, and also because Amari criteria can serve as a
reference to validate a method.
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The effectiveness of an algorithm is in fact not specifically measured by how much
dependence was suppressed, but by its ability to find the inverse of A. The criteria in
use is Amari distance (Amari, 1996) normalized between 0 and 100, between matrix A
(known in simulations) and the estimation of its ICA inverse W,

d d d
100 [pij| |pl.7| : _
2d(d — 1) Z(Z maxy |pir| )+ ; Z T8 || —-1) with WA = (p;;).

i=1 j=1

Both objectives are besides designated by different names (one talks about mixing estima-
tion versus source restitution) and do not coincide in certain types of models where A is
not squared invertible.

Most classical methods do not strictly speaking make parametric hypotheses for f, but
that does not entail the implementation of a typical non parametric procedure.

The explanation is that these methods make use of substitution contrasts, whose can-
cellation does not exactly imply mutual independence, and which are from a theoretical
viewpoint easier to estimate than an exact criteria. It is a fact that in many cases the
contrasts used yield very satisfying ICA inverses of A.

Methods pushing forward their non parametric nature are based on exact contrasts, whose
cancellation implies mutual independence (sometimes only pairwise independence), and
whose evaluation in full generality is only possible through the specific technical constraints
of non parametric estimation.

Taken apart the fact that classical methods are often characterized by an easier imple-
mentation and a low numerical complexity, the most obvious distinction between the two
groups is certainly the resort or not to a regularization parameter, a key element in function
approximation techniques, and an element that is linked to the general performance of the
ICA algorithm in cases where the statistical properties are the most clearly established.

Classical methods

Maximum-likelihood methods and contrast functions based on mutual information or other
divergence measures between densities are commonly employed. Comon (1994) defined the
concept of ICA as maximizing the degree of statistical independence between outputs,
using contrast functions based on an Edgeworth expansion of Kullback-Leibler divergence.

In other respects, Hyvérinen and Oja (1997) proposed the FastICA algorithm, which is a
minimization method based on a fixed point method (instead of gradient) applicable to
several types of ICA contrasts.
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One usually identifies four categories of methods (see Hyvérinen et al. 2001) :
» Maximization of non Gaussianity (Hyvérinen, 1999) ;

The principle is to maximize the non Gaussianity of a linear combination ‘bz of observation
x. The non Gaussian nature is estimated through kurtosis or neg entropy.

It is a deflationary method, that is to say operating component by component, as opposed
to a simultaneous approach where one tries to find directly W allowing the extraction
of all components at the same time. This can entail the accumulation of the error in the
components that are estimated first, and increase the error in later components (Hyvérinen
et al, 2001, p. 271). It is also a method not robust against outliers because of a cubic increase
of the kurtosis in |y| (idem, p. 277).

Maximization is carried out by means of a gradient method or by a fixed point method
(FastICA).

» Maximum likelihood and particularly Infomax algorithm (Bell, Snejowski, 1995) ;

The likelihood of a sample {z,...,z,} is written

1 1 e & .
ElogL(:zzl,...,xn,B) =log|det B| + EZZlogfﬂ( th;a).

i=1 j=1

In ICA by maximization of the likelihood one seeks after densities f7 in a family {py; 6 € ©}
where © contains only 2 values corresponding one to a supergaussian density, and the other
to a subgaussian density.

This is explained by the fact that for any function G even and C?, and let z = NAs be
the ACP transform of = = 4s, local maxima (resp. minima) in w of EG( ‘wz) under the
constraint |w|| = 1 are the lines ¢ of matrix NA, such that E[s‘G'(s") — G"(s")] > 0 (resp. > 0),
where s* is component ¢ of s. The condition comes from a Taylor expansion.

Function G thus divides the space of densities in two parts according to the sign of the
criteria associated with G and s’, and one representative of each half-space is enough to
obtain convergence (see Hyvérinen, 2001, p.201).

In the case of maximum likelihood, function G = (G*,...,G?) is given by

G* = log f( twz) ;
in this expression, any density in the same half-space than f¢ is also suitable; in this
way, in the algorithm of Bell and Snejowski (1990s) one takes (G%)(y) = —2tanh(y) and
(GL) (y) = tanh(y) —y.

52



The Infomax algorithm (Bell and Snejowski, 1995), is based on a neural network and is
comparable to a maximum likelihood method (Cardoso, 1997).

It must be noted that methods based on maximization of non Gaussianity and maximum
likelihood (using the splitting above) are in the wrong if there is a half-space mismatch at
initialisation.

Tensorial methods, and particularly FOBI and JADE (Cardoso, 1990, 1994).

To suppress correlations of » = (z!,...,2%) up to order 4, one considers cumulant tensors
cum(z’, 27, 2% 2') that generalize covariance matrices cov(z?, 27).

Let F be the order 4 tensor, operating on matrices d x d, defined by

M,dxd— Fj(M) = ZMM cum(z®, 27, 2, 2! ;
k.l

an eigenmatrix of F is a matrix M such that F(M) =AM, A € R.

It can be shown that orthogonal matrices W = w,, ‘w,,, m = 1...,n, are eigenmatrices of F.
The associated eigenvalues are the kurtosis of independent components s*.

JADE (joint approximate diagonalization of eigenmatrices) builds upon this principle
(Cardoso, 1993).

Non linear decorrelation, algorithm of Jutten and Hérault (1987), Cichocki and Ubenhauen
(1992).

The purpose is to estimate Ef(y')g(y?), ideally for any continuous compactly supported
function f, g, thus passing from a simple decorrelation criteria to an orthogonality criteria,

equivalent to independence if at least one of the two variables is centered.

Using a Taylor expansion, the criteria becomes

=

ZZ .!Z_!f(i)(o)g(j)(O)E(yl)i(yQ)j YtR—0

1

<

=17

and the problem is transformed in a decorrelation of the components 4!, y? at every power
i,j of the development at order p. This amounts to exploit the different moments of the
observations, with all involved robustness problems. Jutten and Hérault are historically
among the first to present an ICA algorithm. It is known that their method presents
convergence problems in certain situations (J.C. Fort, 1991); Amari and Cardoso (1997)
have proposed an extension of it (estimable functions).
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Mutual information

Hyvérinen et al. (2001, p. 274) noticed that the theoretical criteria of mutual information
between components of 2 = As has a universal nature, in that it can be seen as the limit of
maximum likelihood principle to which many methods are comparable.

Let fi be an estimator of the density f4 of X = AS; the likelihood L(zy,...,an, fa) =
Ly log fa(x;) tends to Ey, log fa(z), which quantity is also written, using substitution

fa=fafa'fa,
/fAlngA:/fAIngA‘F/fAlOg;_j = —K(fallfa) — H(fa),

Differential entropy H(f4) is a constant independent of A, since it is invariant by invertible
transformation (or more exactly by orthogonal transformation, contrary to Shannon
entropy — Comon 1994, p.293 —, which supposes that the problem is reduced to the case
A orthogonal by PCA pre-whitening), just as Kullback-Leibler divergence K, and since
s=A"ta,

K(fa@)l|fa(z)) = K(f(s)/|f(5)) ;

components of s being independent, divergence can also be decomposed into

K(f(s)l1f(5)) = K(f(s)[1f*(5)) + K (f*(s)lf ()
where f*(s) is the density product of the components of s. This quantity is minimum when
fa = f4 and is equal to K(f(s)||f*(s)) which is also the mutual information of s components.

Mutual information of the pair (z,y) is also defined by I(z,y) = H(z)+ H(y) — H(x ®y), where
H is differential entropy and z ® y is the compound ; This quantity is always positive and
equal to zero if and only if » and y are independent.

The criteria is generally used under the form of a marginal entropy minimum : if ¥ = BS
is a d dimensional random variable, I(Y) = >, H(Y") — H(S) — log|det B|, the log term
being zero for orthogonal matrices B. So one seeks in this case after an element W* =
argmin , [H(Y')+...+ H(Y?)], where Y* is component ¢ of Y.

It can be noticed that proceeding this way does not allow to know if the minimum obtained
is close to mutual independence, since H(S) is not known (and H(Y'), integral in dimension
d, is not estimated). Marginal entropy minimum thus eliminates the possibility to build a
decision rule to accept/reject the minimum reached.

Essentially non parametric methods

These methods can be categorized in three groups: kernel methods, exact contrast
methods, and direct methods.

Group 1 — kernel ICA (Bach and Jordan, 2002) and methods based on a Hilbert-Schmidt
norm (Gretton et al., 2003, 2004) which provide pairwise rather than mutual independence
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criteria, by means of kernel methods in a reproducing Hilbert space (RKHS). The exact
criteria on which kernel methods are based is the classical independence condition of two
o-algebras : X and Y are independent if Efg = EfEg for all f squared integrable on the sets
of the o-algebra generated by X and all g squared integrable on the sets of the o-algebra
generated by Y. It is then implicitely assumed that the RKHS is a subset of Ly(¢(X)) and
La(o(Y)).

For two real random variables = and y, the kernel ICA contrast is defined as the F,-
correlation pgr,

pF, = INax corr(f(x), g(y))-

F,-correlation is zero for z and y independent, and, for a space of functions F, big enough,
containing for instance functions z — e*?, a null F,-correlation implies independence of
and y. In kernel ICA, F, stems from the isotropic Gaussian kernel k(z,y) = e 2= 1#7%I° with
0 = Fo and F, increase to Ly(RY), when o2 — +oo0.

In Hilbert-Schmidt norm methods, one considers two measured spaces (X,T,p,) and
(V,A,p,), and the product space (X x V,I' @ A, pay).

One also considers F, a RKHS of functions from X to R associated to the positive definite
kernel k(.,.): X x X — R, and to characteristic function ¢, ¢(x) = k(z,.); and one considers

(G, 1(.,.), ¥), a second RKHS of functions from Y to R.

The contrast is defined as the Hilbert-Schmidt norm of the cross-covariance operator

Cacy = E;Ey [(¢(£L‘) - Mm) ® (¢(3/) - My)]

where E,, is the expectation relative to the joint law p,,, ® is the tensorial product defined
by f@gheGw— f<g,h>ge F and pu,, u, are given respectively by < pu,, f >r= E,f(z) and
<y, 9>g= Eyg(y).

In dimension greater than 2, one operates on pairwise associations.
Group 2 — mutual information, and methods based on a density estimation, implicit or

not ; for instance method Radical (Miller and Fisher III, 2003) based on an estimator of
differential entropy introduced initially by Vasicek (1976);

_ - n
Hym=n 1 Z log %(X(H—m) — X(i—m))
1=1

where X ;) is the order statistic associated to an independent, identically distributed sample
X1, X,

Another estimator of mutual information used in an ICA context by Boscolo et al. (2001)
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1s written

n d
==Y log fi'(wex;) + log| det W,

1=1 (=1

3|'—‘

where wy is line ¢ of candidate matrix W, and the authors estimate the marginal densities
%t from a classical Gaussian kernel estimator that is substituted afterwards in the above
formula.

Pham (2004), also proposed fast algorithms based on the estimation of the criterion
cw) = Y0 HWX*) —logdet W, using a spline kernel estimator of marginal entropies,
and score functions related to the gradient of the netropy for minimization. The method
also builds upon a discretized estimation of the density times its logarithm, flog f.

Group 3 — method of the matrix functional (Tsybakov et Samarov, 2001) ; this is one of
the most accomplished methods from a theoretical viewpoint, based on a kernel estimator
of a matrix functional that provides a direct algebraic solution instead of a contrast to
minimize numerically.

This method gives a consistent estimate of A=! at rate \/n without the help of a contrast
function to minimize, and using a functional based on the gradient of f. Taken apart some
types of densities that are excluded by the method, it is optimal and gives a convergence
rate in the estimation of A directly and not the one of an intermediary contrast to be
minimized. In practice, the numerical complexity in n is O(n?).
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2.2 Motivation

The distinction between classical methods and non parametric methods (that is to say
here with a parameter but for regularization purpose) seems finally rather thin, since in
one case one has a biased contrast estimated with some degree of error, and in the other
case an exact contrast whose estimation is necessarily biased.

Classical criteria generally tend to mutual information but with no mention of any rate since
one does not build upon a functional class defined by a regularity notion such as modulus of
continuity (it is sometimes assumed that the density is “sufficiently differentiable”). Often
the contrasts are based on moments of the distribution, which quantity does not depend
on the form the density.

The motivation of essentially non parametric approaches is then to start with exact
independence criteria, from which it is hoped to find the way to a more precise A4 inversion,
and to make use of the extended statistical framework of the non parametric approach for
their estimation.

Mutual information criteria shows that the problem of the estimation of an exact ICA
contrast is inherently a problem of estimation of a functional of a density.

Observation 1 ; in many cases the additional precision that is reached on paper is somewhat
lowered by difficulties in the implementation or a high numerical complexity that forces to
cede back something in the concrete computation.

In method Radical, seeing that parameter m alone is not enough to take regularity into
account, the authors add a second noise-like regularization, replacing each observation X;
by Zle ¢; where ¢; follows a normal law N(X;,0%1,), and R is to be chosen. If the consistency
of Vasicek estimator is shown in the paper of Vasicek (1976) and in a subsequent paper
from Song (2000), the second regularization changes the problem.

Kernel methods build upon a regularization parameter defining the width of the kernel, in
general Gaussian and isotropic. And this is again insufficient in practice. In kernel ICA,
the generalized eigenvalue problem has no solution without an additional regularization
whose statistical effect is not totally clear. The Hilbert-Schmidt method does not formally
require a second regularization, but for the contrast to work one needs to fix a significance
parameter v that plays about the same role. From a general standpoint, the incomplete
Choleski decomposition of kernel methods introduce additional parameters whose optimal
values are not known and are thus set by empirical rules.

Other general remark, simulations show that non parametric methods give good results in
a wide range of situations, but one classical method or another is never very far behind in
terms of Amari error (see examples also in the article of Bach and Jordan), and finally no
method breaks away from the others in all situations.

o7



In the matrix functional method, it has been noticed less precise results than classical
methods in the case of multi-modal densities (Gémez Herrero, 2004, p. 15).

In the Hilbert-Schmidt method, authors claim excellent results compared to classical
methods and kernel ICA, except in the case of few observations (n = 250).

On the test set in dimension 2 of Bach and Jordan, simulations of Radical show results on
average better than FastICA, Jade, Infomax and kernel ICA.

In general, it seems that classical methods are effective in particular for unimodal densities
where the notion of supergaussian and subgaussian have a visual signification.

Observation 3; to present an interest in practice, an ICA method must have a moderate
numerical complexity, and on this point classical methods have the advantage. It seems
impossible to obtain at the same time a theoretical optimality and a low numerical
complexity:.

Kernel methods considerably lower contrast complexity thanks to an incomplete Choleski
decomposition, something from O(d*n?) to O(nd?). But this entails introduction of new
parameters whose optimal values are not known.

Mutual information methods never estimate the multivariate density to cut down an
otherwise lengthy procedure. On the other hand the possibility to know or test if the
minimum is attained is lost.

The matrix functional method is optimal in theory, but the form of the estimator implies
a high numerical complexity in n, of the order of O(n?). Also, one has to use kernels with
d + 3 vanishing moments, which is not an ideal situation in high dimension.

Finally, some methods work under conditions, or do not work without the pre-whitening
by PCA, which is a data dependent operation. No method takes anisotropy into account.

For the matrix functional, in simulations run by Gémez Herrero (2004), estimation with
window h uniform in all d dimensions is unstable without a pre-whitening, yet not formally
planned by the method.

It is important to note that pre-whitening entirely depends on the current sample, and
that its use introduces from the very start a non linear break in the ICA problem. Besides,
Cardoso (1994, 1999) showed that the separating power of ICA algorithms with pre-
whitening admits a lower bound ; he also underlines that the minimum of an independence
criteria does not exactly correspond to a total decorrelation, since independence is never
exact in practice; put in other words, if decorrelation is needed it must be enforced
specifically.
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In many methods, at most one Gaussian component is allowed for the contrasts to work,
and also in the case of the matrix functional.

Identifiability of the ICA model is discussed in a paper of Comon (1994). For a source
s with independent component and if » = As also has independent components, covx et
cov s are diagonal, covae = Acovs A4, and A can be identified with any matrix of the form
A = (covz)zQ(covs)~z, where @ is orthogonal. Matrix A of # = As is identifiable up to a
permutation or a normalization if and only if at most one component is Gaussian.

Gaussian laws are thus excluded from the field of ICA, but in practice it is not impossible
to come across them, and a contrast that keeps a signification even with more than one
Gaussian component can be useful, even if a post PCA minimization would not fully work.

The motivation of this project was to study to what extent could a wavelet based contrast
bring something in the resolution of the ICA problem, especially seeing the many existing
methods.

Wavelet theory was designed to approximate possibly very irregular functions or surfaces
and is an efficient tool used in data compression, imagery and signal processing. Its use in
statistics also proved very powerful. Computational algorithms are fast; for instance the
projection on a wavelet basis at a given resolution and change of resolution are numerically
stable operations and linear in n.

As opposed to a sinusoidal wave, a wavelet has finite duration ; the term thus refers to a
frequency and also temporal (or spatial) localization. Spatial irregularities (multi-modes,
discontinuities, mix) can be efficiently represented on a wavelet basis and the description
of complicated functions generally hold in a small number of coefficients, often lower than
in classical Fourier analysis.

Linear projection of a function f on a wavelet basis at resolution j operates a smoothing
that boils down to set detail coefficients to zero. Another option consists of keeping only
coefficients above some threshold ; the result is a non linear projection called thresholding,
that provides adaptive procedures in the case where the regularity of f is not known .

The other interest of wavelets is their articulation with Besov spaces, approximation spaces
par excellence, that generalize classical functional spaces, like Sobolev spaces, Holder
spaces, etc., having their own history.

The functional framework of Besov spaces allows to obtain convergence rates precisely
linked to the regularity of the latent density and possibly adaptive conditions of use. One
hopes this way to dispose of an exact framework that is not diluted later in a succession
of tuning parameters to set according to generally empirical rules.
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An a posteriori motivation of this project is to propose an alternative to mutual informa-
tion, which remains considered as difficult to estimate (Bach and Jordan, 2002, p.3).

The mutual information estimator proposed by Vasicek (1976) is obtained after a change
of variable F(z) =p, 0 <p <1, and deriving F(F~1(p)) = p, differential entropy H is written

—+o0 1 1
H:—/ mgﬂMﬂMM——Al%ﬂf1@»@—Akg%Fl@@.

— 0o

Estimator H,, is obtained with F~1(p) = inf{a: F,(z) > p} where E, is the empirical
estimator, and replacing the derivative by a first difference.; that is to say dipF—l(p) =
o (X(ipm) — X(imm)) for (i = 1)/n <p <i/n.

Song (2000) noticed that direct estimation of H in function of F is not possible because of
the differential operator. H being fundamentally a functional of a density, the technique
of estimation is essentially the one of a density, hence the presence of parameter m in the
role of the smoothing parameter.

An alternative to mutual information is given by the (squared) distance in L, norm between
the density and the product of its marginals.

Clta) = [(fa= 12"
where f7 is the product of the margins of f4.

It can be noted that almost sure equality of f4 and fj, a consequence of C(fa) = 0, does
entail mutual independence of the components since the distribution functions F4 and F}
will be equal pointwise. The contrast C(f4) is then an exact mutual independence criteria.
The similitude of form between the two quantities [ flogf and [ f? can also be noted,
together with the simpler nature of the second quantity.

This factorization measure has been considered initially by Rosenblatt (1975) within the
scope of an independence test of the components of a function in dimension 2, and with
a kernel method. Also found in Rosenblatt’s paper is a test procedure to decide about
independence according to a criteria that tends to a normal law. The whole is moreover
directly usable in the ICA framework, under a form which could possibly be modernized,
and if one sticks to a pairwise component association.

Measure C(fa) is similar to the standard problem of the estimation of [ f2, for which
minimax rate is known under several regularity assumptions. For Holder type regularity
and for the L, loss, Bickel and Ritov (1988) have shown that minimax rate for the problem
J f? in dimension 1 is of parametric type, that is to say n~!, for a regularity s > 1/4; the
rate slows down to n=3/1+4s for s <1/4,.
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In dimension d, if s > d/4, and for a Besov ball © = By, (M) the constant is identified and
the minimax rate is expressed by

infsup E; ((j - /f2>2 =4A(0)n (1 +o(1))

4 feo

where A(©) = sup;.e [ f? is a constant and 44(©)n " is the inverse of non parametric Fisher
information (see Cai et Low, 2005).

One can find in the introduction of a paper of Kerkyacharian & Picard (1996) an example of
projection estimator on a wavelet basis that attains minimax rate under Besov assumptions.

Measure C(fa) is also related to the case [(f—g)?, for f and g two unrelated functions. This
case is developed in a paper from Butucea and Tribouley (2006) about a non parametric
homogeneity test based on the L, loss.

The factorization measure [(f — f*)? we take interest in has a slightly different form; the
functional is written ¢(f) = [ (f = [, [ [.4 f)Q, where [, f is margin number ¢.

The other a posteriori interest of this project is to be able to propose different estimators
of the L, contrast, that are numerically stable, potentially optimal, or else sub-optimal but
with a linear complexity in n, with a minimum of tuning parameters, and within a unique
and clearly established statistical scope.

The procedure can also distinguish mutual independence from pairwise independence. This
distinction is in theory of no interest in ICA where by hypothesis at most one Gaussian
composes the source s ; indeed in this case, according to a result of Comon (1994), pairwise
and mutual independence are equivalent. But it recovers a meaning if the model reintegrates
noise or if one admits several Gaussian components, taken apart that in this last case A
identifiability problems possibly show up; the distinction could nevertheless provide some
information in the case of several Gaussian components.

2.3 Theoretical results

The study focuses on the risk of different estimators of the L, factorization measure under
a Besov regularity, and on questions related to the use of the wavelet contrast.

Linear mixing and Besov membership

With contrast minimization in scope, we checked that for an invertible matrix A, any
transformed f4 belongs to the same Besov space as the original density f, in other words
risk computation has a general impact, valid for the whole minimization procedure.
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(see propositions 3.2 and 3.3).

Contrast in projection

Let the contrast in projection
C(fa) = [ (Bifa= B3’
where P; is the projection operator on the space V; of a multiresolution analysis of L?(R?).

The gap between the wavelet contrast and the square of the L, norm of f4 — f4 representing
the ideal contrast is given by

0 < |lfa—fill3 = Cj(fa— fa) < C27%%;

The contrast in projection thus provides an approximate factorization criteria, but which
is precisely linked to the regularity s

f is factorisable = C;(f - f*) =0
Ci(f—f)=0 = Pif=Pf"...Pif* pas.

(see also propositions 3.1 and 4.6).

The plug-in contrast can also be expressed on the detail coefficients (see lemma 5.15),

Cir(f) = Cio (£ + DY (Bir = Bjwr -+ Bya)*

Jj=jo k
where k= (k',... k%) and B, = [ f*(2")¢jpe (2°) da and By, = [ f(2) ¥ (z) da.

Estimators and rates

The table below summarizes the convergence rates that were obtained at optimal resolution,
for different estimators detailed later. The first line is about estimators using distinct blocks
coming from a split of the original sample ; the estimator appearing at line 4 is adaptive.

Convergence rates
statistic 27d <n 27d >n choice of resolution j
A% G2, F? i wra | 20 =pmn, s<d/4; 24mn,s>d/A
e g L'y parametric n4s =N S, 8§ H ~n,s =
~ =~ _ 1 —8s . 1
D}(X) n~ it nis+d idem if § < d/4; 21 =nTH5, s> d/4
~ ~ —4s - 1
Oj (X) n4std inoperable 21 = nTs+d
e —2s i d 1
ijﬁ n2s+td 10gn inoperable 214 = On(lOg n) , Jo=20
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» An estimator of the factorization measure C(fa) = ||fa — 3/l and more directly of the
wavelet contrast C;(fa — f4) is given by the statistic

Ci(X1,...,Xn) = Z(djk — G )
k

where a;; (resp. &) is the natural estimator of coefficient aj, of fa (resp. margin number
¢ of fa) projection on the subspace V; of a multiresolution analysis of Ly(R?); that is to
say

. 1 & X 1 &
Ak = Z eip (X7) e (X)) and  dgpe = o Z ke (X7)
=1 =1
where X* is coordinate ¢ of X € R?.

We show that the mean squared error of the statistic ¢; for a Besov class B,,, is at most
of the order of nw+a (see proposition 4.10), that is to say better than the rate in density
estimation n=#7 but less precise than the optimal rate in the estimation of a quadratic
functional, n=! for s > ¢ and nta for s < 4 to which [(fa — f4)? is related.

» A U-statistic estimator of the wavelet contrast is written

. . 1
D?:D?(Xl,...,Xn):W Z (X, .., Xpasz)
" ier2it?
with
h = Z [‘I’jk(Xil) — @ik (Xilz) o Pjkd (X{‘SH)] [‘I’jk(Xid+2) - Pjkt (Xild+3) o Pikd (X{dzduﬂ
keZ?
where ¢ is a scaling function, ®;,(z) = @ (z') ... pjpa(x?), I = {(i*,...,i™):i* € N, 1 < i <
n, it #i% 1f 0 # 6} and A7 = o = |17,

One can simplify the expression of the kernel h defining a function A, in the following way

Aji(Xiys o, Xiy) = @i (X)) - opa (X)) Vi I
Aji(Xi) = @50(Xi) = @pr (X)) - (X)) Vie {1...,n}

where the second line is taken as a convention.

We then split up blocs of 2d+2 variables X; with distinct indices in 4 sections : For i € 124+2,
define the 4 dummy variables Y; = X;,, Vi = (Xi,, .- Xiny)s Zi = Xinor Ti = (Xigyas -+ Xigurn)

that is to say Y; and Z; admit distribution Py,, V; and T; admit distribution P{, , and Vi, Vi,
Z;, T; are mutually independent under P,

It is then possible to express f)]? under a form that recalls the order 2 U-statistic estimator
of [(f —g)? for f and g two unrelated functions defined on R? (see Butucea and Tribouley
2006 ) :

D3 =z 0 2 [Mn(¥) — V)] [A(2) = Au(T)]

12442 k
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In this way the additional complexity of D? is entirely encapsulated in wide sections V; and
T;, that may each possess up to d common coordinates with the second copy of the kernel
in the case of the MSE calculus E7, (D).

Moreover D? admits decomposition D? = Ujaa — 2Ujay + Uy, With

7o¢oz = A2 qu)jk 11 _]k 12)

n o2
ja,u Ad+1 § § (I)Jk Z() jk 11;-'-7Xid)

14+t k
J## Qd § : § :AJk SRR )Ajk(Xid+1a"-7Xi2d)’

n I2d k
each respectively being also an unbiased estimator of Cjqa, Cjo, and Cj,,, with
C; = Z a?k — QZajk)\jk + Z )‘?k = Cjaa — 2Cjan + Cjup,
k k k
which shows that C? is the V-statistic associated to D2.

Note that only Uj.. has a symmetric kernel ; for this reason most of the computations in
this project do not rely on a symmetry of the kernel.

Risk computation can be done on D? or else on each of the components U, , but in the
second case one looses a relatively incidental property of the risk saying that the bound is
composed of a constant equal to zero at independence ; the bound is written indeed

C*2in~t 4+ 02972,

where C* = 0 at independence (when A = I) (proposition 4.11). Such a constant C* cannot
be obtained with a bound on each component separately.

The presence of the factor 27 in the expression above is the genesis of sub-optimality of D?
relative to a U-statistic estimator of [ f2.

We also used the symmetric kernel U-statistics

B}({X1,..., X Z D0 (Xa )Pk (Xp2)
" i€l?

B?({Xfa Z Z‘P]kf <ij’~7 XZ)
n i€l?

that places us in the scope of the estimation of [ f? treated in introduction of the paper
of Kerkyacharian and Picard (1996), except that in our case estimation takes place in
dimension d.
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Estimating each plug-in ajk(RO) and a;,.¢(RY), and U-statistic B2(R°), B3(Rf), ¢=1,...,d on
independent segments R°, R', ..., R% of the original sample, one can define the mixed plug-in
estimator
FXR°,R',....,R") = B3(R") + PR =2 a(R%)agm (RY) ... dypa(RY),
kezZ?

HE&

with the idea of estimating the quantity

Zak+H(Z sz)—2zajkajk1.. JdeCZ

=1 kteZ
(see proposition 4.8).
Second possibility : draw from the original sample {Xi,...,X,} an i.i.d. sample of f, for
instance {X{ ... X¢, Xj - Xgp s X{pa_1yar1 - X(njaa)s 0 the way of Hoeffding decompo-

sition. Clearly, this method has the drawback of leaving out a large part of the information
available.

Nevertheless we can assume that we dispose of two independent samples, one for f4 labelled
R and one for f4 labelled S, with R independent of S. Define then the estimators

G2(R,S) =B} (R)+ B3(S) -2 Y ax(R)a;i(S5)
keZ?

and the two-sample U-statistic used in Butucea and Tribouley (2006)

AX(R,S) = = Z > (e — @1 (5i1)] [k (Riz) — @1 (Si2)]

n €12 kezd

assuming for simplification that both samples have same size n (that is different from the
original n).

A%(R,S) no more conceals large sections, is only of order 2 and is the exact replication
of the statistic used by Butucea and Tribouley (2006) (in dimension d instead of 1) for
estimating [(f —¢)? in the case where f and g are two unrelated functions.

This procedure is optimal and its risk is C*n=! +2/9n=2 with C* = 0 at independence (when
A=1) (see proposition 4.9).

» The thresholded estimator that has been studied is written 5,0 i =Cjy + T, With

0J1

-3 ja)?
3031 ik — jkl e gkd

Jj=jo k
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where éjk is the thresholded substitute for j3;., and j, = 0 or some units.

We studied the hard thresholding case

= N A b ~ A 1 . 1ogn

Biw = O I{ 185 > t/2} and By = Bje [{|Bj0e| > (¢/2) 7}, With t ~ [ —=—.
The procedure starts at the resolution of density estimation that is to say 27:¢ = Cn(logn)~!.
The term by term thresholded contrast C; admits a convergence rate of the order of
(logn)n7+a, that is to say slightly less than the minimax rate of density estimation problem

in the adaptive case which is [(logn)n=1]7".

In other words term by term thresholding costs more than a log compared to linear contrast
with rate in n¥+e (see proposition 5.18 ).

This loss of efficiency is due to an inappropriate form of thresholding : it is a term by term
thresholding of C;, whereas for the problem [ f2, it is known that block thresholding is
more effective (see for instance Cai and Low, 2005 p.4). But for the plug-in contrast it was
inoperable because block thresholding typically starts at 2719 ~ n? and stops at 2709 ~ n, two
resolutions beyond the technical maximum of C; : for 2/ > n, the algorithm is unstable,
since one is never ensured of the convergence of the bound in 2/¢n~! when n increases.

We did not implement the block thresholded U-statistic estimator of [(fa — f3)?, because
of a high complexity in the associated computation, and neither did we try to show the
theoretical result since it should be closely related to the standard case [ f?, but it is
theoretically the best configuration to take advantage of thresholding.

For a Besov ball © = By, (M), it is known in effect that minimax risk of the adaptive
estimator [ f? is unchanged for s > d/4, that is to say it remains parametric, and is of the
order of n7w# (logn)7+ when s < d/4, that is to say is slowed by a log term (Cai et Low
2005). See also Gayraud and Tribouley (1999) for the white noise model.

As an estimator of the thresholded projection contrast itself Cj, j;, defined by Cj, ;, =
Cjo + Tjojl Wlth
J1
Tjois = > > (Bie = Bjsa -+ Bjga)?
j=jo k

where G = BiI{|Bx| > t/2}, the statistic 53'0,]‘1 admits a rate with no log term. It
is interesting en-soi since contrast estimation is only an intermediate objective, and a
thresholded contrast omitting small contributions can be enough to give a satistying inverse
of A.
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Filtering properties of the gradient and the hessian

In ICA, once estimated at a point fy 4, where d x d matrix W represents current estimation
of A~', the contrast still has to be minimized in W. At this point, we return to the
general procedure followed by any other contrast function used in other ICA methods,
and particularly Stiefel minimization used by Bach et Jordan.

In the case of a twice differentiable wavelet, so for example a Daubechies at least D4, it
is possible to give explicit formulas of the gradient and the hessian of the estimator ¢; as
a function of W or of Y = WX ; moreover the formulation is filter aware which allows an
easy change of resolution by discrete wavelet transformation (DWT). See part 6.

2.4 Practical results
Practical results presented in this part concern essentially the plug-in estimator.

As for kernel ICA, concrete estimation of the matrix B rests on a minimization procedure
that can turn out well or poorly but is generally resolved in some iterations.

Plug-in contrast usage

Plug-in estimator ¢; only works at resolution j such that 2/¢ < n; indeed, since the risk
is in 279n~1, there is no stability by increasing n on the set {j,d:2/¢ >=n} (see propositions
3.4 and 4.10).

Theoretically the optimal choice of j depends upon regularity s and is set up at j. such
that 2« = n@% (see proposition 4.7 and see proposition 3.5 based on a suboptimal risk
bound). But in practice a whole band of resolutions j works just as well as the optimal ;.
If regularity s is unknown, one can start at the smallest technical resolution (taking into
account the Daubechies filter length in use), and increase j progressively if it seems that
minimization does not occur (see simulations in part 3).

The alternative is to use the thresholded contrast, that automatically adapts to the
right resolution; in simulations that were carried out there is no clear-cut advantage of
thresholding compared to an average choice of resolution between 0 and logn(dlog2)~! (see
simulations in part 5 p.164). It must be noted that an optimal thresholding procedure in
a problem of the type [ f? is a global one. In global thresholding, one starts at a resolution
274 beyond n, which is not effective for the plug-in contrast.

The contrast is not in the wrong with more than one Gaussian component or if the mixing
is not linear. In all cases one has an estimation of the L, norm of f4 — f3. Obviously if the
mixing is not linear, the risk of the procedure is not the one announced since for instance
Besov membership of f4 is maybe not valid anymore, and Stiefel minimization probably
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becomes ineffective.

In this project we used pre-whitening by PCA and a minimization on the Stiefel manifold to
be close to the model used by Bach et Jordan, but this is not a necessity. Other minimization
methods are conceivable and the absence of pre-whitening has no consequence on the
numerical stability of the contrast.

In practice, one single parameter must be set, resolution j.

Numerical stability

Based on convolutions and sums, the wavelet contrast is numerically stable and trivial from
an algorithmic viewpoint, even if an efficient implementation independent of d is relatively
difficult to obtain. Projection on the space V; is equivalent to a histogram with window 277
for a D2 (Haar) or else approximately 2-UVE) with weighting for a D2N (L is the length of
dyadic approximation), with an overlapping band because of the overlapping of the wavelet
supports; the actual contrast computation is a sum of squared differences.

This operational simplicity is to be put in perspective with approaches based on linear
algebra calculus (generalized eigenvalues, incomplete Choleski decomposition) whose im-
plementation requires additional parameters, sometimes fixed by empirical rules, and whose
numerical sensibility can be a problem in limiting cases (d or n high) or if conditions of
use are not exactly met (mixing not exactly linear, more than one Gaussian, regularization
poorly calibrated...).

In the case of the wavelet contrast, the realization of the computation is only a question
of system resources. For jd high, it is possible to split up the allocation space necessary to
the projection on V;, together with the execution of the big contrast loop. Computation
lends itself well to parallel or distributed programming.

Numerical complexity

The statistic C; is a plug-in estimator ; its evaluation uses in the first place the complete
estimation of the density fa and of its margins; which takes a computing time of the
order of O(n(2N — 1)%) where N is the order of the Daubechies wavelet, and n the number
of observations; we clarify here what was meant by O(n).

A parameter n of the order of 10000 or 100000 does not saturate the procedure (see p. 101 and
following), one thus has, if need be, the possibility to demix vast data sets, for instance in
data mining applications (for diverse such advanced applications see for instance Bingham,
2003). In comparison, kernel methods generally reach a ceiling at n = 5000, at least in the
simulations shown.

In the second place, the actual contrast is a simple function of the 2/¢ 4427 coefficients that
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estimate density fa and its margins; the additional computing time is then in O(2/%).

One can see here the main numerical drawback of the wavelet contrast in its total
formulation — to be of exponential complexity in dimension d of the problem ; but this is by
definition the cost of a condition that guarantees mutual independence of the components
in full generality : d sets By,..., By are mutually independent if P(B;N...NBy) = PB; ... PBy
for each of the 2¢ choices of indices in {1,...,d}.

Complexity in jd drops down to O(d?2%) if one concentrates on a pairwise independence,
like in kernel ICA and in the Hilbert-Schmidt norm method (see pp. 71, 73) or in method
Radical (see p.75). Pairwise independence is in fact equivalent to mutual independence in
the no noise model and with at most one Gaussian component (Comon, 1994).

U-statistic estimators usage

U-statistic estimators of C; have complexity at minimum in O(n?(2N — 1)2¢), that is to
say quadratic in n; on the other hand the complexity in jd is probably lowered since
the contrast can be computed by accumulation, without it being necessary to keep all
projection in memory, but only a window whose width depends upon the length of the
Daubechies filter.

We did not implement the U-statistic estimator, but in a configuration with pairwise
minimization, since densities in dimension at most two are estimated, its use could prove
to be competitive, not to mention that the U-statistic lends itself to block thresholding.

Haar and direct evaluation at dyadic rationals

The Haar wavelet (D2N,N = 1) is not suitable for a gradient computation, empirical or
theoretical ; the histogram variation (projection on the space V; spanned by the Haar
wavelet), in response to a small perturbation of the demixing matrix W is in general
nonexistent or imperceptible (see in particular simulations p. 101 and following).

The problem also crops up at initialization by histogram at high resolution, often used in
density estimation, with a string of filtering passes down to lower resolutions to follow.

To obtain an empirical gradient, we used a wavelet at least D4 and direct calculus
L5 ¢ik(X;) with approximation of the values X; at dyadic rationals from the algorithm
explained by Nguyen et Strang (1996). Fortunately, and contrary maybe to a commonly
held idea, that calculus is not a problem, if the values taken by the wavelet are preloaded
in memory at a given precision. The corresponding computing time is by no means a
bottleneck of the procedure in ICA, even less because we get rid of strings of filtering
passes in dimension d (see part 6).

69



Separating power of the contrast

We give below an excerpt of simulations appearing in part 3; it is an average result of
100 runs in dimension 2 with 10000 observations, a Daubechies D4, j = 3 et L =10 (dyadic
precision) for different densities; colomn start indicates Amari distance (scaled from 0
to 100) and the wavelet contrast on entry; colomn it is the average number of iterations
in Stiefel minimization. For some densities, after pre-whitening, the position is already
close to the minimum, but the contrast still detects a dependency ; the procedure is not
executed if the contrast or the empirical gradient are too close to zero, and this practically
always corresponds to an Amari error less than 1.

density Amari start Amari end cont. start cont. end it.
uniform 53.193 0.612 0.509E-01 0.104E-02 1.7
exponential 32.374 0.583 0.616E-01 0.150E-03 1.4
Student 2.078 1.189 0.534E-04 0.188E-04 0.1
semi-circ 51.401 2.760 0.222E-01 0.165E-02 1.8
Pareto 4.123 0.934 0.716E-03 0.415E-05 0.3
triangular 46.033 7.333 0.412E-02 0.109E-02 1.6
normal 45.610 45.755 0.748E-03 0.408E-03 1.4
Cauchy 1.085 0.120 0.261E-04 0.596E-06 0.1

Table 4. Average results of 100 runs in dimension 2, j=3 with a D4 at L=10

It is worth noting that in the case of Gaussian components, minimization stalls.

The two examples below allow to visualize contrast and Amari error variation, at not
necessarily the best resolution. Note that Haar (D2) based contrast gives a curve visually
correct for the search of a minimum.

exponential_0_1 J=6 Db=4 nobs= 10000 Student_0_1_3 J=2 Db=2 nobs= 10000
100 T T T T T - T T T T T

T T
amari amari
contrast ------- contrast -------

0 10 20 30 40 50 60 70 80 % o 10 20 30 40 50 60 70 80 2
rotation angle(deg) rotation angle(deg)

Fig.1. Exponential, D4, j=6, n=10000 Fig.2. Student, D2, j=2, n=10000

See other examples in part 3.
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2.5 Comparison with other methods

The method we propose provides a unique framework whose statistical properties are
clearly established, and which leaves freedom of manoeuvre in practice. One has the choice
of plug-in or U-statistic estimators; it can be decided to restrict to pairwise, or triple wise
independence, or mutual independence of a subset of components to cut down the entire
procedure with higher complexity when its use is not justified (that is to say under normal
conditions : at most one Gaussian component and no noise).

Contrary to mutual information criteria used on the margins only, the global minimum is
known and there is at least in theory possibility of knowing if the zero was attained.

In this part we review some more precisely non parametric methods already presented
above.

Kernel ICA

In Bach et Jordan (2002) kernel ICA | one makes use of a non linear decorrelation carried
by a reproducing kernel Hilbert space (RKHS) F,.

The space F, is generated by the isotropic Gaussian kernel k(z,y) = e 221" with ¢ = 7,
and F, increases to Ly(R?%), when o2 — 4oo0.

Parameter o is then equivalent to resolution parameter j in wavelet ICA.

Let W be a potential inverse of matrix A solution of = = As, let y; = Wz; where z; is the
PCA transform of z;, observation i.

One makes use of estimator covg, (V!,Y?) = 1 o’ K1 Ky0?, and

t 1K K 2
pr(Y1 Y?) = max a L 2@ .
ala? (tal Kial)z(ta?2K?2a?)?

)

k(yi,y1) - Kyl uh)
where K; and K, are n x n Gram matrices given by K, = . :

k(yh,ul) - k(yh k)

The solution of this canonical correlation problem is the same as the one of the generalized

eigenvalue problem
0 K1 K2 Oél o K12 0 O[l
KKy 0 o) Pl o K2)\a2

In the general case one forms a super matrix of Gram matrices K,, centered beforehand,
with dimension (nd x nd) labelled K : K = (K, ... Kq)(K; ... Kgq).
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The numerical complexity of the generalized solution is theoretically of the order of O(d*n?),
but the authors use an incomplete Choleski decomposition, which boils down to finding
a solution of rank m = h(n/n) < nd, where 7 is a precision parameter and h a function
depending on the (unknown) type of decrease at infinity of the underlying densities, that is
to say h(t) = O(logt) for an exponential decrease and h(t) = t'/¢+¢ for a polynomial decrease.
Numerical complexity is then brought down to O(d?n), but there are only empirical rules
for the optimal choice of m according to the desired precision 5.

In the case of the wavelet contrast, the pairwise criteria complexity is in O(d?n)+ O(d?*2%) =
O(d?n) for the plug-in statistic and O(d?n?) for the U-statistic. There is no supplementary
parameter to introduce, and the knowledge of the type of decrease at infinity is useless.

Another point worth noting lies in the necessity to introduce a second regularization
parameter x < 1 in the diagonal of K, hence K? is replaced by (K, + xI)?.

Let D be the matrix whose diagonal is occupied by the square of the (K, + xI); D =
diag((K1++I)%,. .., (Kq+xI)?). One actually searches for A, the smallest eigenvalue of equation
Ka = ADa where a € R%; ) is labelled first (kernel) canonical correlation.

The regularization parameter has the effect that the problem becomes numerically stable
and must be chosen of the form & = xon to obtain a criteria pr independent of n, if neglecting
the term of order x2. The criteria actually minimized is then written

t 1K K 2
pr(Y1,Y?) = max o L -
ata? (var fl(z!) + 2en =t f1%) 7 (var f2(22) + 260t £2]7)2

since 'a(K + kl)’*a = 'aK?a+ 2k tfaKa + k? taa, et n™! taK?a = var f1(z'), n™! faKa = || f1%.

In the general case, d > 2, \(K\,...,K4) is an estimate of \(x1,...,z4) the F-correlation be-
tween d variables. One has 0 < XA <1, and A =1 if and only if the variables fi(z1),..., fa(zq)
are not correlated, where f; € F,. It is about pairwise independence, since a correlation ma-
trix gives information about pairs (see also Hilbert-Schmidt method p. 73 that generalizes
kernel ICA); in usual ICA, it is equivalent to mutual independence (Comon, 1994).

As regards the wavelet contrast, pairwise and mutual independence can be distinguished,
when there is a difference, with an increase in complexity.

In sum, kernel ICA needs a choice of four parameters, o (equivalent to j for wavelets), m
and 7 for incomplete Choleski decomposition, x for numerical stability, to which also add
up contrast minimization parameters.

The wavelet contrast needs only one parameter (apart from minimization parameters) ;
resolution j.

In the paper of Bach and Jordan (2002), choices are n = 1073k, x = 107%n, o = 1 for n < 1000
et o = 1/2 pour n > 1000. There is no theoretical criteria that gives the optimal choices.
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For resolution j of the wavelet contrast, there is an adaptive procedure by thresholding ;
without thresholding, an average choice of j with 27¢ < n turns out to be quasi adaptive
also in the set of simulations presented with the plug-in estimator. The optimal j is linked
to the regularity of the underlying density s.

A very complete set of simulations in dimension 2 with n = 256 and 1024 observations show
results on average better for kernel ICA as compared to Jade, Infomax, and FastICA.

Yet it looks like the method is in trouble with a high number of observations n, because
of the size of the matrix £ depending on n. In simulations presented in high dimension,
d = 8,16, the maximum number of observations stops at 4000 which looks relatively small.
In these cases could the method achieve better results by increasing n 7

As a standard projection estimator, the computation of the wavelet contrast is not
compromised with a high » (100000).

From a theoretical viewpoint, statistical properties of kernel ICA remain to be studied ;
for instance there is no order of the convergence rate of the algorithm.

Hilbert-Schmidt norm method

Other approaches based on a reproducing kernel Hilbert space (RKHS) have been studied
by Gretton et al. (Gretton et al. 2003, 2004) who present a general criteria of statistical
dependence related to Hilbert-Schmidt norm.

Let £ be a RKHS of functions of X in R associated with the positive definite kernel
k(.,.): X x X — R, and to characteristic function ¢, ¢(z) = k(z,.), that is to say in short

Ve € X, p(z) € F, <d(x),p(z’)>7r=k(z,2') et <o), f>r= 6.1 = f(x).

Let (G, 1(.,.), ¥) be a second RKHS of functions from Y to R.

It is also assumed that x and Y are measured spaces (X,T',p,) and (V,A,p,), where p, p,
are probability measures. One considers also the joint entity (X x Y, ® A, pay).

The authors introduce the cross covariance operator

Czy = Eqy [(Qb(x) - /Lx) & (7/}(9) - /Ly)]

where E,, is the expectation relative to the joint law p,,, ® is the tensorial product defined
by f@g:heGw— f<g,h>ge F and pu,, u, are given respectively by < pu,, f >r= E,f(z) and
<y, 9>g= Eyg(y)-

The dependency measure HSIC considered is the the square of the Hilbert-Schmidt norm
of the linear operator C,,
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with [|Coyllfs = 32, ; <Cvi,up>% and {u;, j € J} orthonormal basis of F, {v;, i € I} orthonormal
basis of G.

The authors then show that ||C,,[|%¢ = 0 if and only if = is independent of y, under the
assumptions that X et Y are compact domains and that F are G sets of bounded functions.
For the case d > 2, the criteria is generalized considering all the €2 pairing of two variables,
which boils down to a restriction to pairwise independence, less restrictive than mutual
independence, but enough in the usual ICA context.

What was said in kernel ICA about the isotropic Gaussian kernel and incomplete Choleski
decomposition remains valid for this method. One finds again the three parameters o
(equivalent to j for wavelets), n and m.

The criteria HSIC'is expressed with kernels by
HSIC(pay, F,G) = Euaryy (b, Uy, y)] + Baark(@, @) By Uy, ) = 2By | Eurkla, a') Eyr1(9,4)

where E,..,, is the expectation relative to the law of two independent pairs (x,y), (z/,y').

An estimator of HSIC is given by
HSIC(Z,F,G) = (n—1)"% trace KHLH,
with HK,L € R", H = I, — n"'(1, '1,), K; = k(zi;), Ly = l(y,y;) and Z =

{(z1,11),--- (Tn,yn)} C X x Y is an independent, identically distributed sample of p,,.

Authors show that HSIC(Z) is biased at order n=' and show also, using a large deviation
bound for U-statistic that for all § > 0, for every law p,, and for n > 1

Pz ||HSIC (pzy) — HSIC(Z)| > 10g26/6+g] <4
a“n n

where o > 0, 24.

There is convergence in probability Pz of the empirical criteria to the exact criteria with
rate at best n~/2, and with great probability one can expect an increase of precision by
increasing nn.

For comparison, the consistency of the wavelet contrast is shown in quadratic mean. Also
the consistency does not take into account the bias between the RKHS and the overall

Hilbert space on which the exact criteria is defined.

To test independence at significance level v one defines

A(Z) = H{HSIC(Z) > Cy/n! logl/w}
Ez[A(Z) =1] = PZ[|HSIC(Z)| > Cy/n—1log l/v] <.
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The method does not formally need an additional regularization parameter  as for kernel
ICA. On the other hand the significance level v must be set, which can be seen as a
regularization parameter, together with the constant C.

Resolution uses minimization of the criteria HSIC as in kernel ICA. As for kernel ICA,
HSIC is approximated by an incomplete Choleski decomposition.

Wavelet ICA can also make use of a statistical test of independence and works with or
without such a test, whereas in the Hilbert-Schmidt method, the computation of the criteria
is inseparable from the statistical test.

The authors announce excellent results compared to classical methods and to kernel ICA,
except in the case of few observations (n = 250).

RADICAL

Miller and Fisher III (2003) proposed a ICA contrast based on mutual information using
an estimator initially introduced by Vasicek (1976).

Let Y{1),...Y(, be the order statistic of an i.i.d. sample of ¥ = WX = WAS. Let F4 be the
distribution function of Y.

As indicated above, if Y = BS is a random variable in dimension d, I(Y) = Y, H(Y?) —
H(S) — log|det B|, the log term is zero in the case of B orthogonal. One tries to find
W* = argmin y, [H(Y') +...+ H(Y?)], where Y* is component ¢ of Y.

The proposed estimator is written

n

L

. 3 +1

H(X),.. . Xp) = — > 10g[n (X(mi+m+1)_X(mi+1))]
1=0

n—1 m

where X(;) is the order statistic associated to the sample.

The consistency of this estimator is showed in the paper of Vasicek (1976) and in a later
paper from Song (2000).

Parameter m plays the role of a regularization parameter, and it must be ensured that
m — +oo and m/n — 0. Authors took m = \/n.

In the method proposed by Miller and Fisher, minimization of H(W) is carried out by
reviewing all C2 free plans of R?, since a minimization in dimension 2 is equivalent to finding
the minimum of a § between 0 and 7/2. One then substitutes to a minimization on the Stiefel
manifold S(n,d), d(d —1)/2 minimizations in S(n,2). It is equivalent to minimizing pairwise
dependencies between components of X, and concretely one applies Jacobi rotations to
matrix W to select the plan in which the contrast is to be minimized. The authors propose
a systematic calculus along a grid with K = 150 points to avoid local minimums problems.
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The method thus provides only a pairwise independence criteria, easier to obtain than
mutual independence but enough in the usual ICA context.

The same minimization procedure can be used with the wavelet contrast in place of mutual
information criteria; in doing so, one obtains on top a criteria that lends itself to the
construction of an independence test. Also a Haar based contrast (numerical complexity
Cn with C = 1) is usable if minimizing without a gradient.

Seeing that regularization parameter m alone is not enough, the authors add a second
regularization by noising, replacing each observation X; by Zle ¢; where ¢; follows a normal
law N(X;,0%1,).

Choices in simulations are ¢ = 0,35 for n < 1000 and o = 0,175 for n > 1000, K = 150, R = 30,
m = v/n. The algorithm complexity is in O(KRN log RN), the log term resulting from the
necessity to sort the observations (typically complexity nlogn).

The complexity is then higher than for the wavelet contrast in its plug-in version.

On the test set of Bach and Jordan in dimension 2, simulations show results on average
better than FastICA, Jade, Infomax and kernel ICA.

Matrix functional

Tsybakov and Samarov (2002) proposed a method of estimation of directions b;, where
B = (by ... bg) based on non parametric estimation of a matrix functional using the
gradient of fa.

The method allows to estimate matrix B = A=! at parametric rate and also the density f,
whose components are independent at a dimension 1 rate. The method is based on kernels
having at least d + 3 vanishing moments, and the choice of an appropriate window. A
characteristic of this method lies in the fact that estimation is carried out directly, without
the need to minimize a contrast. It means that one obtains values algebraically, that have
to be found numerically in other methods.

In wavelet ICA, estimation of the underlying densities is also given, from the plug-in
estimator, although we do not specifically give the risk of this estimation, for which the
optimal j is different from the j used in estimating the wavelet contrast. In the same
way, also given is an estimation of the signal at all steps of the demixing process. The
U-statistic estimator also attains parametric rate, but only in the case s > d/4. If using
pairwise independence criteria, it is equivalent to say that estimation attains parametric
rate as soon as s > 1/2.
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The authors consider the functional

d d
T(f) = E¢[VI() V)] =Y cinb; 'or,

Jj=1 k=1

where Vf is the gradient of f,

C]k_(detB sz LL‘b Hpm Lab )pg( wbj )pk( xbk)]
i£j m#k

and B=(b; ... bg).

With condition [(f%)(z)(f%)* =0, ¢ = 1,...,d, the functional can be simplified to T'(f) =
Z]:l C”b b = BC tB, C dlag(ij).

T is positive definite, B!T—'B = C~! et B!var(X)B = D; which implies that P !SSP = A and
P'T-1p = with ¥ = var(X), P=BCz and A =CzDC=.

A matrix algebra result allows to write A as the diagonal matrix of the eigenvalues of TS
and columns of P as eigenvectors of TX.

One searches for the vectors p;, j =1,...,d, solution of TSp; = \;p;, which is equivalent to
search for vectors ¢; solution of T2 XT3 ¢; = \;q;, where ¢; = T~2p; and ¢; pairwise orthogonal.

One then estimate W = T2%7T%, then take PCA transformation to estimate the ¢;, then the
pj = T%q;, then the b; = c;;*p; = p;p;ll .

The ¥ estimator is the classical variance empirical estimator, and an estimator of T is given
by

:IP—‘

Z tvP—Z( 1)

where component [ of Vjp_;(X;) is given by

df),l(XZ)i 1 " j i d ;- i
del (n—1)hdt 2 Kl( Jh ) 11 K( Jh

=1, j#i k=1, k#l

With Holder type regularity for the components of f, conditions on the windows h,
nh?tt — o and nh*~2 — 0, b > d + 3, and b vanishing moments for the kernels K, and
K1, and E|X|* < oo, the authors show that estimation of directions b; of matrix B is
consistent at rate /n.

As for the wavelet contrast, the number of vanishing moments of the wavelet is independent
of d, a D4 proved enough in simulations shown. Also consistency is shown in quadratic
mean. There is no restriction on the form of the densities.
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The matrix functional method also allow to estimate density f from the estimator

where h; ~ 2™ and K admits s = min s; vanishing moments. This estimation is consistent
at rate n¥1, that is the optimal density estimation rate in dimension 1. But the number
of vanishing moments of the kernel depends on unknown parameter s.

The method of Tsybakov and Samarov is optimal from a theoretical point of view, has the
advantage of providing the consistency of a direct estimator of 4, and gave good results in
simulations (Gémez Herrero, 2004) yet also has some drawbacks.

Condition [(f%)'(z)(f%)? = 0 verified for any density with support in R or symmetrical density
with support in an interval, and condition E||X||* < oo, de facto exclude densities not
meeting the criteria (for instance beta, Cauchy, x?, Pareto, triangular,...)

It has been noted less precise results than classical methods in the case of multimodal
densities (Gémez Herrero, 2004, p. 15).

The form of the estimator 7' implies a high numerical complexity, at least of the order of
O(kdn?), where  is a multiplicative factor depending on the kernel with d + 3 vanishing
moments.

The optimal choice of the window h depends on b < min s;, where s; are the regularities of
the unknown densities (just like the j in wavelet ICA, but there are adaptive estimators
available).

In simulations run by Gémez Herrero (2004), the estimation with A uniform in the d
dimensions is unstable without a PCA pre-whitening, yet not formally specified by the
method, but in fact widely used in practice of ICA.

The method gives relatively undetermined results with several Gaussian components that
introduce multiple eigenvalues in the spectral decomposition of 7. Even if Gaussian laws
are out of the field of ICA, in practice it is possible to see some.

In comparison, being a very general independent criteria, the wavelet contrast is not
compromised in the presence of Gaussian components, even if the minimization is, which
boils down to saying that the consistency of the wavelet method only bears upon the
accuracy of the contrast estimation, not A estimation.

2.6 Perspectives

At the end of this project, we present a certain number of possible extensions of computing,
statistical or even purely practical nature.
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Practical extensions
as regards to computing, the numerical complexity of the minimization could be improved.

Simulations in dimension 2 show that the Haar wavelet produces a visually elliptic contrast
curve, often with no noisy local minima (see p.106). The problem for Haar comes from
the gradient computation. Minimization methods involving no gradient, could restore the
utility of this contrast. In that case the complexity of the projection on V; changes from
O(n(2N —1)4) a O(n) (N =1 for Haar).

For instance the method tested by Miller et Fisher (2003) and Gretton et al. (2004),
consisting in searching for the minimum in each of the €2 free plans of R, applying Jacobi
rotations to select a particular plan. A search in each plan is equivalent to the case d = 2,
where the problem is to find the minimum in ¢ of a function on R, for 6 € [0,7/2]. To do so,
the simplest could be to try out all points from 0 to 7/2 along a grid, or to use bisection
type methods if the curve does not possess local minima (as it is the case for the wavelet
contrast in the examples p. 106).

It is conceivable to implement the U-statistic estimator that would have a numerical
complexity in 72, and on which block thresholding can also be performed. With few
observations as it is often the case in ICA simulations, that would allow to propose an
adaptive criteria, potentially more precise than the plug-in, in its linear or adaptive version.

Taking into account anisotropy
If the components of f have very different regularities, the anisotropic case could be studied.

In this project we restricted to a split of space in cubes with sides 277, but in the anisotropic
case, the method can be modified by considering rectangles with j different according to
the dimensions. As far as implementation is concerned, that does not constitute a very
difficult extension. From a theoretical point of view, one has to consider anisotropic Besov
spaces.

Plug-in type contrast reaching a parametric rate

It could be interesting to study more general contrasts of the form >, |a;x — ajp1 ... & pal? or
else supy [&;, — @1 ... & | ; this last contrast could avoid storing an array of size 2/ since
only the current maximum of |&;, — ;1 ... &;a| is needed in memory.

The L? case can indeed be extended in the following way : From Meyer’s lemma (lemma
4.8) one obtains,

J157 <2 (IR g1+ 27%) < 020D S g+ C2 o0
k
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The generalized wavelet ICA contrast is then defined as

C¥(fa—fa)=>_

keZ?

[ta= 02

and the normalized contrast as CY'(fa — f4) = 2%(%2)0;7(& - f3).

Note that for f € By, if the generalized contrast is zero, [|fa — f4? < C277* (and in all
cases when the functional C? is equal to zero, so is the generalized contrast).

For the problem of estimating a non quadratic functional, Kerkyacharian and Picard (1996)
used an exact development of (P;f+ f—P;f)?, where P; is the projection operator associated
to the Haar wavelet.

In our case, except for p = 2, the generalized contrast C7 defined above only uses a convexity
inequality. This probably suboptimal approach for estimating a non quadratic functional of
a density nevertheless provides a family of contrasts applicable to any Daubechies wavelet.

In the case p = oo, one can define C°(fa — f4) = Sup,cza | [(fa — f1)®;x| and one has in the
same way _
sup |f| < sup |P;f| 4277

< 027 sup || + C279°
k
that is to say if the contrast C3° is zero, sup, |f| < C277%.

The first investigations seem to indicate that p above 2 improves the convergence rate of
the plug-in contrast. One would then have a result looking like the following :

Let p € N*. Let X;,..., X, be an i.i.d. sample of f, a compactly supported density defined
on R?. Assume that ¢ is a Daubechies wavelet D2N. Let Q7 = {(i',...,im):i’ € N, 1 < i’ <n}.
Let I" = {i e Qi by # £y = i" # i}

For i € @b, let hy = 37, @ (Xi1) ... @5 (Xir). Let 6 = 37, ol Let BY = (Ap)~! > i hi be the
U-statistic estimator of 6. Let H? =n™? 3", . h; be the plug-in estimator of 6.

On the set {27 < n?},

E},|Bjar — 07 < C279CP)n 7 1{29¢ < n} + 2940 P T {27 > n}
E} | Hjor — 0> < C204279C=P)py =1 [ {204 <} 4 02! =20 {274 > )

In other words the case p =2 was in fact not enough for the plug-in contrast (Hj.»), and
the choice p > 3 would ensure parametric rate on the set 27/¢ < n.

A more complete study of the generalized case would then allow to rule on this hypothesis
and to envisage a strategy of choice of p.
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Test of Independence

It is conceivable to build a statistical test to dispose of a decision rule about independence
or not in a real situation where Amari criteria is not available.

Butucea et Tribouley (2006) have already proposed a homogeneity test based on the criteria
J(f —g)?, for f and g two functions on R. To test hypothesis

Hy:f=g

against the alternative
Hl:fvg € Vﬂ {fag: ||f_g||§ 2 CTn,m}

where V is a functional space necessary for estimation, and r, ,, a sequence tending to zero
when n Am tends to infinity. The authors consider the two sample statistic

nAm

Ty =[nAm)nAm—101"" >3 (o(Xi,) — 0 (Vi) (95 (Xiy) — 0k (Vi)

i1,ia=1 k

and a test statistic D,
- o 0 Si |TJ| < tj,n,m
D= DJ o { 1 si |TJ| > tj,n,m
where j and t;,, ,, are to be chosen so that to obtain the best test D, in a family {D;,j € J},
or else in the adaptive case, D = max;c; D;.

The authors obtain that the minimax rate of separation of the hypothesis Hy/H; at level ~
in dimension 1 is of the order of n¥ 1 for an appropriate choice of resolution j and of the
level of the test ¢;.

The procedure should apply mutatis mutandis to the case g = f*, in view of what was
already done in this project (see in particular part p.26 and following for the similarities
between the statistic used by Butucea and Tribouley and our).

Moreover the independence test found in the article of Rosenblatt (1975) should also apply.
Considering in dimension 2 the empirical factorization measure

2

S, = / [fa(@) = gn(@"Yhn(2)) 2dz,

where fu(@) = b 27 w(55%), gala!) = %z;;lw(f;x?) (idem for #) and w(x) =
wh(z)w?(2?) is a positive definite kernel with 2 vanishing moments, and with other
supplementary conditions, Rosenblatt finds that the quantity

h_l[—A(h)+nh2/ [ = gutin]’]

converges to a normal law with zero mean and variance 2w™® [ f2 when n — oco,nh? — oo
and h = o(n~%), where A(h) is a quantity in O(1).
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In his paper, Rosenblatt wonders about the advantages of a test based on densities rather
than empirical distributions, and indicates that compared to some tests on distributions by
Blum et al. (1961) the density based test is possibly less powerful but easier to implement
because of the convergence to a normal law instead of a law with unknown properties in
the other case.

Also a spacing estimate of the distribution function that would be based on the order
statistic (see the case of estimator Radical p.75) has higher complexity in n, of the order
of nlogn.

Adaptation

Beside the study of a global thresholding on a U-statistic estimator of the L, contrast,
one could envisage the application of alternative adaptive procedures like Lepski’s method
(random smoothing), together with aggregation methods or model selection.

Exact gradient of the L; contrast

In this document we studied the gradient of the projected contrast estimator. We could
also try to determine the gradient and the hessien of the exact L, contrast. This means
we probably come across quantities that are used in the method of the matrix functional
of Tsybakov and Samarov. We could then try to estimate these derived quantities with a
non parametric wavelet based method.

Non linear mixing
The wavelet contrast is valid even if the mixing is not linear.

For a random variable X = F(S) where F:U c R? — V ¢ R? is no more linear but invertible,
the factorization measure is written in the same way , [ ||fr— f5|> and there is an estimation
of it through contrast C;. Minimization would be carried out no longer on the Stiefel
manifold but on another set depending on F.

ACI without pre-whitening

One could consider performing a minimization on the Stiefel manifold without any
preliminary PCA transformation, that has some annoying side effects.

For an invertible matrix A, there exists by QR factorisation, an orthogonal matrix @ such
that QA = T is upper triangular. Q and T are moreover unique is the diagonal of T is strictly
positive.

For such a matrix 7 the inversion is immediate.
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Let # = As; so there exists a unique orthogonal @ such that y = Qr = QAs = T's. The
normalisation vars = I; implies that covy = TT’. The symmetric matrix 77’ thus has for
general term cov(y*,y!) = ax = > iz thitii, all quanties estimables from the observations and

Q.

Let W be an orthogonal matrix, if W = @, then 7! is estimable from the observed
covariance matrix.

One could then consider the contrast function

C:Q— C(T71Qx).

. . _(a b , (a®>+b* be 1 (at —blac)™?!
In dimension 2,T_<O C),TT _< e c2>’T =" o )

that is to say,

¢? =varys, a® = vary; — cov(y, y2)?(varys) ", b* = cov(ys, y2)*(varys) .

and .
SS9 = C yQ

s1 = a_l[yl - bc_lyg]

2.7 Organization of the document

Parts 3 to 5 correspond to three articles submitted to journals with reading committee.
Part 6 contains all elements used in the implementation.

In part 3, we show experimentally that the method works, that the Haar wavelet is suitable
if using no gradient, that curves in dimension 2 are generally elliptic if at a suitable
resolution, that there exists a whole band of suitable resolution about optimal j, that the
wavelet contrast has a very thin discriminating power (half-degree rotations are detected),
and that computing times are competitive in small dimensions.

From a theoretical point of view, we show that mixing by invertible A conserves Besov
membership of the original densities. We link criteria C; to a measure of independence of
the components of X, and we show, deliberately adopting a simplified point of view, that
mean squared error (MSE) of the wavelet contrast is at most of the order of n=¥a, that is
to say minimax rate of density estimation.

In part 4, we develop the relation between the problem [ f? and the ICA problem. We
show that the convergence rate of the contrast MSE is actually at least of the order of
Cn+1 and we show that U-statistic estimators do attain a parametric rate for regularities
s >d/4, as in the problem [ f2.
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The demonstration uses combinatorial lemmas that simplify computations otherwise un-
achievable. We show that a U-statistic estimator on the full sample is slightly suboptimal ;
and consequently we study splitting strategies in an attempt to recover optimality.

In part 5, we study the risk of a thresholded estimator of the wavelet contrast. Simulations
complete the theoretical study.

In part 6, we regrouped all concerning implementation issues, which includes information
on the Stiefel manifold and on the minimization method on this manifold, filter aware
formulations of the gradient and the hessian, other practical concerns and the commented
code of key parts of the program.

Notations et conventions

In the following we employ indifferently the term “wavelet contrast” to designate C; € R*,
an estimator C;(Xy,...,X,), where X; is a random variable with density fa, or else function
Yty Yn € R = Cj(y1,...,yn) or else function W € R™? v C;(Wxy,...,Wa,) where z; € R?
is observation i.

In parts 4 and 5, C; is noted €7, and idem for estimator C;, in reference to the squared
norm of P;f.

In general, superscript designates coordinates of multidimensional entities, whereas sub-
script designates elements of the same set.

Other notations

Ch, Ap n!/pl(n —p)!, n!/(n—p)!

C; wavelet contrast except part 4

C3 wavelet contrast in part 4

X, X;, X! sample X; ..., X,, variable number i, component ¢ of variable i
fa |detA~!| f(A™ )

E}, expectation relative to the joint law of the couple X,..., X,, with density f$"
e product of margins of f, margin number ¢ of f

avVb,anb max(a,b), min(a, b)

I{R}, Ip indicator functions

Qm, Im {G'...im)if e N, 1< i <n}, {i € Qmily # by =i #i%}

Dy ik, Aji i (zh) ..., ojk(z?), see the recall on wavelets in part 3, see p. 26
Qjky Bjk coordinates of the wavelet expansion on functions ®,j, ¥

e, B coordinates of the wavelet expansion on functions ¢,
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)\jka (Sjk Oéjkl . .Oéjkd, ajk — )\jk

)\;,:> bt .. abi, for some p; such that 0 <p; <r, S opi=r
|A] cardinal of the set A

N Daubechies wavelet parameter D2N, N=1 for Haar
n, d sample size, dimension of f domain

candidate to inversion of mixing matrix A
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3. ICA by Wavelets : the basics

In signal processing, blind source separation consists in the identification of analogical,
independent signals mixed by a black-box device. In psychometrics, one has the notion of
structural latent variable whose mixed effects are only measurable through series of tests ;
an example are the Big Five (components of personality) identified from factorial analysis
by researchers in the domain of personality evaluation (Roch, 1995). Other application
fields such as digital imaging, biomedicine, finance and econometrics also use models aiming
to recover hidden independent factors from observation. Independent component analysis
(ICA) is one such tool; it can be seen as an extension of principal component analysis, in
that it goes beyond a simple linear decorrelation only satisfactory for a normal distribution ;
or as a complement, since its application is precisely pointless under the assumption of
normality.

Papers on ICA are found in the research fields of signal processing, neural networks, statis-
tics and information theory. Comon (1994) defined the concept of ICA as maximizing the
degree of statistical independence among outputs using contrast functions approximated
by the Edgeworth expansion of the Kullback-Leibler divergence.

The model is usually stated as follows: let =z be a random variable on R?, d > 2; one
tries to find couples (4,s), such that » = As, where A is a square invertible matrix and s a
latent random variable whose components are mutually independent. This is usually done
through some contrast function that cancels out if and only if the components of Wz are
independent, where W is a candidate for the inversion of A.

Maximum-likelihood methods and contrast functions based on mutual information or
other divergence measures between densities are commonly employed. Cardoso (1999) used
higher-order cumulant tensors, which led to the Jade algorithm, Bell and Snejowski (1990s)
published an approach based on the Infomax principle. Hyvérinen and Oja (1997) presented
the fast ICA algorithm.

In the semi-parametric case, where the latent variable density is left unspecified, Bach and
Jordan (2002) proposed a contrast function based on canonical correlations in a reproducing
kernel hilbert space. Similarly, Gretton et al (2003) proposed kernel covariance and kernel
mutual information contrast functions.

The density model assumes that the observed random variable X has the density f4 given
by
fa(w) = |det A7 f(A™ 2)
= |det B|f (b1z) ... f*(bax),

where b, is the (" row of the matrix B = A~!; this resulting from a change of variable
if the latent density f is equal to the product of its marginals f!...f9. In this regard,
latent variable s = (s,...,s?) having independent components means the independence of
the random variables s’ o ¢ defined on some product probability space Q = [[Qf, with =*
the canonical projections. So s can be defined as the compound of the unrelated s!,...,s?
sources.
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Tsybakov and Samarov (2002) proposed a method of simultaneous estimation of the
directions b;, based on nonparametric estimates of matrix functionals using the gradient of

fa.

In this paper, we propose a wavelet based ICA contrast. The wavelet contrast C; compares
the mixed density fa and its marginal distributions through their projections on a
multiresolution analysis at level j. It thus relies upon the procedures of wavelet density
estimation which are found in a series of articles from Kerkyacharian and Picard (1992)
and Donoho et al. (1996).

As will be shown, the wavelet contrast has the property to be zero only on a projected
density with independent components. The key parameter of the method lies in the choice
of a resolution j, so that minimizing the contrast at that resolution yields a satisfactory
approximate solution to the ICA problem.

The wavelet contrast can be seen as a special case of quadratic dependence measure,
as presented in Achard et al. (2003), which is equal to zero under independence. But
in our case, the resolution parameter j allows more flexibility in controlling the reverse
implication. Let’s mention also that the idea of comparing in the L, norm a joint density
with the product of its marginals, can be traced back to Rosenblatt (1975).

Besov spaces are a general tool in describing smoothness properties of functions; they also
constitute the natural choice when dealing with projections on a multiresolution analysis.
We first show that a linear mixing operation is conservative as to Besov membership ;
after which we are in position to derive a risk bound that will hold for the entire ICA
minimization procedure.

Under its simplest form, the wavelet contrast estimator is a linear function of the empirical
measure on the observation. We give the rule for the choice of a resolution level j minimizing
the risk, assuming a known regularity s for a latent signal in some Besov space Bi,,.

The estimator complexity is linear in the sample size but exponential in the dimension
d of the problem; this is on account of an implicit multivariate density estimation. In
compensation to this computational load, the wavelet contrast shows a very good sensitivity
to small departures from independence, and encapsulates all practical tuning in a single
parameter j.

3.1 Notations

We set here the main notations and recall some definitions for the convenience of ICA
specialists. The reader already familiar with wavelets and Besov spaces can skip this part.

Wawvelets
Let ¢ be some function of Ly(R) such that the family of translates {¢(. — k), k € Z} is an
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orthonormal system ; let V; C Ly(R) be the subspace spanned by {¢x = 27/20(27. — k), k € Z}.

By definition, the sequence of spaces (V;),j € Z, is called a multiresolution analysis (MRA)
of Ly(R) if V; € Vjy1 and U, V; is dense in Ly(R); ¢ is called the father wavelet or scaling
function.

Let (V;);ez be a multiresolution analysis of L,(R), with V; spanned by {¢;x = 27/2p(27.—k),k €
Z}. Define W; as the complement of V; in V,,4, and let the families {4,k € Z} be a basis
for W;, with v (z) = 29/2¢(272 — k). Let ar(f) =< f,pjx > and B (f) =< f, ¥ >.

A function f € Ly(R) admits a wavelet expansion on (V;),cz if the series
D ar(Heik+ YD Bk
k Jj=jo k

is convergent to f in Ly(R); + is called a mother wavelet.

The definition of a multiresolution analysis on Ly(RY) follows the same pattern. But an
MRA in dimension one also induces an associated MRA in dimension d, using the tensorial
product procedure below.

Define V as the tensorial product of d copies of V;. The increasing sequence (V});cz defines
a multiresolution analysis of Ly(R%) (Meyer, 1997) :

for (i'...,i%) € {0,1}% and (i*...,i%) # (0...,0), define W(x); . = [[4, ) (2?), with »© = ¢,
v =4, so that ¢ appears at least once in the product ¥(z) (we now on omit i'... i in
the notation for ¥, and in (33), although it is present each time) ;

for (i*...,i%) = (0...,0), define ®(x) = [], p(zf);
for j ez, k ez, x e R?, let Up(a) = 25 U(2z — k) and &, () = 25 (202 — k) ;

define W¢ as the orthogonal complement of V in V%, ; it is an orthogonal sum of 2¢ — 1
spaces having the form U, ... ® Uy, where U is a placeholder for V. or W; V or W are
thus placed using up all permutations, but with W represented at least once, so that a
fraction of the overall innovation brought by the finer resolution j +1 is always present in
the tensorial product.

A function f admits a wavelet expansion on the basis (®, ) if the series
> il Njor + Y D Bir(H Wiy (1)
kez? J=Jo keZ*

is convergent to f in Ly(R?).

In fact, with the concentration condition

Z|g0(:1c+k)| <Ca.s., (2)
k
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verified in particular for a compactly supported wavelet, any function in L;(R?) admits
a wavelet expansion. Otherwise any function in a Besov space B, (R?) admits a wavelet
expansion.

In connection with function approximation, wavelets can be viewed as falling in the
category of orthogonal series methods, or also in the category of kernel methods.

The approximation at level j of a function f that admits a multiresolution expansion is the
orthogonal projection P;f of f onto V; C Ly(R?) defined by :

(Pi)@) =Y ap®(@),

keZ?

where o, = ajpi o = [ f(2)®)(2) da.

With the concentration condition above, the projection operator can also be written
) = [ Kyl ),

with Kj(z,y) = 2743, 74 ®ju(z — k)®ji(y — k). K; is an orthogonal projection kernel with
window 277¢ (which is not translation invariant).

Besov spaces

Let f be a function in L,(R?Y) and h € R? Define the first order difference A,f by
Apf(z) = fx +h) — f(z) and the k** order difference AFf = ARAF'f (k = 1,2,... with
AL =1, ALf = Anf).

The modulus of continuity of order k of f in the metric of L,, along direction h, is defined
by (Nikol’skii, 1975, p.145-160)
Wi (f,0)p = sup A, f ()], 6>0, [h=1

[t|<é

The modulus of continuity of order & of f in the direction of the subspace R™ c R? is defined
by
Q[I?M” (fa 6)? = sup wfli(fa 6)?
|h|=1,heR™

If the function f has arbitrary derivatives of order o relative to the first m coordinates, one
can define, for h € R™,
B =30 s,

[n|=0
with h = (h1,...,hn,0,...,0), |h| =1, |n] =>"n; and h™ = At .. T =R R0 00,

The modulus of continuity of order k of the derivatives of order o of f is then defined by

U (f9,6), = sup Wi (f12,8), = D Qe (f™,0),.

p— m
|h|=1,heR In|=o
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Let s = [s]+ a; the Holder space H3(R?) is defined as the collection of functions in L,(R?)
such that

d
IARF™l, < MBI, ¥n=(n',...,n%), with |n| = n; =s],
1

or equivalently, Qpa () 8), = sup w,(fD,8), < Mse,
heR?

where M does not depend on h.

Besov spaces introduce a finer scale of smoothness than is provided by Holder spaces. For
each a > 0 this can be accomplished by introducing a second parameter ¢ and applying (a,
q) quasi-norms (rather than (a, o0)) to the modulus of continuity of order k.

Let s > 0 and (o,k) forming an admissible pair of nonnegative integers satisfying the
inequalities k > s — ¢ > 0. By definition, f € L,(R?%) belongs to the class B,,,(R?) if there
exist generalized partial derivatives of f of order n = (n',...,n?), |n| < o, and one of the
following semi-norms is finite :

= d
TN = ( / It‘<5‘g>9§d<f<">,t>p|q7t) :

Inl=¢ (3)
Tn0) = ([ 100k (9,0,

0

Q=

Q=

For fixed s and p, the space By, gets larger with increasing ¢. In particular, for ¢ = oo,
Bipg(R) = H3(R) ; various other embeddings exist since Besov spaces cover many well known
classical concrete function spaces having their own history.

Finally, Besov spaces also admit a characterization in terms of wavelet coefficients, which
makes them intrinsically connected to the analysis of curves via wavelet techniques.

f belongs to the (inhomogeneous) Besov space Bi,,(R?) if

q

Topa(F) = llaw e, + |30 [2°2945)18 0, || < oo, (4)

>0
with s >0, 1<p<oo, 1<g<oo, and ¢,9) € C",r > s (Meyer, 1997).
A more complete presentation of wavelets linked with Sobolev and Besov approximation
theorems and statistical applications can be found in the book from Hérdle et al. (1998).

General references about Besov spaces are Peetre (1975), Bergh & Lofstrom (1976), Triebel
(1992), DeVore & Lorentz (1993).
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3.2 Wavelet contrast, Besov membership

Let f be a density function with marginal distribution in dimension ¢,

2t flzl .zt dat .. datldat Y dad,

Rdfl
denoted by f*-.

As integrable positive functions, f and the f** admit a wavelet expansion on a basis (¢,)
verifying the concentration condition (2). One can then consider the projections up to order
j, that is to say the projections of f and f** on V/* and V; respectively, namely

x) = Z aj,®(z) and Pff(z Z Qjgeige (T

keZ? k¢eZ

where ajpe = [ f*(2)pjpe (2f) da* and ajp = ajp e = [ f(2)Pji(x) da

Proposition 3.1 (Wavelet contrast)

Let f be a density function on R? and let ¢ be the scaling function of a multiresolution
analysis verifying the concentration condition (2).

Define the contrast function

C;(f) = Z (k. pa — Qg ---ajkd)2a

kL. kd

wlth O‘jkf f]R gﬁjke( 2) dl’e and O[jkl...,kd fRd ]kl

7777

The following relation hold :

f factorisable = C;(f)=0.

If f and ¢ are compactly supported or else if f € Ly(RY), the following relation hold :

d
G =0 = Pf=]]P

{=1

As for the first assertion, with f = f'...f% one has f* = f* ¢ = 1,...d. Whence for
k= (k',...,k% e 2%, one has by Fubini theorem,

ak(f) = ap(f* .. f*) = - () da
= /R f*1<pjk1(:cl)d:cl . /R f*d<pjkd (:zrd)d:c = Oéjkl(f*l) e QU (f*d).
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For the second assertion, C; = 0 entails a;i(f) = aju (f*1). ..oy (f*?) for all k € . So that
for P;f € L,(RY),

Pif =Y aju(f)®x = Z%kl D@kt - - g (F)pjpa
2
= Z ajk1 QOJkl . Zajkd Qﬁjkd
k1

_ pl exl d p*d
=Pl Pl

with passage to line 2 justified by the fact that (a;w(f)®;i)peze is @ summable family of
Ly(R%Y) or else is a finite sum for a compactly supported density and a compactly supported
wavelet.

O

For the zero wavelet contrast to give any clue as to whether the non projected difference
f—f... f*4is itself close to zero, a key parameter lies in the order of projection j.

Under the notations of the preceding proposition, with a zero wavelet contrast and assuming
existence in L,, one has ||P;f — P} f*'... P/ f*¥|, =0, and so

Lf =t e < U = Bifllp + 1B PR =
=f = Biflp + B (F o ) =

If we now impose some regularity conditions on the densities, in our case if we now require
that f and the product of its marginals belong to the (inhomogeneous) Besov space B, (R?),
the approximation error can be evaluated precisely. With a r-regular wavelet ¢, r > s, the
very definition of Besov spaces implies for any member f that (Meyer, 1997)

If = Piflly= 277 €, {ete Eq(Nd)' (5)

Remark

In the special case where f4 and the product of its marginals belong to Ly(R?), Parseval
equality implies that C; is equal to the square of the L, norm of P;f4 — P} fi!... PAf4d. And
one can write,

1
Ci(fa)? = |1P(fA ... f2Y) — P fall2
<Wfa=Pifalla+fa— fA5 - fA2 + 1P (FA - FAD = A A% e,

hence with notation K, (A, f) = ||fa — f5' ... f3%lz,
K (A, £) = Ci(Fa) 2] < IIfa = Py falla + 1P (F2 - 25 = £ £2%l2, (6)

which gives another illustration of the shrinking with ; distance between the wavelet
contrast and the true norm evaluated at f4. In particular when A # I, C;(f4) cannot
be small and for A =1, ¢; must be small, for j big enough.
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Continuing on the special case p = 2, the wavelet contrast can be viewed as an example of
quadratic dependence measure as presented in the paper from Achard et al (2003).

Using the orthogonal projection kernel associated to the function ¢, one has the writing
d 2
C](fA) = ‘/]Rd < ?AKJ(ZC,Y) — HE?AK;(xl7Yl)> d(E,
i=1
with Kj(z,y) = 2435, 50 @z — k) @iy — k) and Kj(z,y) = 27 35,z in(a’ — k)pju(y’ — k).

This is the form of the contrast in the paper from Achard et al. (2003), except that in our
case the kernel is not scale invariant ; but the ICA context is scale invariant by feature,
since the inverse of A is conventionally determined up to a scaling diagonal or permutation
matrix, after a whitening step.

To take advantage of relation (5) in the ICA context, we need a fixed Besov space containing
the mixed density f4 and the product of its marginals, for any invertible matrix A.

The two following propositions check that the mixing by A is conservative as to Besov
membership, and that the product of the marginals of a density f belongs to the same
Besov space than f. It is equivalent to assume that f is in B,,,(R?) or that the factors f
are in By,,(R). If the factors have different Besov parameters, one can theoretically always
find a bigger Besov space using Sobolev inclusions

Byipg C Bgpg for &' > 8, ql <gq;
Bspq C Byq  for p<yp’ and s’ = s+d/p’ —d/p.

Proposition 3.2 (Besov membership of marginal distributions)

If f is a density function belonging to Bey,(RY) then each of its marginals belong to By, (R).

Let us first check the L, membership of the marginal distribution. For p > 1, by convexity

one has,
/ |fA|pda::// |fA|Pd:c*fdxfz// fadaz*t
R4 R JR3-1 R [JRE?!

that is to say || f5[l, < || fallp-
With the ¢ canonical vector of R? denoted by ¢! and for ¢ € R, one has,

p
da’ = [ 11 aa’
R

(~1)F*CLf (@ + 1)

)=

Abf(at) =

~

E|
<

S

flo+tetyint = [ AL fa)dot
=0 Rd71 Rd71
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so that

Lp(RYy’

p
HAff*e“Z[)/p(R) = ‘/R "/Rdl Afegf(a?)dz*e

W )p—SUP 1AF £ Lpw) <SUPHA oo fllz, rety = whe (£, 8)p,

dxfg/ AL, f(@)|” de < | AL I
Rd

and

and

Qk(f*lv 5)10 = wk(f*ev 6)17 < wf’f (f7 6)17 < sup w,’j(f, 5)10 = Q[Ed (fv 6)17'

|h|=1,heR?

Using the admissible pair (k, o) = ([s] + 1,0), one can see from (3) that J.,,(f*) < J,,,(f)-
O

Next, we check that the mixed density f4 belongs to the same Besov space than the original
density f.

Proposition 3.3 (Besov membership of the mixed density)

Let f=f'...f% and fa(z) = |det A7 f(A 'z).

(a) if f € Ly(RY), or if each f* belongs to L,(R), then fa and the product ] fi belong to
L,(RY).

(b) f and fa have same Besov semi-norm up to a constant.

Hence f and fa belong to the same (inhomogeneous) Besov space By, .

For (a), with p > 1, as in Prop. 3.2 above, one has || f4|l, < || fall,- Also, with the determinant
of A denoted by |A],

Ially = 14177 [ 15A7 )P da = 14177 [ 1f@)P 41 de =141 13,

And finally by Fubini theorem, 11l ey = 1 Nz, @) - - 1f |z, @), sO that f e L,(RY) < ft ¢
Ly(R),(=1...d.

For (b), with a change of variable in the integral one has,

[Awmfally =A% [ Apa-in fllp s

so that
wi(fa,0)p = Sup [[Awmfal, =471 sup A fllp =wi(f,0|A7 h])p,  |A]=1;
|t1<8,h|=1 |t1<8] A= h],|h|=1
and

Qga(fa,0)p = | AT 5 Qpa(f,6|A7 h])p, || = 1.
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Next, with the change of variable u = ¢t|A~1h|,

o dt IR U > o du
| e = qart sy [ eag e =1
0 0

du

<A ATy [ e

In view of (3), using the admissible pair (k, o) = ([s] + 1,[s]) yields the desired result when
0<s<l1.

When 1 < s, with the same admissible pair (k,0) = ([s] + 1,[s]), and by recurrence, since
dfa(h) = |A~Y|df(A=*h) o A~ one can see in the same way that the modulus of continuity of
the (generalized) derivatives of f4 or order k are bounded by those of f.

Note that if A is whitened, in the context of ICA, the norms of f and f4 are equal, at least
when s < 1. o

3.3 Risk upper bound

Define the experiment £ = (X", A®", (Xy,...,X,), P}, fa € Bepg), Wwhere Xy,..., X,, is an iid
sample of X = AS, and P}, = Py, ... ® Py, is the joint distribution of (X ..., X,). Likewise,
define Py as the joint distribution of (S;...,S,).

The coordinates a;;, in the wavelet contrast are estimated as usual by,
) 1<
Qjpr pat = Z%kl ). (XY and e = ~ > (X)), £=1,...d. (7)

The linear wavelet contrast estimator is given by,

Oj(Il...,iEn): Z ( Qg kd—OéJ ]kd Z (8)

kL. kd keZ?

where we define 4, as the difference g ga — Gjpr ... 4 jpa.

The estimator d@;xis unbiased under E7,, but so is not @1 ...da e unless A =1, although it
is asymptotically unbiased.

We also make the assumption that both the density and the wavelet are compactly
supported so that all sums in k£ are finite. For simplicity we further suppose the density
support to be the hypercube, so that }°, 1 ~ 274

We now express a risk bound for the wavelet contrast estimator. In particular we show
that the bias of the estimator is of the order of ¢27¢/n. This is better than the convergence
rate of n= for the empirical Hilbert-Schmidt independence criterion (Gretton et al. 2004,
theorem 3), except that in our case the resolution parameter j must still be set to some
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value, especially to cope with the antagonist objectives of reducing the estimator bias and
variance.

In the following proposition, the variance rate that is obtained is suboptimal, because the
proof is deliberately simplified, relative to the intricate proofs of next chapter, that give
the optimal rates. The rate for the bias is the good one though.

Proposition 3.4 (Risk upper bound for C'])

The quadratic risk E}, (C;—C;)? has a convergence rate in 2%¢0(1/n) and the bias E} C;—C;
has a convergence rate 27¢0(1/n).

R L \2 ,
In corollary, the wvariance E}, (Cj - E}, Cj) has convergence rate 2290(1/n) and the
quadratic risk around zero is B}, C? = C? + 2%0(1/n).

By lemma 3.1, E} C; = 2, E} 0%, = C; +2/?0(n™!). So upon expansion,
A 2 n TA ; _
1.0C = Ci]" = B} [C)) =[Gy + 270 (n™")
= E} [C; — C{l[C) + Cj] + 2740 (n 1)
< (M + || fal3)E}, G = Cj] + 20
= 2%90(n"1)
with line 3 using the fact that f4 and @ are compactly supported hence bounded, so that
we can say very roughly that ¢; < 2/9M.

The two remaining assertions follow from the usual relations, E7, (C; — C;)* = E}, (C; —
E} Cy)?+ (B} Cy—Cy)?*; and E} C? = (B}, C))? + E}, (C; — B}, C))2.
O

Based on this rate, we now give a rule for choosing the resolution j minimizing the (about
zero) risk upper bound. This rule, obtained as usual through bias-variance balancing,
depends on s, the unknown regularity of f, supposed to be a member of some Besov
space Bs,,. The associated convergence rate gives back the minimax n=z+a of the underlying
density estimations (see Kerkyacharian & Picard, 1992).

Proposition 3.5 (Minimizing resolution in the class Bjay)
Assume that f belongs to B (RY), and that C; is based on a r-reqular wavelet ¢, r > s.
The minimizing resolution j is such that 2 ~ n¥ and ensures a quadratic risk converging

__2s
to zero at rate n”=+4a.

By Prop. 3.2 and 3.3 we know that f4 and the product of its marginal distributions belong
to the same Besov space than the original f, so that equation (6) becomes

KL (A, f) — Cj(fa)?| < K279%; 9)
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with K a constant.
Taking power 4 of (9) and using prop. 3.4,
R(Cy, fa) + K*Q(C]-%,K*) < K279 4 0%l gp L,

with K a placeholder for an unspecified constant, Q(a,b) = —4a® + 6a%b — 4ab® + b*, and R
denoting the quadratic risk around zero.

When A is far from I, the constant K, is strictly positive and the risk relative to zero has
no useful upper bound. Although the risk relative to ¢; is always in 2%4Kn=1.

With A getting closer to I, K, is brought down to zero and the bound is minimum when,
constants apart, we balance 274 with 22/9n=1, or 2/(24+45) with n.

This yields 2/ = O(nm#) and convergence rate n¥+= for the risk relative to zero under
independence and also for the risk relative to C; by substitution in the expression given by
Prop. 3.4.

O

Corollary 3.1 (minimizing resolution in the class Bs,,)
Assume that f belongs to Bepy(RY), and that C; is based on a r-reqular wavelet o, r > s'.

The minimizing resolution j is such that 29 ~ni, with ' = s+d/2 —d/p if 1 <p < 2 and
s'=sifp>2.

This resolution ensures a quadratic risk converging to zero at rate n~ = 2.
If 1 <p <2, using the Sobolev embedding Bs,, C By, for p <p’ and s’ = s+d/p’ — d/p, one
can see that f4 belongs to By, with s’ = s+ d/2 — d/p, and so by definition, with {¢;} € ¢,

[ fa = Pifalla < g2/ (std/2=d/p),

If p > 2, since we consider compactly supported densities, with {¢;} € ¢,

[ fa = Pifall2 < | fa— Pifalp <e€277°.

Finally with s’ as claimed, equation (6) yields again|K, (4, f) — C;(fa)?| < K279, o

3.4 Computation of the estimator C;

The estimator is computable by means of any Daubechies wavelet, including the Haar
wavelet.

100



For a regular wavelet (D2N, N > 1), it is known how to compute the values p;;(z) (and any
derivative) at dyadic rational numbers (Nguyen and Strang, 1996); this is the approach
we have adopted in this paper.

Alternatively, using the customary filtering scheme, one can compute the Haar projection at
high j and use a discrete wavelet transform (DWT) by a D2N to synthetize the coefficients
at a lower, more appropriate resolution before computing the contrast. This avoids the
need to precompute any value at dyadics, because the Haar projection is like a histogram,
but adds the time of the DWT.

While this second approach usually gives full satisfaction in density estimation, in the ICA
context, without special care, it can lead to an inflation of computational resources, or a
possibly inoperative contrast at minimization stage. Indeed, for the Haar contrast to show
any variation in response to a small perturbation, j must be very high regardless of what
would be required by the signal regularity and the number of observations; whereas for
a D4 and above, we just need to set high the precision of dyadic rational approximation,
which present no inconvenience and can be viewed as a memory friendly refined binning
inside the binning in j.

We have then chosen the approach with dyadics for simplicity at the minimization stage
and possibly more accurate solutions.

Also for simplicity, in all simulations that follow we have adopted the convention that
the whole signal is contained in the hypercube [0,1]®¢, after possible rescaling. For the
compactly supported Daubechies wavelets (Daubechies, 1992), D2N,N = 1,2,..., whose
support is [0,2N — 1], the maximum number of k intersecting with an observation lying in
the cube is (27 + 2N —2)4.

Note that relocation in the unit hypercube is not a requirement, but otherwise a sparse
array implementation should be used for efficiency.

Sensitivity of the wavelet contrast

In this section, we compare independent and mixed D2 to D8 contrasts on a uniform
whitened signal, in dimension 2 with 100000 observations, and in dimension 4 with 50000
observations. According to proposition ‘linear-choice’, for s = +oo the best choice is j =0,
to be interpreted as the smallest of technically working j, i.e. satisfying 2/ > 2N — 1, to
ensure that the wavelet support is mostly contained in the observation support.

For j = 0, there is only one cell in the cube and the contrast is unable to detect any
mixing effect : for Haar it is identically zero, and for the others D2N it is a constant (quasi
for round-off errors) because we use circular shifting if the wavelet passes an end of the
observation support. At small j such that 2 < 2/ < 2N — 1, D2N wavelets behave more or
less like the Haar wavelet, except they are more responsive to a small perturbation. We
use the Amari distance as defined in Amari (1996) rescaled from 0 to 100.

In this example, we have deliberately chosen an orthogonal matrix producing a small Amari
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error (less than 1 on a scale from 0 to 100), pushing the contrast to the limits.

j D2 indep D2 mixed cpu j D4 indep D4 mixed cpu
0 0.000E+00 0.000E+00 0.12 0 0.250E+00 0.250E+00 0.21
1 0.184E-06 0.102E-10 0.06 1% 0.239E+00 0.522E+00 0.17
2 0.872E-04 0.199E-04 0.06 2 0.198E-04 0.209E-04 0.17
3 0.585E-03 0.294E-03 0.06 3 0.127E-03 0.159E-03 0.17
4 0.245E-02 0.285E-02 0.06 4 0.635E-03 0.714E-03 0.17
5% 0.926E-02 0.110E-01 0.07 5 0.235E-02 0.282E-02 0.17
6 0.395E-01 0.387E-01 0.07 6 0.988E-02 0.105E-01 0.17
7 0.162E+00 0.162E+00 0.07 7 0.405E-01 0.419E-01 0.17
8 0.651E+00 0.661E+00 0.08 8 0.163E+00 0.165E+00 0.21
9 0.262E+01 0.262E+01 0.12 9 0.653E+00 0.653E+00 0.26
10 0.105E+02 0.105E+02 0.23 10 0.261E+01 0.262E+01 0.39
11 0.419E+02 0.419E+02 0.69 11 0.104E+02 0.105E+02 0.87
12 0.168E+03 0.168E+03 2.48 12 0.419E+02 0.420E+02 2.67

Table 1a. Wavelet contrast values for a D2 and a D4 on a uniform density in dimension 2 under a half degree rotation

Amari error & .8, nobs=100000, L=10,

j D6 indep D6 mixed cpu Jj D8 indep D8 mixed cpu
0 0.304E+00 0.304E+00 0.37 0 0.966E+00 0.966E+00 0.65
1 0.304E+00 0.305E+00 0.37 1 0.966E+00 0.197E+01 0.64
2% 0.215E+00 0.666E+00 0.37 2% 0.914E+00 0.333E+01 0.65
3 0.132E-03 0.188E-03 0.36 3 0.446E-03 0.409E-03 0.64
4 0.641E-03 0.717E-03 0.36 4 0.220E-02 0.214E-02 0.64
5 0.295E-02 0.335E-02 0.35 5 0.932E-02 0.104E-01 0.63
6 0.123E-01 0.126E-01 0.37 6 0.388E-01 0.383E-01 0.63
7 0.495E-01 0.518E-01 0.36 7 0.157E+00 0.160E+00 0.64
8 0.198E+00 0.200E+00 0.41 8 0.628E+00 0.630E+00 0.71
9 0.796E+00 0.791E+00 0.49 9 0.253E+01 0.252E+01 0.84
10 0.319E+01 0.319E+01 0.64 10 0.101E+02 0.101E+02 1.03
11 0.127E+02 0.128E+02 1.13 11 0.405E+02 0.406E+02 1.53
12 0.509E+02 0.511E+02 2.97 12 0.162E+03 0.162E+03 3.37

Table 1b. Wavelet contrast values for a D6 and a D8 on a uniform density in dimension 2 under a half degree rotation

Amari error & .8, nobs=100000, L=10,

First, the Haar contrast is out of touch; at low resolution the mixing passes unnoticed
because the observations stay in their original bins, and at high resolution, as for the other
wavelets, any detection becomes impossible because the ratio 27¢/n gets too big, and clearly
wanders from the optimal rule of Prop. 3.5.

Had we chosen a mixing with bigger Amari error, say 10, the Haar contrast would have
worked at many more resolutions (this can be checked using the program icalette1); still,
the Haar contrast is less likely to reach small Amari errors in a minimization process.

For wavelets D4 and above, the contrast is able to capture the mixing effect especially at
low resolution (resolution with largest relative increase marked) and up to j = 8. Also, the
wavelet support technical constraint is apparent between D4 and D6 or DS.

Finally we observe that the difference in computing time between Haar and a D8 is not
significant in small dimension; it gets important starting from dimension 4 (Table 2).
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Note that the relatively longer CPU time for 2/ < 2N —1 is caused by the need to compute
a circular shift for practically all points instead of only at borders.

j D2 indep D2 mixed cpu j D4 indep D4 mixed cpu
0 0.000E+00 0.000E+00 0.08 0 0.625E-01 0.625E-01 0.85
1 0.100E-03 0.155E-06 0.05 1 0.624E-01 0.304E+00 0.83
2 0.411E-02 0.221E-02 0.05 2 0.283E-03 0.331E-03 0.82
3 0.831E-01 0.684E-01 0.05 3 0.503E-02 0.453E-02 0.83
4 0.132E+01 0.129E+01 0.08 4 0.818E-01 0.824E-01 0.92
5 0.210E+02 0.210E+02 0.29 5 0.130E+01 0.133E+01 1.30
6 0.336E+03 0.335E+03 3.62 6 0.211E+02 0.211E+02 4.68
j D6 indep D6 mixed cpu Jj D8 indep D8 mixed cpu
0 0.926E-01 0.926E-01 6.03 0 0.934E+00 0.934E+00 22.8
1 0.927E-01 0.929E-01 6.01 1 0.934E+00 0.364E+01 22.8
2 0.884E-01 0.825E+00 6.01 2 0.937E+00 0.111E+02 22.8
3 0.725E-02 0.744E-02 6.07 3 0.751E-01 0.751E-01 22.9
4 0.122E+00 0.117E+00 6.40 4 0.124E+01 0.117E+01 24.1
5 0.193E+01 0.195E+01 7.51 5 0.196E+02 0.196E+02 27.0
6 0.311E+02 0.311E+02 11.0 6 0.313E+03 0.313E+03 30.8

Table 2. Wavelet contrast values on a uniform density, dim=4 , nobs=50000, L=10, Amari error ~ .5

Computation uses double precision, but single precision works just as well. There is no
guard against inaccurate sums that occur about 10% of the time for D4 and above,
because it does not prevent a minimum contrast from detecting independence. Dyadic
approximation parameter L is set at octave 10, about three exact decimals, and shows
enough. Cpu times, in seconds, correspond to the total of the projection time on V and on
the d V;, added to the wavelet contrast computation time; machine used for simulations
is a G4 1,5Mhz, with 1Go ram ; programs are written in fortran and compiled with IBM
xIf (program icalettet to be found in Appendix).

Contrast complexity
By complexity we mean the length of do-loops.

The projection of n observations on the tensorial space V' and the d margins for a Db(2N)
has complexity O(n(2N — 1)4). This is O(n) for a Haar wavelet (2N=2) which boils down
to making a histogram. The projection complexity is almost independent of j except for
memory allocation. Once the projection at level j is known, the contrast is computed in
0(27).

On the other hand, the complexity to apply one discrete wavelet transform at level j has
complexity O(27¢(2N — 1)9). So we see that the filtering approach consisting of taking the
Haar projection for a high j; (typically 271¢ ~ ﬁ) and filter down to a lower jo, as a

shortcut to direct D2N moment approximation at level jy, is definitely a shortcut ; except
that the Haar wavelet carries with it a lack of sensitivity to small perturbations, which
is a problem for empirical gradient evaluation or the detection of a small departure from
independence.
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For comparison, the Hilbert-Schmidt independence criterion is theoretically computed
in O(n?) (Gretton et al. 2004 section 3), and the Kernel ICA criterion is theoretically
computed in O(n?d®). In both cases, using incomplete Choleski decomposition and low-
rank approximation of the Gram matrix, the complexity is brought down in practice to
O(nd?) for both methods (Bach and Jordan 2002 p.19).

3.5 Contrast minimization

The natural way to minimize the ICA contrast as a function of a demixing matrix W, is
to whiten the signal and then carry out a steepest descent algorithm given the constraint
YWW = I, corresponding to W lying on the the Stiefel manifold S(d,d) = O(d). In the ICA
context, we can restrict to SO(d) c O(d) thus ignoring reflections that are not relevant.

Needed material for minimization on the Stiefel manifold can be found in the paper of Arias
et al. (1998). Another very close method uses the Lie group structure of SO(d) and the
corresponding Lie algebra so(d) mapped together by the matrix logarithm and exponential
(Plumbley, 2004). For convenience we reproduce here the algorithm in question, which is
equivalent to a line search in the steepest descent direction in so(d) :

start at O € so(d), equivalent to I € SO(d) ;

move about in so(d) from 0 to —nVpg.J, where n € R* corresponds to the minimum in direction
VgJ found by a line search algorithm, where VgJ = VJ!W — W tV.J is the gradient of J in
so(d), and where V.J is the gradient of J in SO(d) ;

use the matrix exponential to map back into SO(d), giving R = exp(-nVgJ);
calculate W’ = RW € SO(d) and iterate.

We reproduce below some typical runs (program icalette3), with a D4 and L = 10. Note
that on example 2, the contrast cannot be usefully minimized because of a wrong resolution.
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d=3, j=3, n=30000 uniform d=3, j=5, n=30000 uniform d=3, j=3, n=10000 uniform
it contrast amari it contrast amari it contrast amari
0 0.127722 65.842 0 0.321970 65.842 0 0.092920 42.108
1 0.029765 15.784 1 0.321948 65.845 1 0.035336 14.428
2 0.002600 2.129 2 0.321722 65.999 2 0.007458 3.392
3 0.001939 0.288 3 0.321721 65.999 3 0.006345 1.684
4 - - 4 - - 4 0.006122 1.109
5 - - 5 - - 5 0.006008 0.675
d=4, j=2, n=10000 uniform =3, j=4, n=30000 expone. =3, j=3, n=10000 semici.
it contrast amari it contrast amari it contrast amari
0 0.025193 22.170 0 8.609670 52.973 0 0.041392 35.080
1 0.010792 9.808 1 5.101633 48.744 1 0.029563 22.189
2 0.003557 4.672 2 0.778619 16.043 2 0.007775 5.601
3 0.001272 1.167 3 0.017585 3.691 3 0.006055 3.058
4 0.001033 0.502 4 0.008027 2.262 4 0.005387 2.261
5 0.000999 0.778 5 0.006306 1.542 5 0.005355 1.541

Table 3. Minimization examples at various j, d and n with D4 and L=10

In our simulations, V.J is computed by first differences; in doing so we cannot keep
perturbed W orthogonality, and we actually compute a plain gradient in R%.

Again, a Haar contrast empirical gradient is tricky to obtain, since a small perturbation
in W will likely result in an unchanged histogram at small j, whereas with D4 and above
contrasts, response to perturbation is practically automatic and is anyway adjustable by
the dyadic approximation parameter L.

Below is the average of 100 runs in dimension 2 with 10000 observations, D4, j = 3 and
L = 10 for different densities ; start columns indicate Amari distance (on the scale 0 to 100)
and wavelet contrast on entry; it column is the average number of iterations. Note that
for some densities after whitening we are already close to the minimum, but the contrast
still detects a departure from independence ; the routine exits on entry if the contrast or
the gradient are too small, and this practically always correspond to an Amari distance
less than 1 in our simulations.

density Amari start Amari end cont. start cont. end it.
uniform 53.193 0.612 0.509E-01 0.104E-02 1.7
exponential 32.374 0.583 0.616E-01 0.150E-03 1.4
Student 2.078 1.189 0.534E-04 0.188E-04 0.1
semi-circ 51.401 2.760 0.222E-01 0.165E-02 1.8
Pareto 4.123 0.934 0.716E-03 0.415E-05 0.3
triangular 46.033 7.333 0.412E-02 0.109E-02 1.6
normal 45.610 45.755 0.748E-03 0.408E-03 1.4
Cauchy 1.085 0.120 0.261E-04 0.596E-06 0.1

Table 4. Average results of 100 runs in dimension 2, j=3 with a D4 at L=10

These first results are comparable with the performance of existing ICA algorithms, as
presented for instance in the paper of Jordan and Bach (2002) p.30 (average Amari error
between 3 and 10 for 2 sources and 1000 observations) or Gretton et al (2004) table 2
(average Amari error between 2 and 6 for 2 sources and 1000 observations).
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Finally we give other runs on the example of the uniform density at resolution j = 2 under
different parameters settings, and relatively fewer number of observations.

obs. dim L Amari start Amari end cont. start cont. end it.
250 2 10 47.387 38.919 0.279E-01 0.193E-01 2.4
250 2 13 47.387 32.470 0.279E-01 0.170E-01 2.2
250 2 16 47.387 17.915 0.279E-01 0.603E-02 2.3
250 2 19 47.387 19.049 0.279E-01 0.598E-02 2.6
500 2 10 51.097 20.700 0.246E-01 0.106E-01 2.1
500 2 13 51.097 6.644 0.246E-01 0.398E-02 2.2
500 2 16 51.097 21.063 0.246E-01 0.109E-01 2.1
500 2 19 51.097 14.734 0.246E-01 0.839E-02 2.4
1000 2 10 41.064 3.533 0.167E-01 0.186E-02 2.3
1000 2 13 41.064 3.071 0.167E-01 0.190E-02 2.1
1000 2 16 41.064 3.518 0.167E-01 0.194E-02 1.9
1000 3 16 49.607 15.082 0.405E-01 0.127E-01 4.8
5000 3 10 49.575 5.405 0.390E-01 0.399E-02 4.5
5000 3 16 49.575 1.668 0.390E-01 0.960E-03 4.7
5000 4 10 43.004 17.036 0.561E-01 0.190E-01 4.4
5000 5 10 38.400 29.679 0.800E-01 0.559E-01 4.1
5000 5 16 38.400 4.233 0.798E-01 0.700E-02 5.0
5000 6 16 42.529 10.841 0.114E+00 0.278E-01 4.9
5000 7 16 41.128 15.761 0.188E+00 0.573E-01 5.0
5000 8 16 39.883 14.137 0.286E+00 0.743E-01 5.0

Table 5. Average results of 10 runs, j=2, with a D4, truncated at 5 iterations.

One can see that raising the dyadic approximation parameter L tends to improve the
minimization when the number of observations is "low” relatively to the number or cells
274 but that 500 observations in dimension 2 seems to be a minimum in the current state
of the program. In higher dimensions, a higher number of observations is required, and in
dimension 6 and above, 5000 is not enough at L=16.

A visual example in dimension 2

In dimension 2, we are exempted from any added complication brought by a gradient
descent and Stiefel minimization. After whitening, the inverse of A is an orthogonal matrix,
whose membership can be restricted to SO(2), ignoring reflections. So there is only one
parameter ¢ to find to achieve reverse mixing. Since permutations of axes are also void
operations in ICA, angles in the range 0 to 7/2 are enough to find out the minimum W,
which, right multiplied by N, will recover the ICA inverse of A. And A can be set to
the identity matrix, because what changes when A is not the identity, but any invertible
matrix, is completely contained in N.

Figures below show the wavelet contrast in W and the amari distance d(A,WN) (where
N is the matrix computed after whitening), functions of the rotation angle of the matrix
W restricted to one period, [0,7/2]. The minimums are not necessarily at a zero angle, for
precisely, mere whitening leaves the signal in a random rotated position (to reproduce the
following results run the program icalette2).

We see that, provided Amari error and wavelet contrast have coinciding minima, any line
search algorithm will find the angle to reverse the mixing effect. We see also in Fig.2 that
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the Haar wavelet contrast is perfectly suitable to detect independence, so that minimization
methods not gradient based might work very well in this case.

On the example of the uniform density (Fig.3) we have an illustration of a non smooth
contrast variation typical of a too high resolution j given regularity and number of
observations.

exponential_0_1 J=6 Db=4 nobs= 10000 Student_0_1_3 J=2 Db=2 nobs= 10000
100 T T T T T L T T T T T

T T
amari amari
contrast ------- contrast -------

0 10 20 30 40 50 60 70 80 % o 10 20 30 40 50 60 70 80 20
rotation angle(deg) rotation angle(deg)

Fig.1. Exponential, D4, j=6, n=10000 Fig.2. Student, D2, j=2, n=10000

uniform J=7 Db=4 nobs= 10000 Cauchy_0_1J=5 Db=4 nobs= 50000
100 T T T T T 0.50 T T T T T

T T 0.00035
amari amari
contrast ------- contrast -------

>>>>>> - 0.0003
- 0.00025
- 0.0002

- 0.00015

< 0.0001

% 7 se-05

0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
rotation angle(deg) rotation angle(deg)
Fig.3. Uniform, D4, j=7, n=10000 Fig.4. Cauchy, D4, j=5, n=50000

3.6 Appendix
Lemma 3.1 (Bias of d?k — 2djk5\jk + 5\31@ )

Let X be random variables on R? with density fa. Let & be the tensorial scaling function
of a Daubechies D2N. Let é, =n' Y ®u(X;) and djpe =n= 'Y e ont(X;), £=1,...,d. Let
j\jk = djkl .. .djkd and /\jk = Qjgt .. Qjgd .
Then,
E} % = a3 +0(n™)
E}, GjrAjk = ajpje +O(n™")
E?A)\?k = A?k + O(n_l)'
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For 42, , using lemma 3.3,

Jk>
o4 n—1 _
Ef, & ?k Z EfA ik (Xiy )P (Xi, ) Z O‘ = _(I)Jk(X )2 + a?k = O‘?k +0(n 1)-
i1=12 i1 Fia
For A%, using lemma 3.2,
2d—1
BR A =X +0m )+ > nn—1)...(n—k+ 1)E},Q(2d, k)
k=1

with Q(2d, k)| < [@j(X{)Pr ... oj(X[{r)P=| for some pi,...,pc With py + ...+ p. = 2d, and
l1,..., 4, € {1,...,d} corresponding to the maximum in all d dimensions of the term (when
there is a match of cardinality ¢ between observation numbers, there is no guarantee that the
dimension numbers also match, but we can select each time the dimension that correspond
to the maximum of the group of ¢ terms).

So using lemma 3.3, since the overall product factorizes,
?A|Q(2d7 k)| < Cgé(pr?)  93(pe—2) _ 95(2d—2k)

and on 2/ < n,

2d—1 241 g\ d=r
n~2d Z (n—=1)...(n —k+1)E7,|Q(2d, k)| <n¢ Z (—) <cn~?

For Gk, using lemma 3.2,
d
E%, ajk/\jk—ajk)\Jk—l—O —i—Zn (n—=1)...(n =k +1)E}, Q(d+ 1,k)
k=1

with |Q(d+1, k)| < |k (Xi, )i (X{HP ... @ji(X[r)P=| for some py,...,pe With pi+...+pe =d+1,
and ¢y,..., ¢, € {1,...,d} corresponding to the maximum in all d dimensions of the term (we
can consider that the big term ®;, always matches some one dimensional ¢;; because the
order is higher like this).

So using lemma 3.3, and for the first term using E7, |®;5(X)p;x(X)P| < Cc2%(r=d)  which
can be seen by the same means lemma 3.3 is proved, and since again the overall product
factorizes, _

P QA+ 1,K)| < C25wi—d)  9F(px—2) _ 9 (d+1-2k—d)

and on 2/ < n,
d

1/2—k
9J
n~tT dZn (n—=1)...(n -k +1)E7,|Q(d + 1, k)|<nd+1/22( > < Cp~ /2
k=1
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Lemma 3.2 (Decomposition of Y F1(X;,)...>. Fin(X;,))

Let Xi,...,X, be a sample of independent identically distributed random wvariables with
distribution P. Let EY denote expectation relative to the joint distribution of (Xi,...,X,).
Let Fu,...,F, be bounded functions. Let S(m,k) denote the Stirling number of the second
kind.

Ep > n"F(Xy) .. Fu(Xi,) = EpFi(X)... EpFp(X) + O(n~")+

m—1

+n™™ Z nn—1)...(n—k+ 1)ERQ(m, k)

k=1

where Q(m, k) is a sum of S(m,r) terms each at least factorisable in x independent products
under expectation.

YF(Xi) Y Fn(Xi,) = X Fi(Xi) . Fa(Xi,) 18 a sum of n™ terms where the m
summation indices can take between 1 and m distinct values to be chosen in the set {1...,n}.

The number of ways for m indices to take » distinct values is equal to the number of ways
to dispatch m objects into x groups, that is S(m, k), the Stirling number of the second kind ;
the so constituted x groups can be labelled in n(n —1)...(n — s + 1) different ways.

This amounts to say that n™ =37 S(m,k)n(n —1)...(n — k + 1), a classical combinatorial
formula.

And so for « fixed, there are S(d, ) ways to factorize the product Fi(X;,)..., F,(X;,, ) into &
sub-products with unique index iz, k=1...k.

Also the expectation of the products factorizes into a product of s independent sub-
products.

Moreover because of the common distribution of the X;s, each of the S(d, k) distinct grouping
of indices are invariant under expectation by permutation of the x indices of the groups,
the number of these permutations being n(n —1)...(n — s+ 1) ;

Hence

E" | Y R(Xi).. Fu(Xi,) =Y nn-1)...(n— &+ 1)E"[Q(m, k)]

where Q(m, k) is a sum of S(m, ) terms each at least factorisable in x independent products
under expectation.

And then,
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E”%ZFl(Xil)..%ZFm(Xim) = im nn—1)...(n —m+1)EF(X)... EF,(X)

n

(10)

+ - nn—1)...(n—xk+ DHE"[Q(m, k)]

3

=
Il
-

Lemma 3.3 (rth order moment of ®;;)

Let X be random variables on R? with density f. Let ® be the tensorial scaling function of
an MRA of Ly(R). Let ajx = E;®x(X). Then for r € N*,

Ep|®i(X) — aji|” < 2"Ep|®(X)[" < 272797 f|| oo || @17

If ® is the Haar tensorial wavelet then also Ef ®;;,(X)" < 274G -2 ayy.

3=
3=

For the left part of the inequality, (Ef|<1>jk(X) - ajk|T) < (Ef|<1>jk(X)|T) + E¢|®;,(X)|, and

1 r—1

also Eg|0(X)| < (Erlen(X)) " (E1) T

For the right part, Ey[®,,(X)|" = 2//2 [ |&(27z — k)|" f(x)dz < 279G D] ][0
Or also if @ is positive,

Epd(X)" = 2% (D / (2 — k) L0 (x) f(x)da

< 2% V|07 ay.
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4. ICA and estimation of a quadratic functional

In signal processing, blind source separation consists in the identification of analogical,
independent signals mixed by a black-box device. In psychometric, one has the notion of
structural latent variable whose mixed effects are only measurable through series of tests ;
an example are the Big Five identified from factorial analysis by researchers in the domain
of personality evaluation (Roch, 1995). Other application fields such as digital imaging, bio
medicine, finance and econometrics also use models aiming to recover hidden independent
factors from observation. Independent component analysis (ICA) is one such tool; it can
be seen as an extension of principal component analysis, in that it goes beyond a simple
linear decorrelation only satisfactory for a normal distribution ; or as a complement, since
its application is precisely pointless under the assumption of normality.

Papers on ICA are found in the fields of signal processing, neural networks, statistics and
information theory. Comon (1994) defined the concept of ICA as maximizing the degree
of statistical independence among outputs using contrast functions approximated by the
Edgeworth expansion of the Kullback-Leibler divergence.

The model is usually stated as follows : let X be a random variable on RY, d > 2; find
pairs (4,9), such that X = AS, where A is a square invertible matrix and S a latent
random variable whose components are mutually independent. This is usually done by
minimizing some contrast function that cancels out if, and only if, the components of WX
are independent, where W is a candidate for the inversion of A.

Maximum-likelihood methods and contrast functions based on mutual information or
other divergence measures between densities are commonly employed. Cardoso (1999) used
higher-order cumulant tensors, which led to the Jade algorithm, Bell and Snejowski (1990s)
published an approach based on the Infomax principle. Hyvarinen and Oja (1997) presented
the fast ICA algorithm.

Let f be the density of the latent variable S relative to Lebesgue measure, assuming it
exists. The observed variable X = AS has the density f4, given by

fa(z) =|det A7 f(A a)
= |det B|f' (1) ... f4(bax),
where b, is the ¢th row of the matrix B = A~!; this resulting from a change of variable if
the latent density f is equal to the product of its marginals f*... f¢. In this regard, latent
variable S = (S',..., 5% having independent components means independence of the random

variables S¢o7* defined on some product probability space Q = [[Q¥¢, with #¢ the canonical
projections. So S can be defined as the compound of the unrelated S*,..., 8% sources.

In the ICA model expressed this way, both f and A are unknown, and the data consists in
a random sample of f4. The semi-parametric case corresponds to f left unspecified, except
for general regularity assumptions.

In the semi-parametric case, Bach and Jordan (2002) proposed a contrast function based on
canonical correlations in a reproducing kernel Hilbert space. Similarly, Gretton et al (2003)
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proposed kernel covariance and kernel mutual information contrast functions. Tsybakov
and Samarov (2002) proposed a method of simultaneous estimation of the directions b;,
based on nonparametric estimates of matrix functionals using the gradient of fa.

In this paper, we consider the semi-parametric case and an ICA contrast provided by the
factorization measure [ |fa—f4|?, with f4 the product of the marginals of f4. Let’s mention
that the idea of comparing in the L, norm a joint density with the product of its marginals,
can be traced back to Rosenblatt (1975).

Estimation of a quadratic functional

The problem of estimating nonlinear functionals of a density has been widely studied. In
estimating [ f? under Holder smoothness conditions, Bickel and Ritov (1988) have shown
that parametric rate is achievable for a regularity s > 1/4, whereas when s < 1/4, minimax
rates of convergence under mean squared error are of the order of n=8¢/1*+4s. This result
has been extended to general functionals of a density [ ¢(f) by Birgé and Massart (1995).
Laurent (1996) has built efficient estimates for s > 1/4.

Let P; be the projection operator on a multiresolution analysis (MRA) at level j, with
scaling function ¢, and let aj, = [ f;i be the coordinate k of f.

In the wavelet setting, given a sample X = {Xi,...,X,} of a density f defined on R,
independent and identically distributed, the U-statistic

B} (X) = ﬁ SN ein(Xi er(Xi,)

11<t2 k€Z

with mean [(P;f)? is the usual optimal estimator of the quantity [ f?; see Kerkyacharian
and Picard (1996), and Tribouley (2000) for the white noise model with adaptive rules.

In what follows, this result is implicitly extended to d dimensions using a tensorial
wavelet basis @, with ®;4(z) = ¢ (2!) ... pa(x?), k € Z% 2 € RY; that is to say with
X an independent, identically distributed sample of a density f on R?, the U-statistic
B} (X) = 5pey Loi<in 2okezd Piw(Xi ) ju(Xi,) with mean [(Pjf)? = 35,7403, is also optimal
in estimating the quantity [pa f2.

In the case of a compactly supported density f, B? is computable with a Daubechies
wavelet D2N and dyadic approximation of X, but the computational cost is basically in
O(n?(2N — 1)4), which is generally too high in practice.

On the other hand, the plug-in, biased, estimator H2(f) =3, [£ 3 <I>jk(Xi)]2 =Y, &2, enjoys
both ease of computation and ease of transitions between resolutions through discrete
wavelet transform (DWT), since it builds upon a preliminary estimation of all individual
wavelet coordinates of f on the projection space at level j, that is to say a full density
estimation. In this setting it is just as easy to compute 3, |a;.|? for any p > 1 or even
sup |&;x|, with a fixed computational cost in O(n(2N — 1)¢) plus sum total, or seek out the
max, of a 2/¢ array.

114



Both estimators #? and B? build on the same kernel hj(z,y) = 3, 50 ®ji(2)®;1(y) since they
are written

H}(X Z hj(Xi, X2) and  B¥(X Zh (X, Xp2),
z€£22 1612

where, here and in the sequel, Q7" = {(i',...,i™):i* e N, 1 <i* <n}, [I" = {i € QU1 # 15 =
it £} and AP =n!/(n—p)!.

The plug-in estimator A? is then identified as the Von Mises statistic associated to B2. In
estimating 3, o2, the mean squared error of unbiased B? is merely its variance, whlle the
mean squared error of H? adds a squared component E(H 2 — B2)? because of the inequality

(HJQ -k O‘?k)Q < Q(ﬁf - BJQ')Q + 2(332' - a?k)Q'

From general results, a U-statistic with finite second raw moment has a variance in Cn~! and
under similar conditions, the difference E|U —V|" between the U-statistic and its associated
Von Mises statistic is of the order of n=" (See for instance Serfling, 1980).

In the wavelet case, the dependence of the statistics on the resolution j calls for special
treatment in computing these two quantities. This special computation, taking j and other
properties of wavelets into account, constitutes the main topic of the paper. In particular
whether 279 is lower than n or not is a critical threshold for resolution parameter j. Moreover,
on the set {;j:29? > n?}, the statistic B2, and therefore also H?, have a mean squared error
not converging to zero.

If B? and H? share some features in estimating 3, o2, = [(P;f)?, they differ in an essential
way : the kernel h; is averaged in one case over Q2 the set of unconstrained indexes, and
in the other case over I2? the set of distinct mdexes. As a consequence, it is shown in the
sequel that H? has mean squared error of the order of 27¢n=!, which makes it inoperable
as soon as 2/¢ > n, while B? has mean squared error of the order of 27¢n=2, which is then
parametric on the set {j:27% < n}. In a general way, this same parallel Q7 versus I is
underpinning most of the proofs presented throughout the paper.

Wavelet ICA

Let f be the latent density in the semi-parametric model introduced above. Let f4 be the
mixed density and let f4 be the product of the marginals of fa.

Assume, as regularity condition, that f belongs to a Besov class B,ys. It has been checked
in previous work (Barbedor, 2005) that f4 and f%, hence f4 — f4 belong to the same Besov
space than f.

As usual, the very definition of Besov spaces (here By, ) and an orthogonality property of
the projection spaces V; and W; entails the relation

OS/(fA_f:‘P_/[Pj(fA_fZ)]Q§C2—2js'

In this relation, the quantity [[P;(fa — f4)])? is recognized as the wavelet ICA contrast
C3(fa— fA)s mtroduced in a prehmlnary paper (Barbedor, 2005).
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The wavelet ICA contrast is then a factorization measure with bias, in the sense that a
zero contrast implies independence of the projected densities, and that independence in
projection transfers to original densities up to some bias 2725,

Assume for a moment that the difference f4 — f4 is a density and that we dispose of an
independent, identically distributed sample S of this difference. Computing the estimators
B2(S) or H2(S) provides an estimation of [(f4 — f4)?, the exact ICA factorization measure.
In this case, the j* realizing the best compromise between the mean squared error in C7?
estimation and the bias of the ICA wavelet contrast 2-%¢, is exactly the same as the one
to minimize the overall risk in estimating the quadratic functional [(fa — f3)?. It is found
by balancing bias and variance, a standard procedure in nonparametric estimation. From
what was said above B2(S) would be an optimal estimator of the exact factorization measure

J(fa— )%

The previous assumption being heuristic only, and since, in ICA, the data at hand is a
random sample of f4 and not f4 — f4, we are lead to consider estimators different from BJZ
and A2, but still alike in some way.

Indeed, let 6;, = [(fa—f5)®;x be the coordinate of the difference function fa—f3. In the ICA
context, d;; is estimable only through the difference (ajx — ajpr ... o pa) Where ajp = [ fa®j
is the coordinate of f4 and oy = [ f3fp;e refers to the coordinate of marginal number ¢ of
fa, written f3.

To estimate ), 6%, estimators of the type B? and H? are not alone enough. Instead we
use the already introduced wavelet contrast estimator (plug-in), C?(X) = 32, (Qjp . pa —
Gkt ... 6ypa)?, and the corresponding U-statistic estimator of order 2d + 2,

D2(X) = A2d+2 D> [®(Xa) — i (XE) - e (X )]
ieI24+2 kez

[@jk(Xid+2) - ()Ojkl (Xild+3) NN gﬁ]kd (X$d+2)j|

with as above 1" = {(i*,...,i™):i* € N, 1 <i* <n, i # i if ¢, # £,} and X* referring to the
dimension ¢ of X € R?.

As it turns out, the U-statistic estimator D? computed on the full sample X is slightly
suboptimal, compared to the rate of a B? in estimating a bare quadratic functional.

As an alternative to D?(X), we are then led to consider various U-statistic and plug-in
estimators based on splits of the full sample, which seems the only way to find back the
well-known optimal convergence rate of the estimation of quadratic functional, for reasons
that will be explained in the course of the proofs.

These additional estimators and conditions of use, together with the full sample estimators
C? and f)f- are presented in section 3.

Section 2 of the paper recalls some essential definitions for the convenience of the reader
not familiar with wavelets and Besov spaces, and may be skipped.
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Section 4 is all devoted to the computation of a risk bound for the different estimators
presented in section 3.

We refer the reader to a preliminary paper on ICA by wavelets (Barbedor, 2005) which
contains numerical simulations, details on the implementation of the wavelet contrast
estimator and other practical considerations not repeated here. Note that this paper gives
an improved convergence rate in C2/4n~! for the wavelet contrast estimator C?, already
introduced in the preliminary paper.

4.1 Notations

We set here general notations and recall some definitions for the convenience of ICA
specialists. The reader already familiar with wavelets and Besov spaces can skip this part.

Wavelets

Let ¢ be some function of Ly(R) such that the family of translates {¢(. — k), k € Z} is an
orthonormal system ; let V; C Ly(R) be the subspace spanned by {;. = 29/2p(27. — k), k € Z}.

By definition, the sequence of spaces (V;),; € Z, is called a multiresolution analysis (MRA)
of Ly(R) if V; € Vj41 and ;5 V; is dense in Ly(R); ¢ is called the father wavelet or scaling
function. -

Let (V;);cz be a multiresolution analysis of L,(R), with V; spanned by {¢;i = 29/2p(27.—k),k €
Z}. Define W; as the complement of V; in V;4q, and let the families {v;,,k € Z} be a basis
for W, with i (x) = 27/2(27x — k). Let ajx(f) =< f,p > and B (f) =< [,k >.

A function f € Ly(R) admits a wavelet expansion on (V;),cz if the series

> il Fein + DY Btk
K

Jj=jo k

is convergent to f in Ly(R); + is called a mother wavelet.
A MRA in dimension one also induces an associated MRA in dimension d, using the
tensorial product procedure below.

Define V as the tensorial product of d copies of V;. The increasing sequence (V});cz defines
a multiresolution analysis of Ly(R%) (Meyer, 1997) :

— for (it...,i%) € {0,1}¢ and (i*...,i?) # (0...,0), define
d
V() e = [[ "), (11)
/=1

with ¢(© = ¢, 1) =, so that ¢ appears at least once in the product ¥(z) (we now on omit
i*...,i% in the notation for ¥, and in (1), although it is present each time) ;
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—for (i*...,i%) = (0...,0), define ®(z) = [0, p(zf);
—for j ez, kezi v eR% let U (x) =25 U(2x — k) and &,;(z) =25 020z — k) ;

— define W¢ as the orthogonal complement of Vi in V| ; it is an orthogonal sum of 2¢ —1
spaces havmg the form Uy;... @ Uy, where U is a placeholder for V. .or W; V or W are
thus placed using up all permutations, but with W represented at least once, so that a
fraction of the overall innovation brought by the finer resolution j +1 is always present in
the tensorial product.

A function f admits a wavelet expansion on the basis (®, ) if the series
> il Njor + Y D Bir(H Wi (12)
kez® J=jo keZ*

is convergent to f in Lo(R%).

In connection with function approximation, wavelets can be viewed as falling in the
category of orthogonal series methods, or also in the category of kernel methods.

The approximation at level j of a function f that admits a multiresolution expansion is the
orthogonal projection P;f of f onto V; C Ly(R?) defined by

r)= > apdu(e)

keZ?
where o, = ajpi o = [ f(2)®),(2) dx

With a concentration condition verified for compactly supported wavelets, the projection

operator can also be written
0= [ K )

with Kj(z,y) = 29%Y, 70 ®(2)®,(y). K; is an orthogonal projection kernel with window
2774 (which is not translation invariant).

Besov spaces

Besov spaces admit a characterization in terms of wavelet coefficients, which makes them
intrinsically connected to the analysis of curves via wavelet techniques.

f € L,(RY) belongs to the (inhomogeneous) Besov space B, (R?) if

1

Jon(D) =l + | X 2225 Dl ]| <
7>0

with s >0, 1 <p < oo, 1<qg<oo, and ¢,¢p € C",r > s (Meyer, 1997).
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Let P; be the projection operator on V; and let D; be the projection operator on W;. Jg,
is equivalent to

1

T = 1P+ [ 210,51

Jj=0

A more complete presentation of wavelets linked with Sobolev and Besov approximation
theorems and statistical applications can be found in the book from Hérdle et al. (1998).
General references about Besov spaces are Peetre (1975), Bergh & Lofstrom (1976), Triebel
(1992), DeVore & Lorentz (1993).

4.2 Estimating the factorization measure [(f1 — f})?

We first recall the definition of the wavelet contrast already introduced in a previous article
(Barbedor, 2005).

Let f and g be two functions on R? and let ® be the scaling function of a multiresolution
analysis of Ly(R?) for which projections of f and g exist.

Define the approximate loss function
2
cii-0= 3 ([u-o0) = 1m0 -0l
kez®
It is clear that f =g implies C7 = 0 and that C} = 0 implies P;f = P;g almost surely.

Let f be a density function on R?; denote by f* the marginal distribution in dimension ¢

zt - flh . atdet .. det et da?
Rd—l

and denote by f* the product of marginals f*!... f*¢. The functions f, f* and the f** admit
a wavelet expansion on a compactly supported basis (¢,v). Consider the projections up to
order j, that is to say the projections of f, f* and f* on V/* and V;, namely

Pif* = ap(f),  Pif=> aw(f)®px and PLf="an(f)ejn,

keZd keZ? kEZ

with o, (f*) = [ f*¢jx and ajx(f) = [ f®;x. At least for compactly supported densities and
compactly supported wavelets, it is clear that p;f* = P} f*'... P

Proposition 4.6 (ICA wavelet contrast)

Let f be a compactly supported density function on R? and let ¢ be the scaling function of
a compactly supported wavelet.
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Define the wavelet ICA contrast as C3(f — f*). Then,

f factorizes = C3(f—f*)=0
CHf—f)=0 = Pif=Pf" . . Pf" as

f=fl. fd= g =f ¢=1,...d O

Wavelet contrast and quadratic functional

Let f = f; be a density defined on R? whose components are independent, that is to
say f is equal to the product of its marginals. Let fa be the mixed density given by
fa(z) = |det A7 f(A~12), with A a d x d invertible matrix. Let f4 be the product of the
marginals of f4. Note that when A =1, f = ff = fr = f.

By definition of a Besov space Bi,,(R?) with a r-regular wavelet ¢, r > s,

S Bszoq(Rd) = [|f = Pifllp,= 277 e, {ete éq(Nd)- (13)

So, from the decomposition
I5a= 3l = [ Bta= 50+ [ [fa= g5 = i 120
= CHa= 10+ [ Ua— Fi- Bl — 120

resulting from the orthogonality of V; and W;,, and assuming that f4 and f4 belong to
Bs200(Rd)a
0<|fa— fall3 = Ci(fa = fa) < €27, (14)

which gives an illustration of the shrinking (with j) distance between the wavelet contrast
and the always bigger squared L, norm of f4 — f4 representing the exact factorization
measure. A side effect of (14) is that C?(fa — f3) =0 is implied by A = 1.

Estimators under consideration

Let S be the latent random variable with density f.
Define the experiment & = (X", A%" (Xy,...,X,), P}, fa € Byy), Where X;,..., X, is an
iid sample of X = AS, and P}, = Py, ... ® Py, is the joint distribution of (X;...,X,).

Define the coordinates estimators

[

. 1< X 1<
ik = Qg1 g = Z i (X1) . oira(X)  and  age = - Z e (X7) (15)
=1 =1

where X* is coordinate ¢ of X € R?. Define also the shortcut A\jx = djp ... d pa.
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Define the full sample plug-in estimator

C?=C3(X1,.. ., Xn) = D Gy, — G gpa)® = > (G — Ajr)? (16)

and the full sample U-statistic estimator

ﬁ?‘:ﬁ?(le"" n) A2d+2 Z Z @i (Xir) = it (Xi2) - P (o)
eI2d+2 keZd (17)
[q)jk(Xid+2) — Pjk (Xild+3) o Pikd (Xg?d+2 )}
where I is the set of indices {(i*,...,i™):i* € N, 1 < i¥ < n,i"s # i® if ¢4 # £} and
A= e =1,

= tn—m)! —

Define also the U-statistic estimators

B}({X1,..., Xn Z D0 ( X))k (Xp2)

n iel?
) (18)
BX({X{,....X Z D e (X))@ (XP2).

n i€l?

Notational remark

Unless otherwise stated, superscripts designate coordinates of multi-dimensional entities
while subscripts designate unrelated entities of the same set without reference to multi-
dimensional unpacking. For instance, an index k belonging to z? is also written k =
(k' ..., k%), with k° € Z. Likewise a multi-index i is written i = (i!,...,i™) when belonging
to some Q™ = {i = (i',...,i"):i* € N, 1 < 4 < n} or I = {i € QM:ly # by = i # i*2},
for some m > 1; but iy, i would designate two different elements of 1™, so for instance
[0 Sheze ®u(X0)]” is written S, . S0, @ik (Xi )@k, (Xy,). Finally X is coordinate ¢ of
observation X € R? and X refers to a sample {X;,...X,}.

As was said in the introduction and as is shown in proposition 4.11, the estimator D?
computed on the full sample is slightly suboptimal. We now review some possibilities to
split the sample so that various alternatives to D? on the full sample could be computed
in an attempt to regain optimality through block independence.

We need not consider ¢? on independent sub samples because, as will be seen, the order
of its risk upper bound is given by the order of the component Y, 43, — a2, which is not
improved by splitting the sample (contrary to 32, A%, — % and 3=, d;xdx — ajk)\Jk) The rate
of €2 is unchanged compared to what appeared in Barbedor (2005).

121



Sample split

Split the full sample {X;,...,X,} in d + 1 disjoint sub samples R° R!,...R? where the

sample R° refers to a plain section of the full sample, {Xi,...,Xp/411} say, and the
samples R',...,R? refer to dimension ¢ of their section of the full sample, for instance
{X[én/dJrl]lJrl’ SRR X[én/d+1](z+1)}’

Estimate each plug-in a;;,(R°) and d; (R?), and the U-statistics B2(R°), B3(R'), (=1,....d
on each independent sub-sample. This leads to the definition of the d + 1 samples mixed
plug-in estimator

FYROR',....RY) = B}(R) + [[ B} (R) =2 ) ajn(R)aym (R) ... dypa(R?). (19)

to estimate the quantity Y, o2, +I]j_, (Zk@el oz?k,g) — 23 ajrpr - ogpa = CF.

Using estimators B? places us in the exact replication of the case B? found in Kerkyacharian
and Picard (1996), except for an estimation taking place in dimension d in the case of B2(R?).
The risk of this procedure is given by proposition 4.8.

Using the full sample {X3,...,X,} we can generate an identically distributed sample of f3,
namely DS = Ujeqq{X} ... X4}, but is not constituted of independent observations when
AAT

But then using a Hoeffding like decomposition, we can pick from DS, a sample of
independent observations, IS = Uy_1__[n/q) HX o yasr - - Xiq), although it leads to a somewhat
arbitrary omission of a large part of the 1nformat10n avaﬂable. Nevertheless we can assume
that we dispose of two independent, identically distributed samples, one for f, labelled R
and one for f4 labelled S, with R independent of S. In this setting we define the mixed
plug-in estimator

G3(R,S) = B}(R)+ B3(5) =2 Y a;s(R)a;i(S5) (20)

keZ?

and the two samples U-statistic estimator

AJ(R.S) = 4 LY S e — ©1(50)] [0 (Riz) — j1(Siz)] (21)

n €12 kezd

assuming for simplification that both samples have same size n (that would be different
from the size of the original sample). A%(R, S) is the exact replication (except for dimension
d instead of 1) of the optimal estimator of [(f—g)? for unrelated f and g found in Butucea
and Tribouley (2006). The risk of this optimal procedure is found in proposition 4.9.
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Bias variance trade-off

Let an estimator 7; be used in estimating the quadratic functional K, = [(f4 — f5)?; using
(14), an upper bound for the mean squared error of this procedure when fa € Bgoo(RY) is
given by

E} (T — K.)? < 2B} (T — C})* + 0277, (22)
which shows that the key estimation is that of the wavelet contrast C?(fa — f4) by the
estimator 7;. Once an upper bound of the risk of 7; in estimating €? is known, balancing

the order of the bound with the squared bias 274 gives the optimal resolution j. This is
a standard procedure in nonparametric estimation.

Before diving into the computation of risk bounds, we give a summary of the different
convergence rates in proposition 4.7 below. The estimators based on splits of the full
sample are optimal. D? is almost parametric on {2/¢ < n} and is otherwise optimal.

Proposition 4.7 (Minimal risk resolution in the class B2, and convergence rates)

Assume that f belongs to B (RY), and that projection is based on a r-reqular wavelet o,
r > s. Convergence rates for the estimators defined at the beginning of this section are the
following :

Convergence rates

statistic 274 < 274 > p

A ~  ~ ~ ~ ~ ~ ~ ~ ~ —8s
A?(R, S), G?(R, S), F}-Q(RO, Rl, ceey Rd) parametric n4std

A~ ~ _ 1 —
DJ2 (X) = nis+d
~ ~ —4s
072 (X n4std inoperable

Table 7. Convergence rates at optimal 7,
The minimal risk resolution j, satisfies, 2i+4 ~ (<)n for parametric cases; 2+4~n*tiw for
A ~ A~ A d ,* - L ~
D3, A%, G2 or F}? when s < ¢ and 2% = n&% for C3.
Besov assumption about f transfers to fa (see Barbedor, 2005). Using
2 2 & 2\2 —45
B} (H; — K,)? < 2B} (H; — C2)? + 274,

and balancing bias 2-%* and variance of the estimator H;, yields the optimal resolution ;.

= from proposition 4.10, for estimator C?(X), the bound is inoperable on {2/¢ > n}. Otherwise
equating 294n~1 with 24 yields 2/ = n#=% and a rate in nai.

= from proposition 4.9 and 4.8, for estimators F?(R%,R',...,R%), F?(R,S) and D?(R,S) , on
{294 > n} equating 279n=2 with 2=4° yields 2 = n7% and a rate in n~ 7% ; on {2/¢ < n} the
rate is parametric. Moreover 2/¢ < n implies that s > d/4 and 2/¢ > n implies that s < d/4.
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= from proposition 4.11, for estimator D?(X) on {2¢ > n} equating 2/4n=2 with 2-%* yields
2 =n7= and a rate in n~ 7% ; on {2/¢ < n} the rate is found by equating 2/n~! with 2-4.

4.3 Risk upper bounds in estimating the wavelet contrast

In the forthcoming lines, we make the assumption that both the density and the wavelet
are compactly supported so that all sums in & are finite. For simplicity we further suppose
the density support to be the hypercube, so that 3, ;a1 ~ 274

Proposition 4.8 (Risk upper bound, d + 1 independent samples — fa, f5,..., :‘d)

Let {X1,...,X,.} be an independent, identically distributed sample of fa. Let {R:,... ,R:} be
an independent, identically distributed sample of f3f, ¢ =1,...,d. Assume that f is compactly
supported and that ¢ is a Daubechies D2N. Assume that the d+1 samples are independent.
Let E}, be the expectation relative to the joint distribution of the d+1 samples. Then on
{294 <n?},

E}, (FJ?(X,RH .. R - 05)2 <Ont 4 CYTPI{2Y > 0}

For the U-statistic F?(X, RY,..., RY), with aj, = a;u(X), dype = e (RY) and Aj = Gpr .. . Gy,
12 2\2 2 (v 2 2 2 Dl 2 2 ~ E\ 2
(Fj —C5)" < 3[Bj (X) - Zajk} + 3[H Bj(R") - HZW] + 6[2 AjkAjk = Za‘ik/\jk} :
k 14 JA 24 k k

On {294 < n?}, by proposition 4.14 for the term on the left, proposition 4.15 for the
middle term, and proposition 4.16 for the term on the right, the quantity is bounded
by Cn~! + €292,

O

Proposition 4.9 (Risk upper bound, 2 independent samples — fa, f})

Let X = {X1,...,X,} be an independent, identically distributed sample of X with density fa.
Let R={Ry,...,R,} be an independent, identically distributed sample of R with density f%.
Assume that f is compactly supported and that ¢ is a Daubechies D2N. Assume that the two
samples are independent. Let E}, be the the expectation relative to the joint distribution of
the two samples.

Then

>

N ~ 2 . ‘
E;}A (G?( ,R) — Cf) < C’n_l + C2‘7dn_2]1{2‘7d > n}

~ o~ 2 .
By, (AAX,R) - €}) < Cnt 4 C2n 2,
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with C* =0 at independence.

For the estimator G2(X,R) the proof is identical to the proof of proposition 4.8, the
only difference being that A, and );; no more designate a product of d one dimensional
coordinates but full fledged d dimensional coordinate equivalent to a;;, and ;.

SN ~ 2
The only new quantity to compute is then E}, (Zk Qi (X)Ajk(R) — X, ajk/\jk) , coming from
the crossed term.

Let Q@ = E7, (3, an(X)\k(R))*. Let 0 = 3, ajph. Recall that Qm = {(i,...,im):if € N, 1 <
it < n}

Let 7 be the set of distinct coordinates of i € Q. So that, estimators being plug-in, with a
sum on Q2 with cardinality n*,

a1
Q=Ef,— D ¥ i (Xi) B, (Ria) @y (Xia) B, (i)
1€Q2 ki,ko

R POLED S| D AT D R

|2]=4 [2]=3

+ ) (AN =3y E}?AQ(X)%(RF]
k

l7]<2

with lines 2 and 3 expressing all possible matches between the coordinates of i, and using
lemma 4.10 to reduce double sums in ki, ks.

By independence of the samples, using lemma 4.11 and the fact that |{i € Q}:|7| = c}| = O(n®)
given by lemma 4.5,

Q< ’2—?}92 +Cn! (92 +CY AN +CY a?k) +Cn 2277,
k k

with A2 =nl/(n—p)!. So that, with Aln™*=1-5 + Cn2,

Q—0*<Cn 24 Cn' +Cn2274,

The rate is thus unchanged for F? compared to the d+1 sample case in previous proposition.
Case Af(f(,f%)
Recall that 17 = {(i',...,i™):i e N, 1 < i <, i £ if 0, # (5},

For i 1721, let hjk(l) = [‘I)jk(Xil) — (I)jk(Ril )} [(I)jk(Xiz) — ‘bjk(Rlz)] and let 6 = CJQ ; SO that

By, (A?(X,R) - 9)2 0>+ B}, A2)2 ST b (i) (i2)

11,12 k1,k2

1,49 |0 -0 1

|’Llﬂ12|>1 k1,k2
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and by lemma 4.6 the quantity in parenthesis on the left is of the order of Cn—2
Label Q(i1,i2) the quantity E}, 7, | Rk, (i1)hjk, (i2). Let also 61 = ajk — Aji-
So that with only one matching coordinate between i; and is,

Q(iry i) T{lix Mol = 1} = EF, > 8k, G (D (X) Py (X) + iy (R) P, (R))
k1,k2

-2 Z 5jk04jk Z 6jk)\jk
k k

Again by lemma 4.10 and lemma 4.11, for X or R

E?A Z 6jk16jk2|q)jk1 (X)(I)jkz( | < (4N - Z kEf )2 < CZéJQk <C
k1 ko %

and since all other terms are bounded by a constant not depending on j, by lemma 4.6
(A7) 7235, 0, QUin, o) T{]in Nz = 1} < Cn~h.

Likewise, the maximum order of Q(iy,io)1{|ix Nia| =2} is Y, [E}, ®;1(X)?]?, and the corre-
sponding bound is 279n—2
O

Proposition 4.10 (Full sample C’JQ risk upper bound)

Let X = X1,..., X, be an independent, identically distributed sample of fa. Assume that f is
compactly supported and that ¢ is a Daubechies D2N. Let E}, be the the expectation relative
to the joint distribution of the sample X. Let C? be the plug-in estimator defined in (16),
Then on {274 < n?}
- 2 ‘
By (CHX) - ¢2) < o,

Use the decompostion

B} (62— < Bp3() a3, ? 43 ZAJk L1343 andie — aip)
k k

By proposition 4.12 the first term is of the order of 2/9n~=1. By proposition 4.13 the two
other terms are of the order of Cn=! +2in=11{2/¢ < n?}.
O

As is now shown, the rate of D?(X) computed on the full sample is slower than the one for
A%(R,S) in the two samples setting.

The reason is that we cannot always apply lemma 4.10 allowing to reduce double sums in
ki, ks to a sum on the diagonal k; = ko for translates of the same ¢ functions. Indeed, when
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a match between multi indices i; and i, involves terms corresponding to margins, it is not
guaranteed that a match on observation numbers also corresponds to a match on margin
numbers ; that is to say, in the product o(X% — k1)p(X? — ko), only once in a while ¢, = ¢, ;
so most of the time we can say nothing about the support of the product, and the sum
spans many more terms, hence the additional factor 2/ in the risk bound for D? on the full
sample.

Proposition 4.11 (Risk upper bound, full sample — f4)

Let Xq,...,X, be an independent, identically distributed sample of fa. Assume that f is
compactly supported and that ¢ is a Daubechies D2N. Let D? be the U-statistic estimator
defined in (17), Then

Z ) < 0292 4 C*2ip~!

2
EfA (D
keZ?

with &, the coordinate of fa — f4 and C* =0 at independence, when fa = f3.

By, [DHE) = Syt ] = B IDHR)2 — (Syeze )

To make D?(X) look more like the usual U-estimator of [(f — g)? for unrelated f and g,
we define for i € 12¢+2 the dummy slice variables Y; = X;1, V; = (Xp2,... Xja41), Zi = Xjas2,
T; = (Xjats,... X;2ar2) ; so that ¥; and Z; have distribution Py, , V; and T; have distribution
Ppy = Py ... Ppua (once canonically projected), and Y;, Vi, Z;, T; are independent variables
under Pp,. Next, for k € Z¢, define the function A, as

Ajk(Xil, . ,Xid) = Pjk1 (Xill) ce Pk (Xgi) Vi € Qi

] B i ol (23)
Aje(X) = ®30(X0) = @ipa (X2) o oppua (XE) Wi € QL = {1...,n}
with second line taken as a convention.

So that D?(X) can be written under the more friendly form
D}(X) A2d+2 Yo > (M) = A (V)] [Ag(Zi) — Agn(T)],
i€ 12942 ez

with 1" = {(i',...,im):i e N, 1 < i <, i #i%2 if 0 £ ).

Following the friendly notation, let hi, = [Ajx(Y:) — Aj(Vi)] [Ajr(Zs) — Aji(T3)] be the kernel of
D?(X) at fixed k. Then,

DAXP = |2 Y S himhik.

i1,i2 €I X I kb ko €24 X2

Consider the partitioning sets M. = {iy,is € 1242 x I29+2:]i; Niy| = c}, ¢ =0...,2d + 2, that is
to say the set of pairs with ¢ coordinates in common. Equivalently, M. can be defined as
the set {il, 19 € Izd+2 X Izd+22 |Zl U ZQ| =4d+ 4 — C}.
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According to the partitioning, with h; =", hu,
2d+2

LIDFXOP =222 N N B hah,.

c=0 (i1,i2)EM,.

Let )\jk = Qg ... Qg and 6jk = Q| — /\jk-
= On My, with no match,

2
?A hi, hi, H{MO} = Z (ajkl - )‘jkl)z(ajkz ]kz (Z )

k1,k2

By lemma 4.6, the ratio |M,|/|12¢+2| is lower than 1+ Cn=2. So that
2
L2022 B iy — (30,05 ) = 11254272 (Mo | B iy hiy T{Mo} < Cn=2,
» On M;, assuming the match involves v;, and Y;,,

E;‘ZA hil hiz I {Ml} = Z 6j/€1 5j7€2 E}ZA ((I)jkl (Y;l) - Aj/ﬁ (‘/;1 )) ((I)jkz (Y;z) - Ajkz (Vlz))
k1,k2

= Z 6jk1 5j7€2 (E}ZA (I)jkl (X)(I)jkz (X) - )\jkl Njky — 5j7€1 )‘jkz) 94
k1,k2 ( )

2
= <Z 5jkq>jk(X)> - cfZAjkajk - <Z Ajkajk> (Z ajkajk>
k k k k

with C? =37, 62,.

Next by (44) in lemma 4.10 for the first line, the double sum in k¥ under expectation is
bounded by a constant times the sum restricted to the diagonal k; = k, because of the
limited overlapping of translates ¢;, ; using also lemma 4.11,

B, (S0 0nx) < (N = DTS EL 000" < (4N -3)* 0y
k k

Since all other terms in (24) are clearly bounded by a constant not depending on j, we
conclude by symmetry that Ef, hi hi, I{M} < C for any match of cardinality 1 between
narrow slices (Y;, Yi, or Z;, Z;, or Y;, Z;, or Z; Y;,). Moreover C = 0 when f4 = f} i.e. at
independence, because of the omnipresence of 4,;, the coordinate of f4 — f3.

» On M, if the match is between Y;, and V;,, a calculus as in (24) yields,

2
E?Ahilhi2H{M1} = Z Ojky Jk2EfA(kal(}/Zl)AJk2( iz) +O Zajk5jk+ (Z /\Jkajk> )

k1,k2

128



which can also be found from line 2 of (24) using the swap ®;,(Vi,) «— —A;x(V;,) and

Qjf < _)\jk-
Next, for some ¢ € {1,...,d},

Z Ojky szEqu)Jkl (Yi)A ks ( Vis) Z Ojky Ojka A Jk2 EjA(I)Jkl (X)(ijg (XZ)
k}l kQ kl k2

with special notation A§,:> =al, ..o, for some p;, 0<p; <, S pi=r

In the present case @i, (X)pjus(X*) = Py, (X)pjpe (X)I{[k] — k3| <2N — 1} does not give
any useful restriction of the double sum because the coefficient «j; hidden in §;, is not
guaranteed to factorize under any split of dimension unless A = I'; and lemma 4.10 is
useless. This is a difficulty that did not raise in propositions 4.8 and 4.9 because we could
use the fact that these kind of terms were estimated over independent samples.

Instead write E7, |®;k, (X)pjr, (X)| < 2%|\<p|\wE}‘A|¢jk1 (X)| < €232~% using lemma 4.11. So
that when multiplied by >, 6;x >, 5jk)\§.,f’1>, using Meyer’s lemma, the final order is 27.

By symmetry, for any match of cardinality 1 between a narrow and a wide slice (Y or T or
equivalent pairing), E7, |h, hi,|T{M} < C27, with C' =0 at independence.

On M, if the match is between V;, and V;,, by symmetry with (24) or using the swap
defined above,

EjAh“hZz ]I{Ml} = Z 6Jk5gk’EjAAJk( ) ]k/ C Za]kéjk — <Z)\Jk5]k> (Z ajkéjk> 5
k1,k2 k

and for some not necessarily matching ¢,,¢, € {1,...,d} (i.e. lemma 4.10 not applicable),

Z Ojky szEfAAJ/ﬁ (Vin)A sz Vi,) Z Ojky Ojiky A gkl §k2 >EfA90 kit (XEI)(pjk? (sz)
kl k2 kl k2

2 .
< (Yol ) =c
k
with last line using Meyer’s lemma, and having reduced the term under expectation to a

constant by Cauchy-Schwarz inequality and lemma 4.11.

And we conclude again that, for any match of cardinality 1 between two wide slices (V' or
T or equivalent), E% hi hs, I{M} < C27, with C =0 at independence.

By lemma 4.6, the ratio |M;|/|I2472 x [24+2| ~ n~!, so in summary, the bound for M; has the
order C*2in~1, with C* = 0 at independence.

On M., c=2...2d+2.

Fix the pair of indexes (iy,i2) € I29+2 x 12942 we need to bound a term having the form

QUiryi2) = EF, Y Aju(Ri) ) Aj(Si ) Aja (Rl ) Ajia (S7,)

k1,k2
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where both slices R;, # S;, unrelated with both slices R}, # S; are chosen among any of the
dummy Y, V, Z, T.

Narrow slices only. For a match spanning four narrow slices exclusively, that is to say
(Y, =Y,)N(Zi, = Z;,) or (Ys, = Zi,)N(Z;, =Y3,), a case possible on M, only, the general term
of higher order is written Y3, , E? ®ji, (X)®jp, (X)E}, @i, (X)®j1,(X). By lemma 4.10 this

2
is again lower than (4n —3)4Y", {E;?Afbjk(X)Q] , that is €27¢. By lemma 4.6, this case thus
contributes to the general bound up to C2/9n=2.

Three narrow slices only is not possible and two narrow slices correspond to the case M;
treated above.

Wide slices only. For a match spanning wide slices on M., ¢ = 2,...2d, a general term
with higher order is written Y-, . E%, Ajk, (Vi) Ajk, (Tiy) Ay (Vi) A (Ti), With [iy Nig| = ¢, (an
equivalent is obtained by swapping one V with a T ). Since the slices are wide, it is not
possible to distribute expectation any further right now : if V;, is always independent of T;,,
both terms may depend on V,,, say. Also matching coordinates on iy, io do not necessarily
correspond to matching dimensions X* of the observation, and then lemma 4.10 is not
applicable. Instead write,

(2d—c)\(2d—c) n c c
QUiryiz) = Y AFTNT By, A§k1>(vhvTil)Aﬁ‘kz)(Visziz)}’
k1,ko

with A§£ '(V;,T;) a product of ¢ independent terms of the form ¢, (X*) spanning at least
one of the slices V;, T;.

By definition of i; and i, the product of 2¢ terms under expectation can be split into ¢
independent products of two terms. So, using E}, [¢;r¢(X)?| < C on each bi-term, the order
at the end is (X, j,fd °>)2 ; and using Meyer’s lemma, the bound is then of the order of
c27¢.

Finally, using lemma 4.6 as above, the contribution of this kind of term to the general
bound is Y27, 27enc.

On {27 < n} D {274 < n?} D {274 < n}, this quantity is bounded by C2/n~! < C2/9n~2 and on
{27 > n} it is unbounded.

Narrow and wide slices Reusing the general pattern above, with ¢, < 2d matching
coordinates on wide slices and ¢, < 2 on narrow slices

11522 Z Ajlfld el lej cw)O‘?k r _?kchEn A§k1>(}/'L17‘/'L15Z115E1)A‘§;2> (}/iza‘/izvzisziz) 3
kl ko
with A§,§>(§Q,%,Zi,Ti) a product of ¢ independent terms of the form ¢ (X) or ®;,(X)
spanning at least one of the slices V;, T; and one of the slices Y;, Z;. As above, the bracket
is a product of independent bi-terms, each under expectation bounded by some constant
C, by lemma 4.11, using Cauchy-schwarz inequality if needed. So this is bounded by

2

(2d—cw ) \(2d—cw ) 2—c 207 2dcw>20 .

Q(ir,i2) <CZ>\J/€1 /\sz OLJ/ﬁT szT_ Z/\ ")
k1,ko
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using Cauchy-Schwarz inequality and Meyer’s lemma this is bounded by the quantity
25(cu—d)2% (¢:~1) and, with lemma 4.6, the contribution to the general bound on {2/ < n?} >
{274 < n?} is

2 2d ,
2_jdzz2%n_b21d7an_“]l{2j < n2} <Cn!

a=1b=1

. 2 . .
Finally on {274 < n?}, E;}ABJ2 (Zk 532k) < C*2ip~l 429472 g

4.4 Appendix 1 — Propositions

Proposition 4.12 (2nd moment of ), &3, about ), a3, )

Let X1,...,X, be an independent, identically distributed sample of f, a compactly supported
function defined on R?. Let aj = L7 pia (X)) ... pa(XE), k € 2% Assume that ¢ is a
Daubechies D2N.

2 ) ) .
Then B}, (5,63, — X 02,) = C29n~t + 02221 {27 > n}

For the mean, using lemma 4. 11

EfA ZaJk n2 Z ZEfA Jk Xiy) Jk Xi,) 2 Z Zagk

i1=t2 k 1712k

1 n—1 274
= Z@jk(Xi)2 + — Za?k = Za?k +0(—)
k k k
For the second moment, let M, = {i1,is,43,i4 € {1,...,n}:[{i1} U... U {is}| = c}.

EfA Za]k} TL4Z Z EfA Z (I)Jkl 11 Jkl(Xl2)(I)Jk2( 13) sz( 14)]I{M}

c=1141,...,%4 k1,k2

On ¢ =1, the kernel is equal to Y7, @, (X)?®js, (X)* < (4N =3)4 3", ®;,(X)* by lemma 4.10.
And by lemma 4.11, E} 37, ®;1(X)* < Y, €24 = C2%1,

On ¢ = 2, the kernel takes three generic forms: (a) 37, ., @ik, (X)®j, (V) P, (X) P, (V) OF

(B) Xk ks P (X)? @, (V)2 01 (C) Doy, 4y ik (X) @, (V) @5, (V)2 In cases (a) and (c), using
lemma 4.10, the double sum can be reduced to the diagonal k; = k,. So using also lemma
411,

(a) EfA| Z ¢Jk1 Jkl Y)@Jk2 (X)(bjkg( )| < En 4N Z@Jk Jk )2 S C2jd
k1 oks

() EF, > Bk, (X)), (V) < C2%¢
K1 ks

() Ef.l Z D, (X) P, (V) Py, (V)P < EF, (AN — Z|(I)Jk (V)| < 02,
k1 oks
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On ¢ = 3 the only representative form is

EfA Z (I)Jkl jkl Jk2 ZaﬂkZEfA jk < OZJd

k1,k2

and on ¢ =4 the statistic is unbiased equal to (3, a?k)Q under expectation.

Next, since |M,| = A} and, using lemma 4.5, |M,.| = O(n),
EY, Zaﬂk 2 < Aﬁn“l(z a?k)z + 02%dp =3 4 n29%d 4 p~107d
k

< (Y a%)? +COn 2+ Cn 2T {2 < n} 4 Cn 20027 > n)
k

with Afn=t=1- 84+ Cn2,

Finally
n A 2 n ~ 2 2 n ~
EF (Yo =Y o) =EL (O an) + (Do al) —2EBR Y ah Y aj,
k k k k k k
< Cn~? 4+ Cn~ 1277+ Cn 22591 {274 > n}
O

Proposition 4.13 (2nd moments ), j\fk about Y3, X% and ), Ajrér about Y, Nk )

Let Xy,...,X,, be an independent, identically distributed sample of f, a compactly supported
function defined on R?. Let \j, = L S0 i (XP) .. 0, @jra(XE), k€ 27, Assume that ¢ is
a Daubechies D2N.
Then on {274 < n?}

E, (Z Ajk Ok — Z )‘Jkajk) <O(n _2) + C%

B (% - zw <o)+ 0=
k

n

2
n 12 2 n
Efa (Z Ak — /\jk) = Ej,
k

(Z Agk) -2 Z)\Jk Z )\Jk + (Zk: /\ik)zl

k

For i € 027, let V; be the slice (X}, X%,..., X%, ,,X%,). Let the coordinate-wise kernel
function A, be given by Aji(V;) = @i (X7 )i (Xb) - 0jpa (XBaor )jna (Xka).

Let |i| be the shortcut notation for |{i'} U...u {i??}|. Let W24 = {i € Q2% |i| < 2d}, that is to
say the set of indices with at least one repeated coordinate.

132



Then the mean term is written

£y, Z Ny =n"% Z ZAjk(V)

ieq2d k
n—2d 2d,, 2
Z Z Ef Ak (Vi) + A Z Alk
W2d k k
=Q1+ Aidn_mi@

Let M. = {i € Q%¢:|i| = ¢} be the set indices with ¢ common coordinates. So that @, is written

2d—1

Q=2 M 20 B M) =2, Qui

By lemma 4.7 with lemma parameters (d = 1,m = 2d,r = 1), E}, |Ajx(Vi)|T{M,.} < (25 (2d-2)
and by lemma 4.5, |M.| = O(n®). Hence,

2d—1 2d—1 2] (2d—c)
e 3 wmopeen ¥ o (2)
c=1

c=1

which on {27/¢ < n} has maximum order 2/0-9p~1 when d — ¢ is minimum i.e. ¢ = 2d — 1.
Finally [Q,] < 3, 02/0-4p~1 < ¢29p 1,

Next, the second moment about zero is written

2, () =0 Y Y A (i)A()
k

11,i2€(Q24)2 k1,k2
2
=n =" Z Z E?AAjkl (Vll )Ajkz (Vl2) + A?zdn74d( Z /\fk)
Wad k1,ks k
=Q2+ Aidn_4d92
with Wid = {iy iy € (929)2:]i; Uiy| < 4d}, that is to say the set of indices with at least one
repeated coordinate somewhere.

Let this time M, = {iy, iz € (2292 ]i; Uiy| = ¢} be the set indices with overall ¢ common
coordinates in i; and i,. So that @, is written

4d—1

_4d Z H{M }Z Z EfA ]kl 11 sz 12 Z Q2]1/€1J2/€2

MC ]i}l kQ kl k2

By lemma 4.9, unless ¢ = 1, it is always possible to find indices i;,i> with no match between
the observations falling under k; and those falling under k., so that there is no way to
reduce the double sum in k;,k, to a sum on the diagonal using lemma 4.10. Note that if
¢c=1, B}, Aju(Vi)Ajr(Vi) = E}, ®;,(X)* has order C27¢.

So coping with the double sum, by lemma 4.7 with lemma parameters (d = 1,m = 2d,r = 2),
E} Nk (Vi ) Ak (Viy)| < C2:4d=2¢)  and again by lemma 4.5 |M,.| = O(n®), SO E} 1Q2jikrjaks| <
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Sl pe-4d95(4d-20) which on {2/¢ < n} has maximum order 2/1-20p~1 when ¢ = 4d — 1.

c=1

Finally, E}, Q2 <Y, ,, C2702In~1 < C2in~1,

Putting all together, and since Apn—» =1 — G2 4 52y,
~ 2
Ey, (Z M — Aik) = Q2+ A T49% — 20(Q1 + A2 ~249) + 62
k

= Q2 —20Q1 + 0°(1 + Ap'n =" — 24270 2%) < |Qa| + 20/Q1] + O(n?)
< (02ip!

For the cross product,

As above, for i € Q¢*1 let V; be the slice (X0, X},..., X%). Let the coordinate-wise kernel
function Ajk be given by Ajk(m) = ‘Ifjk(Xio)ﬂ)jkl (Xlll) C 1/)jkd (Xgi) Let 9 = Zk Otjk/\jk.

Let Wit = {i € Qd*+1:|i| < d + 1}, that is to say the set of indices with at least one repeated
coordinate.

So that, E}, >, Gpdjk = Q1 + A%H1p=d-19 with Q, = n=¢-! Swart 2 ER Ak (Vi) and likewise
A 2 2d+2 2d—2p2
£y, (Z ajk/\jk) = Qo+ A TR0
k
with Q2 = n™272 37 2> 30, 1 BT Aji, (Vi )Aji, (Vi) And we obtain in the same way,

. 2
E%, (Z Gk Njk — ajk/\jk) < Q2| +20|Q1| + O(n™?)
%

Let M. = {i € Qi*':]i| = ¢} be the set indices with ¢ common coordinates. So that @, is
written

d
Q=n"9"1 Z I{M.} ZZ B} AN (Vi) = Z Q1jk
=1 M. k k

By lemma 4.7 with lemma parameters (mq =1,m; =d,r = 1),
E}, [Agk(V)| T{M} < C2% (1-2ea)23(d=2e0)

with ¢ +cqg=¢, 0<e1 <d, 1 <cqg <1 and by lemma 4.5, [M,.| = O(n¢). Hence,

n

d ‘ _ d 9i\ (@+1-0)
Qljk < Zn7d71+cc2j(d7dcdfcl) _ 2](71+(17d)cd) Z C <_>

c=1 c=1
which on {2/¢ < n} has maximum order C2/(~9p~1 when d + 1 — ¢ is minimum i.e. ¢ = d.
Finally [Q,] < 3, 02/0-4p~1 < ¢29p 1,

Next, as above Q = 37, , Qujk,jk,, and again by lemma 4.9, unless ¢ = 1, it is always
possible to find indices i1,i; with no matching coordinates corresponding also to matching
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dimension number, so that there is no way to reduce the double sum in ki, k; to a sum on
the diagonal using lemma 4.10.

So coping once more with the double sum, by lemma 4.7 with lemma parameters (mg =
Lmy = dr = 2), Ep [N (Vi) ) Aje(Viy)| < 027 (3-20a)2324=2¢0) with ¢ +¢q = ¢, 1 < ¢ < 2,
0 < c; <2d, and again by lemma 4.5 |M,.| = O(n°), so

2d+1 2d+1 93\ (2d+2-¢)
c—2d— d—dcqg+d—c d)c
E} Q2 kyjoks| < Z; ne—2d=2gj(d—deatd—c1) _ 9j(—2+(1—d)ca) Z C ( n) 7

which on {27¢ < n} has maximum order C277¢n~! when ¢ = 2d + 1. Then either ¢, = 1, which
means that the two terms @i, (X;,)®x,(X;,) match on the observation number, in which
case the sum in ki, ko can be reduced ; either c¢; = 2. In the first case the order is E} Qs <
(4N —3)?y7, €279~ < Cn~! and in the second case E}, Q2 <Y, ,, C2'7%9n~1 < C2in~1.

O

Proposition 4.14 (Variance of )", 3]2)

Let {X1,...,X,} be an i.i.d. sample with density f. Assume that f is compactly supported
and that ¢ is a Daubechies D2N.

Let B2 =%, Ai% Dierz ©u(Xi)®;(Xi2) be the U-statistic estimator of 37, o

Then on {274 < n?},
R 2 ,
By, (B = X ely) < On 4t
k

Write that,

B B =02 =172 3" 3 Bk (Xi) @, (Xia )y (X))@ (Xiz)

i1,i2€12 k1,k2

On My = {i1,iz € I%:]iy Uiy| = 4}, i.e. with no match between the two indices, the kernel
= Dk ko Piter (Xi1) @ik, (X2 )Py (X31) @i, (X32) 1s unbiased, equal under expectation to
(Zk jk ) .

On M., c = 2,3, with at least one match between i; and i, lemma 4.10 is applicable to reduce
the double sum in &, k» and,

B hiyhi, T{Ma UM} = > N @y, (X )y (X2 )@k, (X)) Dy (Xi2) T{ Mo U M}

i1,i2€12 ki1,k2

< > (4N—3)dz|‘1’jk(Xi})‘ij(Xig)@jk(Xi;)‘ij(Xigﬂ

Mo, M3
d(2—1]i1 U1 jd(3—]11U1
E CE 97d(2—li1Uiz|) C§ 2743 —liaLiz])
A{z M'g A{21A{3
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using lemma 4.7 with parameter m = 2 and r = 2 for line 3.
Next, by lemma 4.5, |M.| = O(n®) and |M,| divided by (42)2 is more precisely equal to
1 —4n~'+Cn~2. So that

EY, [Bf(f()] < (14+Cn %) ( Z ajk >4 Cchn_42jd(3 ) = Z%k +Cn~t 4+ 022

c=2

Proposition 4.15 (Variance of multisample [[ >, B?(Re))

Let {RY,...,R'} be an 1.i.d. sample of f*, £ =1,...,d. Assume that f is compactly supported
and that ¢ is a Daubechies D2N. Assume that the d samples are independent.

Let B3(RY) =Y, 4= Dierz ©n(RL)®k(RE) be the U-statistic estimator of 3, a%,, £=1...d.

Then on {274 < n?},

Successive application of ab — cd = (a — ¢)b + (b — d)c leads to
d
ay...aq — b1 .. .bd = Z(ag - b[)bl AN .b[,1a2+1 ...aq. (25)

(=1

So applying (25),

E 12 2 _ E A2 A2 2 2
)\]k — )\jk = ajkl .. 'ajkd — ijk1 .. 'ajkd
k

k1. kd
_ 2 .9 o
= Z Z ka - jkﬁ jkl . "ajkefloéjl#*l . "ajkd
kl.. . kdf=1
d
— ~2 .9
_ZCZ(CY]]CE - ka E a]kg e E ajkd
=1 k¢ Kke+1 kd

And

sH

(zk: 5‘?’“ N /\fk) Z (Z Qjpe — O‘jkﬂ Z Z%kd)

/=1 Kt kb+1

~ 2
Label @ = 7, (55,42, - 22, ).
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If the d samples are independent, if 2/¢ < n%, and by proposition 4.14 with parameter d = 1,

Q<) |c(Cnt+ ) II c+cn '+ )|+ cCn~t + —)
=1 =041

27
<Cn '4+0=
n

Proposition 4.16 (Variance of multi sample Y, djx\jx)

Let {X1,...,X,} be an independent, identically distributed sample of fa. Let {R%,... R’} be
an independent, identically distributed sample of f*, ¢ =1,...,d. Assume that f is compactly
supported and that ¢ is a Daubechies D2N. Assume that the d+1 samples are independent.
Let E}, be the expectation relative to the joint samples.

Then

~ ~ ~ 2 . . .
E}, (Z a;k(X)Nji(RY, ... RY) — ZajkAjk) <Cn {2 <n}+ 0297 1{27 > n}
k k

N 2
Let Q = E}, (Zkezd djk)\jk) ; expanding the statistic,

" 1
Q=F}, Y =g D P (Xi)®jey (X2 )ojut (BB @jas (BRI - @y (R )00y (Rbaso).
k1,k2 ieQ2dt?
By independence of the samples, we only need to consider local constraints on the
coordinates of i € Q2d+2,

Let a be a subset of {0,1,...d}. Let J, = {i € Q2942:0 € a = 2T =242, (¢ q = 20+ £ 2042},
It is clear that |J,| = (n(n — 1))d+17|a|n‘“‘ and that the J,s define a partition of Q2?+2? when
a describes the 291 subsets of {0,1,...d}. One can check that there are C§,, distinct sets a
such that |a| = ¢, and that 050 €5, nc(n(n — 1))H1-¢ = pdt 1IN 06 (n — 1)d+17¢ = 242,

On Jy the kernel is unbiased. On J,, 0 € a, with the first two coordinates matching, the
sum in k;, k» can be reduced to a sum on the diagonal by lemma 4.10. If 0 ¢ a, but some
¢ € a the sum can be reduced only on dimension ¢, kf = k§, but to no purpose as will be
seen below.

.....

2 £11\2 Clal—1\2 -2 2
Qua<Ci Y > ER®w(X)Ef euma (R Ef @ . (RI9-)ad, 0
i€Ja,0€a ke7d

and

Qia = Z Z ik, aijE;}Acpjk,il (Rél)%-kgl (Rél) .. 'E?A‘pjk’ﬂa\—l (Ré‘a‘*l)cpjkf\awfl (foa\—l)
i€Ja,0¢a ki,ka ! 2

(6PN PN SR T 6 2] (6
Jk11 ]k21 jkld—\aH»l jkzdf\aH»l
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for some all distinct ¢1,...¢,,—1 and I1,...l4_|4+1 Whose union is {1,...d} and with C; =
(4N —3)4. The bound for Qq, is also written

Z Z OA§]§d—2|a|+2)

i€Ja,0€a |c7

with special notation /\ =ali ... ¢ for some integers py,...,pq4, 0 < p; < r with Zle pi=T.
And so, by Meyer’s lemma this is also bounded by 3° C27(lal=1),

i€Jq,0€a

For Qi, with |a| > 1, the sum in kj,k; could be split in &% ...kid""‘“,klg . ..kéd"“‘“ where no
concentration on the diagonal is ensured, and k£ ...k%1-1 where lemma 4.10 is applicable,
but precisely the multidimensional coefficient o, = a4« is not guaranteed factorisable
under any split, unless A = I. So we simply fall back to

i lal-1
Qia < Z Z [ajkl am] [ajklll @ ...ajkzd,‘a‘ﬂajkld,‘a‘ﬂ] [CQzE;}Akpjk/i; (Rf)” al-1.
i€Jq,0¢a ki,kz ! 2

This is also written, using Meyer’s lemma at the end,

Q1a < Z (Za]k)\d “IH”) < Z C2i(lal=1)

i€Jy,0¢a Kk i€J,,04a

Finally, with Y7, ; 1=J,| given above, the general bound is written,

Q < n-2-2 Zc2j(\a\—l)nd+1( — p)drilal ot qydtl (Z og;&%)

a0
and so
) df1
_ (Z Oéjk)\jk) <97 Z 2]0(n . 1)—0 4+ Cn~2
k c=1
< On ' {2 < n} + 240 {20 > n)
O

4.5 Appendix 2 — Lemmas

Lemma 4.4 (Property set)
Let Ay, ..., A, be r non empty subsets of a finite set Q. Let J be a subset of {1,...,r}.

Define the property set By = {x € UAjiz € NjesAj; x ¢ UjeseAj}, that is to say the set of
elements belonging exclusively to the sets listed through J. Let by = |B,| and by =37 ;_, by

Then 325 _o > 5= Bs = Q, and

ALV A S e = AL UL A S AL+ A =) kbs

k=1
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with equality for the right part only if b, =0, K = 2...,r i.e. if all sets are disjoint, and
equality for the left part if one set A; contains all the others.

It follows from the definition that no two different property sets intersect and that the
union of property sets defines a partition of UA;, hence a partition of @ with the addition
of the missing complementary Q — UA; denoted by By. The B, are also the atoms of the
Boolean algebra generated by {A4;,...,4,,Q — UA;} with usual set operations.

With By, an overlapping of r sets defines a partition of Q with cardinality at most 2" ; there
are C property sets satisfying |J| = x, with > _ Cr =27,
O

Lemma 4.5 (Many sets matching indices)

Let m e N, m > 1. Let Q™ be the set of indices {(i',...,i™):7 € N, 1</ <n}. Letr e N, r > 1.
Let I = {i € Q' by # 0y = i # %2},

Fori=(i',...,im) e Qp, leti=up,{i’} C {1,...,n} be the set of distinct integers in i.

Then, for some constant C depending on m,

#{(il,...,me ()", |51U...U5T|:a}:O(n“)l{|il|\/...\/|ir|gagmr}

and in corollary #{(il, cesiy) € (IM) 1 i UL Uy | = a} =0m)I{m < a<mr}.

In the setting introduced by lemma 4.4, building the compound (i, ...,7.) while keeping
track of matching indices is achieved by drawing by, = |7| integers in the 2°-partition
by = {1,...,n} thus constituting i, then b}y oy +b75y = |i2| integers in the 2'—partition {b},,, b3}
thus constituting two subindexes from which to build 7, then b3, , 4, +b%; 5, +0}, 5 +bi5y = |7
integers in the 22—partition {0f1.0y, Vays bFoy B3} thus constituting 22 subindexes from which
to build 73, and so on, up to by, ., +...+b},, = |7,| integers in the cardinality 2"~" partition

{bH,.l..,r—u ..., by~'} thus constituting 27! subindexes from which to build 7,.

The number of ways to draw the subindexes composing the r indexes is then

by 4112y 4002y by by

45 A 145 A Ve ” ™

A A T AT 'Ab“l e Ab,_1 (26)
0 {1} 0 {1,...,r—1} 0

j+1
Ju{j+1}

(provided J exists at step j) and A7 = ™

(n—m)!"

with the nesting property ¢/, = o' +b

At step j, the only property set with cardinality equivalent to n, is Bg_l, while all others

have cardinalities lower than m ; so picking integers inside these light property sets involve

cardinalities at most in m! that go in the constants, while the pick in Bé_l entails a

cardinality AZJ{.Z}1 — AT
0

bl
- - ~n ik,
nf\ ZlU...U’Lj71|
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Note that, at step j —1, b~ = n—|& U... U7 |, because, at step j, b}, designates

the number of integers in 7; not matchlng any previous index i,...,%-1; so that also
> bij} |7 U...U7|; and incidentally 3=, b =[]

The number of integers picked from the big property set at each step is
blay b7z biry
A0 AL A,

Withbézn—ﬁlu U], by =n and Y" U 2

j=1 {J}_lZZ

For large n this is equivalent to nlaY-Virl,

Having drawn the subindexes, building the indexes effectively is a matter of iteratively
intermixing two sets of « and b elements ; an operation equivalent to highlighting b cells in
a line of a + b cells, which can be done in C? , ways, with C% = Az /pl.

Intermixing the subindexes thus involve cardinalities at most in m!, that go in the constant

C.
Likewise, passing from 7 to i involve cardinalities at most in C/i and no dependence on n.

For the corollary, if i € I then 7 = i and [i] = m. If moreover i! < ... < i", the number of
ways to draw the subindexes is given by replacing occurrences of A" by ’C” in (26), with
cm = #Lm),, which does not change the order in n. Also there is only one way to intermix
subindexes, because of the ordering constraint.

O

Lemma 4.6 (Two sets matching indices [Corollary and complement])

Let I™ be the set of indices {(i,...,i™):i9 € N, 1 < i/ <mn, i £ if i # ¢}, and let I'" be the
subset of I™ such that {i' < ... <i™}.

Then for 0 <b < m,

mTTn—m —m

#{(il,ig) eI x I™: iy Nig| = b} AT AL AM=b b O(p2mb)

#{(il,ig) S II? X I/:lni |i1 Mg | = b} C’”Cb cmnh = O(?’L2m_b)

mTn—m

In corollary, with P (resp. P') the mass probability on (I™)? (resp (I'™)?), P(liy Nig| = b) ~
P'(liy Nig] = b) = O(n=*) and P(|iy Niz| =0) = P'(Jiy Niz| =0) <1 — 14+ Cn2.

For iy,ip € I'™, the equivalence |i; Nis| = b <= |i; Uia| = 2m — b gives the link with the general
case of lemma 4.5.

Reusing the pattern of lemma 4.5 in a particular case : there are A™ ways to constitute
i1, there are A% ways to draw b unordered integers from i; and A”~" ways to draw m —b
unordered integers from {1,...,n} —i;.
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To constitute iy, intermixing both subindexes of b and m — b integers is equivalent to
highlighting b cells in a line of m cells; there are C? ways to do so. On I'", by definition,
having drawn the b then m—b ordered distinct integers, intermixing is uniquely determined.
Incidentally, one can check that Y A% A™PCh = A and that S, ChCmlb = cm.

m n—m==—m m n—m

Dividing by (Aﬁ)2 or (O,T)Q, both equivalent to n?™, gives the probabilities. Finally for the
special case b =0, use the fact that

Am c c c
n_—(1—-—-2)...(1—- <(1--)"
e = (=5 (- e <=0

Lemma 4.7 (Product of r kernels of degree m)

Let r e N*. Let m > 1. Let (X;...,X,) be an independent, identically distributed sample of a
random variable on RY. Let Q™ be the set of indices {(i',...,i™):il e N, 1 <i/ <n} .

ForieQm, define

Qi = (I)jk (Xll) . (I)jk (le)
Zm
bir = @i (X53) o 0 (X ) @ik (Xgmi1) oo @i (Xmatmy ).

Let 7 be the set of distinct coordinates in i and let ¢ = c(iy,...7,) = |1 U...Ui,| be the overall
number of distinct coordinates in r indices (i, ...i.) € (QM)".

Then

¥
E}l|ai1k1 . airkT| < 02%(17’7,7‘—20)
Ebisk, - biyg, | < C2%5 (mar=200) 93 (mar—2e+2ca)

with cg = cq(iy, .. .7r) < c the fraction of ¢ corresponding to products with at least one ®(X)
term and 1 <cg <mgr, 0 <c—cqg<mir, 1 <c < (mq+ma)r.

Using lemma 4.4, one can see that the product a;,y, ...a;.x,., made of mr terms, can always
be split into |i; U...U7,| independent products of ¢(I) dependent terms, 1 <1< |i; U...U7,|,
with ¢(7) in the range from [i1]| V...V [i| to mr and 3, ¢(l) = mr.

Using lemma 4.11, a product of ¢(I) dependent terms, is bounded under expectation by
2% (0-2) Accumulating all independent products, the overall order is 2% (mr=2nu..i-)

For b;,, ...b; x, make the distinction between groups containing at least one ®(X) term and
the others containing only ¢(X*) terms. This splits the number [7; U...U7,| into ge, + go.
Let ¢, (1) be the number of ¢ terms in a product of ¢(l) terms, mixed or not.

On the gs, groups containing @ terms, first bound the product of ¢,(I) terms by 230 (D)
and the remaining terms by 2% (c=c.(0=2) On the g, groups with only ¢ terms, bound
the product by €2z(c()-2),
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The overall order is then
022 (0 cW—co) ~200.0] 93 Y0%% o) 93 [(T0%, o) ~20]

The final bound is found using >7%, ¢, (1) + 3727 e, (1) = myr and >°7%% (1) — ¢, (1) = mar.
Rename ¢4 = go,, and ¢ — cq = g,.

As for the constraints, in the product of (m; +mg)r terms, it is clear that ® terms have to
be found somewhere, so ¢; > 1, which also implies that ¢ — ¢4 = 0 when ¢ =1 (in this case
there are no independent group with only ¢ terms, but only one big group with all indices
equal). Otherwise cq < mgr and ¢ — ¢4 < myr since there are no more that this numbers of @
and ¢ terms in the overall product.

O

Lemma 4.8 (Meyer)

Let V;,,5 € Z an r-reqular multiresolution analysis of Lo(R™) and let ¢ € Vy be the father
wavelet.

There exist two constant ca > ¢; > 0 such that for all p € [1, +oo] and for all finite sum
f(z) =, a(k)pjr(x) one has,

=

el fllp <2957 <§:|GGOV> < c2|| fllp

k

See Meyer (1997)
We use the bound under a special form.

First note that if f € By, [fllspec = IIPifllp + SUp, 27 f — Pif|, so that |f — Pif, <
O\l fllspso277%. So using (13),

> lagil? < CPNPR Py f||p < CPMTPPTL(| fIIP 4 | f — PyfIR)
k
< 24P/~ (|| £|12 4 O fI|,062797)
< C2Jd 1 p/2)||f||spoo

When applying the lemma to special coefficient /\J po=ak for some integers py, ..., pq,

Jkd
0 < p; <r with Ei:ﬂgz =r, We use

Z |)\Jk | = Z ol - Z |l
keZ? kKleZ kieZ
< Carlm | 1y

< 232 max f

23 p0)|| pr o

sp1o0 * SPq00

*0 ”
ST 00
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so that even if some p, was zero, the result is a 27, which returns the effect of 3. 1.
O

Lemma 4.9 (Path of non matching dimension numbers)

Let r € N, r > 2. Let Q = {(i*,...,im):i* € N,1 < i* < n}. Fori e Q¢, let Ajp(Vi) =
oik(Xh) .. o(XE). Let 7 be the set of distinct coordinates of i.

In the product

(ZZ % Z Ajk(‘/;))r = nldT Z Z Z Ajlkl (‘/;1) R Ajrlw (‘/;7)
ik

iGQ% il,...,ire(Qg)Tj1-~jT ki...kr

unless iy U ... U7, < r, it is always possible to find indices (ii,...,i.) such that no two
functions ¢ pjr match on observation number.

Let c=|hu...u?|. For 1 <¢<n, let 24 =(¢,...,¢) € Q.

With r buckets of width d defined by the extent of each index k; ..., k., and only ¢ < r distinct
observation numbers, once ¢ buckets have been stuffed with terms V;z«, some already used
observation number must be reused in order to fill in the remaining r — ¢ buckets. So that
r — ¢ buckets will match on dimension and observation number allowing to reduce the sum
to only ¢ distinct buckets.

Once ¢ > r, starting with a configuration using Viga, ... Vyga We can always use additional
observation numbers to fragment further the ¢®¢ terms, which preserves the empty
intersection between buckets.

O

Lemma 4.10 (Daubechies wavelet concentration property)

Let r € N, r > 1. Let ¢ be the scaling function of a Daubechies wavelet D2N. Let hy be the
function on R™ defined as a product of translations of ¢

hi(zy,. . xm) = (@1 — kY . o(x, — k™),
with k= (k... k™) € Z™.

Then for a Haar wavelet [, hi(z1,...,xm)] =S b1, ... 2m)"-

For any D2N,

(Z (1, .. .xm)|)r < (4N =3y DN (e, .o (27)
k k

With a Daubechies Wavelet D2N, whose support is [0,2N — 1] with ¢(0) = (2N —1) =0
(except for Haar where ¢(0) = 1), one has the relation

v o —k)p(x—0) =0, for|l—kl>2N-1;
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when £ is fixed, the cardinal of the set |[¢ — k| < 2N —1 is equal to (4N — 3).

So that, with ki,...k. denoting r independent multi-index,

O om) =D > hey oo, I(A)

ki ka..kp

with A = {|k — k2| < 2N —1); 41,40 =1...r; 1,0, = 1...m}. Once k; say, is fixed, the
cardinal of A is not greater than (4N —3)™("=Y and is exactly equal to 1 for Haar, when all
ki=...=k,.

For any Daubechies wavelet, and r > 1, using the inequality (|, |"... ke, [")* < 232, (b

(e < 30 Tl 4+ i 1) T{A)
k k1

77777 kr

:H S TH{A + 4+ > |h,w|T11{A}}
k1

P S Ky
< (4N _ 3)m(7‘—1) Z |hk|T7
k

Lemma 4.11 (rth order moment of ®,;)

Let X be random variables on R with density f. Let ® be the tensorial scaling function of
an MRA of Ly(R?). Let oy, = E;®,.(X). Then for r € N,

Ey|®j(X) — aju]” < 2Byl @u(X)]" < 27279V £l ||

If ® is the Haar tensorial wavelet then also Ef ®;;,(X)" < 274G -2)ay.

She
She

4 Ey|25(X)], and

For the left part of the inequality, (Ef|q>jk(X) - ajkr) < (Ef|<1)jk(X)|T)

also Byl (X)| < (Esl@u(X))" (Er1) 7.
For the right part, Ey|®,,(X)|" = 299/2 [ |&(2iz — k)|" f(2)dx < 279G f][oo]| @1

Or also if @ is positive,

By (X) =250 [ @@ - by 1y (@) 1 (o)

jd

<220V @)|5 .
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5. Towards thresholding

Given an independent, identically distributed sample X = {X;,..., X,,} of a random variable
X on RY, d > 2, with presumably linearly mixed components, that is to say with X = AS,
where A is a d x d invertible matrix, ICA aims at recovering the original source S, whose
components are mutually independent.

In the density model it is assumed that the observed signal has the density fa given by,

fa(z) =|det A7 f(A )
= |det B|f'(b1z) ... f4(baz),

where b, is the ¢th row of the matrix B = A~'; which results from a change of variable if
the latent density f is equal to the product of its marginal distributions f!... f4.

In the ICA model expressed this way, both f and A are unknown, and the data consists in
a random sample of f4. The semi-parametric case corresponds to f left unspecified, except
for general regularity assumptions.

Demixing is carried out by means of some contrast function that cancels out if and only if
the components of WX are independent, where W is a candidate for the inversion of the
unknown mixing matrix A.

An exact ICA contrast is provided by the comparison in the L, norm of the density fa
with the products of its marginals, an idea that can be traced back to Rosenblatt (1975).
The estimation of the comparison [|fa — 3|, with f; the product of the marginals of fa,
has been studied in a previous work (Barbedor, 2006) and share many features with the
estimation a quadratic functional.

Under Besov smoothness conditions, the previously introduced wavelet contrast defined
as C7(fa) = ||Pj(fa — f4)l3, with P; the projection operator of a multiresolution analysis at
level j, yields a factorization measure with bias, in the sense that a zero contrast implies
independence of the projected densities, but that independence in projection transfers to
original densities up to some bias 272*. This is a consequence of the very definition of
Besov spaces (here B, ) and of an orthogonality property of the projection spaces V; and
W, which entails the relation

OS/(fA_fz)Q_/[PJ(fA_fz)]2§0272J5

The wavelet contrast estimator C'J?(X) =33 (G pa—@jpr .. Gjga)?, With @3 e the moment
estimator of coordinate (k',...k%) of f4 and d;; the moment estimator of coordinate k* of
marginal ¢ of fa, has been used for estimating the exact squared L, norm of f4 — f4. It has
been shown to have a risk converging to zero at rate n7+, for a choice of resolution j* such
that 29°¢ ~ n7% . The wavelet contrast estimator is inoperable for a choice of resolution j
such that 27¢ > n. This fact rules out block thresholding at levels j : 2/¢ > n that is known

to be a better approach for the estimation of a quadratic functional (Cai and Low, 2005).
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On the other hand, optimal U-statistics estimators of the wavelet contrast are available,
with convergence rate the one of the estimation a quadratic functional, but these estimators
have computational cost at least in O(n?) which makes them a priori less practical.

The Plug-in, biased, wavelet contrast estimator enjoys both ease of computation and ease of
transitions between resolutions through discrete wavelet transform (DWT), since it builds
upon a preliminary estimation of all individual wavelet coordinates of f on the projection
space at level j, that is to say a full density estimation. The evaluation of C}(f4) thus relies
on the procedures of wavelet density estimation which are found in a series of articles from
Kerkyacharian and Picard (1992) and Donoho et al. (1996).

The filter aware nature of the wavelet contrast estimator opens the way to term-by-term
thresholding as is done in density estimation. This is the object of the present paper. We
apply a thresholding procedure to the wavelet contrast estimator, making it adaptive in
the sense that when f belongs to the Besov class Bs,,, no knowledge of the regularity
parameter s is assumed in the choice of the projection level ;.

Follows some implementation issues. Numerical simulations show how the thresholded
wavelet contrast estimator behaves as compared to the linear one, and other methods.

5.1 Estimating [(fa — f4)? with term-by-term thresholding

We first recall the definition of the wavelet contrast already introduced in a previous work
(Barbedor, 2005).

Let f and ¢ be two functions on R? and let & be the scaling function of a multiresolution
analysis of Ly(R?) for which projections of f and g exist.

Define the approximate loss function
2
cii-a= % ([u-oe) =1p0 -0l
keZd
It is clear that f =g implies C7 =0 and that C? =0 implies P;f = P;jg almost surely.

Let f be a density function on R?; denote by f* the marginal distribution in dimension ¢

2t flh . a?)ydet . datldatTY L dad
Rd71

and denote by f* the product of marginals f*!... f*. The functions f, f* and the f** admit
a wavelet expansion on a compactly supported basis (¢,v). Consider the projections up to
order j, that is to say the projections of f, f* and f* on V/* and V;, namely

Pif* =" am(f)%u,  Pif = Y ap(H®u  and P =" ap(f e,

keZd keZ? kEZ
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with o, (f*) = [ f*ejx and ajx(f) = [ f®;x. At least for compactly supported densities and
compactly supported wavelets, it is clear that p;f* = P} f*1... P

Proposition 5.17 (ICA wavelet contrast)

Let f be a compactly supported density function on R? and let ¢ be the scaling function of
a compactly supported wavelet.

Define the wavelet ICA contrast as C3(f — f*). Then,
f factorizes = C3(f—f*)=0

CHf—-f)=0 = Pif=Pf" . P as.

Proof f=fl... fl= f*=f ¢=1,..d O

Wavelet contrast in place of the quadratic functional [(f4 — f})?

Let f = f; be a density defined on R? whose components are independent, that is to
say f is equal to the product of its marginals. Let fa be the mixed density given by
fa(z) = |det A7 f(A~12), with A a d x d invertible matrix. Let f4 be the product of the
marginals of f4. Note that when A =1, f = ff = fr = f.

Assume as a regularity condition that f belongs to some Besov space Bs,,. It has been
checked in previous work that Besov membership of f transfers to the mixed density fa
and to the products of the marginals f5 (Barbedor, 2005).

Recall that f e L,(R%) belongs to the (inhomogeneous) Besov space B, (R?) if

. 11 qla
Tepa(f) = o [le, + [Z [27°29%473)(18;.], | } < o0, (28)
>0
with s >0, 1 <p < oo, 1 <g<oo, and ¢,¢p € C",r > s (Meyer, 1997).
Also, by definition of a Besov space Bj,,(R?) with a r-regular wavelet ¢, r > s,

S Bszoq(Rd) = [|f = Piflly,= 277 e, {ete éq(Nd)- (29)

So, from the decomposition
I5a= 3= [ Pia— 37+ [ 1= £3 - Bsa- 120"
= CHa— 3+ [ a3 B - 53]

resulting from the orthogonality of V; and W;, and assuming more precisely that f4 and f}
belong to B.a,(R?),
0<|[fa—Fal3 - C7(fa — f2) < C27%", (30)
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which gives an illustration of the shrinking (with j) distance between the wavelet contrast
and the always bigger squared L, norm of f4 — f4 representing the exact factorization
measure. A side effect of (30) is that C?(fa — f3) =0 is implied by A = 1.

Hard-thresholded estimator

Let S be the latent random variable with density f.
Define the experiment &* = (X®", A®" (Xy,...,X,), P}, fa € Byy), where X;,..., X, is an
iid sample of X = AS, and P}, = Py, ... ® Py, is the joint distribution of (X;...,X,).

Define the coordinates estimators

S . IR
Qjk = Qjp1. ga = Z%kl (X and dge = - Z@jkﬂ (X7) (31)

where X’ is coordinate ¢ of X € R?. Define also the shortcut A;;, = Gk . Gy

Define the linear plug-in wavelet contrast estimator

C?=C3( X1, ., Xn) = D Gy ,pey — G Ggpa)® = > (G — Ajr)? (32)

Recall that a function f admits a wavelet expansion on the basis (®, V) if the series
> i Njor + Y D Bi(H Wi (33)
kezZ® J=jo keZ*

is convergent to f in Ly(R?).

For thresholding purpose, we need to express the wavelet contrast with g, coefficients,
with 8, defined in (33) ; this is done in lemma 5.15, and so the wavelet contrast is written

J1
Cin(£) = Cio (N + D D (Bjk = By - Byna)*.
Jj=jo k
where k= (k',..., k%) and B = [ f*(a*)¢jpe (2*) da® and Bjx = [ f(2) ¥k (x) da.

The term-by-term thresholded wavelet contrast will then be estimated by the quantity
C’jo-,h = éjo + Tjojl with

]0]1 Z Z ]kl e ]kd Z Z C_]k

=jo kl.. k4 =jo keZ?

with éjk the thresholded substitute for i, jo = js depending on s, when it is known, or
otherwise j, = 0 or some units for an adaptive egtimate; and with ¢, defined as the

difference 81, — Bju1 ... Bjra, and likewise for ¢ and (.
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In the following we study the case of a hard-thresholded procedure of the type

% logn
n

B = BinI{|1B;x] > t/2} and éjk@ = Bjk’fl{ |Bjk@| > (t/2)%}7 with ¢ ~ \/ .

We finally make the assumption that both the density and the wavelet are compactly
supported so that all sums in k are finite. For simplicity we further suppose the density
support to be the hypercube, so that 3, 1 ~ 274

Block threshold

For the record, we set here what would be the rule for block-thresholding the wavelet
contrast estimator. Unfortunately, for cases s < 4, the rule implies to choose a resolution
j such that 2/¢ > n, which is beyond the technical limit 27¢ < n required for a small risk
contrast.

Denote by fa the difference f4 — f3l,... f4¢. Following our notations, one has the decompo-

sition N
fa=> ik + D> Cine
k Jj=jo k
We first determine what should be the level of the threshold for entire blocks at level j,
> G

Assuming that f, hence fa, belongs to By (R?), one has the property,

Yo Gps o2 vy
k
this is the incurred bias when removing slices at level ;.

For s > d/4, and Vj > j,, such that 27+ ~ n, one has

925 < 925 < 9=(4/2)s < (9—(d/2)jogiedy =1 < 9jd/2~1 .
so to remove all slices above the optimal resolution js, namely 27:¢ ~ n, we can take the
value t(j,n) = C274/2p~1,

2d

For s < d/4 and Vj > j,, such that 2/s¢ ~ n7+%, one has

—2j —2jss _ i jsd/2, —1 .
9728 < 97Wes = OpTra = 04/ 2L

so that t(j,n) is the smallest threshold depending only on j and » and satisfying,
f € Baoo(RY) = 3C > 0,V) > js, ¥ G < Cti(j,n)
k

Let Lj, = {j: Y, (% > t(j,n)}; we set the block thresholded estimator to

_ R J1 .
éjOjl = Z 5g2‘0k + Z I, Z <]2k
k

J=jo k

To cover the regular cases with the linear part of the estimator, we set 2/0¢ ~ n, and to
cover the cases with small regularity, we set 271¢ ~ n? (corresponding to worst case s = 0).
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5.2 Risk upper bound

Let the thresholded estimator éjo, ;i be used in estimating the quadratic functional
K, = [(fa—f3)?*; using (30), an upper bound for the mean squared error of this procedure
when fa € By, (R?) is given by
7 (Cho, gy — K)? <2E},(Cy 5y — CF) +2(CF = || fa = f415)°
<28}, (Cjo, s — 77+ 2(fa — f4 = Pi(fa = [DI3)°
< 2B} (Cjy, 5 — C3)P + C274%,

If f € Bspy with p > 2, since we consider compactly supported densities,

Ifa = fa=Pi(fa—fDl2 < lfa= fA = Pi(fa— fA)lp < C277%°

and the rate is unchanged ; otherwise if 1 <p < 2, using the Sobolev embedding B;,, C By/pq
for p <p’ and s’ = s +d/p’ — d/p, one can see that fa belongs to By, with s’ = s+d/2 —d/p,
and so by definition, with {¢;} € ¢,

1fa = f4— Pi(fa— fi)ll2 < g27 1 (5F4/2=d/p),

and the rate is unchanged except that s’ is substituted for s.

Since 271¢ ~ n(logn)~! the bias of the wavelet contrast 2=4* is of the order of [n(logn)~']= .

As is shown in the next proposition, the risk of 5j0, j, in estimating the wavelet contrast is

. —2s . . . o o .
at best in Cn=72. So that since ¢ > 32, the remainder in 27+ is negligible.

Proposition 5.18 (Risk of a thresholded procedure)

Assume that f belongs to the Besov class Bipg(R?). Set 2714 ~ n(logn)~1. Set t ~ cy/n~tlogn,
with ¢, some constant. Set B, = BI{ |3 > t} and for the marginals, B = BipeI{|Bjne| >
ta}.

The risk about the true contrast Cj,;, s

E?A [éjojl - Ojoj1]2 < O(lOg n)nﬁ

A convergence rate for the risk about the thresholded true contrast Cj,;, is

S ~ —2s

E?A [ij)jl - Ojoj1]2 < Cnzvd,

First note that the value of j; ensures that 2/¢ < n, for 0 < j < j.
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Define pj, = Bjp ... B and g‘ak = BJk ﬁjkl <o Bjga = B — [ 5 the risk of Cjyj41 about
Cj0j1+1 18 Written

9 2
EfA CJOJ1+1 Cj0j1+1} = E}ZA |:Z Jok Jok + Z Z jk :|
k

Jj=jo k
2 i 7 2 (34)
< 2E?A [Z(éjok 6J0k :| + 2E?A [ Z Z(Cjk ; :|
k Jj=jo k
=LR+TR

The first term LR is bounded by C2/0?n~! (see Barbedor, 2006).

For the second term, we now expand further (Ejk — (2,) using the sets
B={jk: Bl >t/2}, B={jk: |G| >t}
=GR el > DY BO= Gk Bl > )
B,=B'n...0nB*C {j,k : |ux| >t/2}, B.=B'n..nB'c{jk: |l >t}
and their complementary sets (denoted by S) in the enclosing set Q;,;, = {(j,k):jo < j <

g1, 0 < kf <291 =1...d}. Note that (j,k) — 8,1 or (j,k) — 3, define two random variables
on Qjojl'

Throughout the following lines, C is a placeholder for an unspecified constant ; idem for
C, but with a constant vanishing under independence.

Using the relation Cgk = 3 1(BB,) +/%1(BS,) +42,1(SB,), and likewise partitioning ¢?, with
the help of B and B, ylelds

%2 A Va
Cjk_CJk Cgk ( ) Cak ( )+ ?kH(BS#)_C?kH(BS#)
+ 45, 1(SBy) — G 1(SB) — G 1(SS,)-

Upon cross partitioning this is also written,

Gk~ G =(G~ GOTBBLBE,) + (B — B (BS.BS,) + (i ~ ) USBASB) o
— Sjk + Diji ;
with Sjx = ¢%,1(SS,) and D, composed of terms weighted by an indicator on one of the
non matching sets BS, B,S,, SB or S,B,, and given by,

Dy = [H(BSM) I(SUB,) + I(BB,)1(SUS,) + 1(SB,) [(BU su)]
(36)
v [H(Bsu) I(SUB,) + 1(BB,) (S US,) + 1(SB,) I(BU SM)} .

Label the first three terms in (35) Ty, Tojx and Ty;;.. Note that the term S, vanishes if in
(34) the risk is computed against the thresholded true contrast Cj, ;11 instead of Cj, j, 41,
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meaning that small terms contributions, produced by necessarily small departures from
independence are left out.

So,

s | (Sra)” s (S70)" (S )+ (S + (S0

Term Zj,k T2jk

With 0 < 1(BS,.BS,) < I(B),

B (S 7)< B (X 331(8)) - 2 D 1(8) X 1(8) + (. 1(8) ) |

We now on omit the term I(B) until it is needed, but it is implicitly present under every
>, 3, sign. The following lines repeat closely the proof of the linear case (Barbedor, 2006) ;
the course of the proof forks only at the very end of the paragraph when we make use of
the indicator function I(B).

So, for the mean,

Bhh 22 e = n2ZZZEfA (X ) W (i) QZZZ

i1=12 J 11792 J

DA FCOLE
ik

For the second moment, let M. = {iy,i2,i3,i4 € {1,...,n}:[{i1} U... U {is}| = c}.

E?A (Z AJ2'k = 7’L4 Z Z EjA Z \Ijjlkl Zl)qjhkl(Xlz)\IIJ2k2(X12)\IIJ2k2( 14)]I{M}
ik

c=1141,...,i4 Jiki,j2k2

On M, the kernel is equal to >, . 0 ;4 (X)?W,p, (X)? < 2771 (AN = 3)]7 3., Wi (X)* by
lemma 4.10. And by lemma 5.18, E}, Y., W(X)* < 3. €274,

On M, the kernel takes three generic forms :

(a‘) Ejl 1,72k Wik (X)\Ijjl k1 (Y)\I]jzkz (X)\Ijjzkz (Y) or (b) Zjl 1,72k Wik, (X)2\I]j2/€2 (Y)2
or (C) Ejl k1,j2ko \Ijjlkl (X)\Ijjlkl (Y)\I]jzkz (Y)2

In cases (a) and (c), using lemma 4.10, the double sum can be reduced to the diagonal
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ki = ko, j1 = j2. So using also lemma 5.18,

(a) E}ZA Z |\Ijj17€1 (X)\Ijjlkl (Y)\Ijjzkz (X)\Ijjzkz (Y)|

Jiki,jak2

< Ef [2J+1 AN — Z\IJJ’“ ]k(y)2 < ZZC
j ok
E?A Z \I/jlkl(X) \Ilj2k2(Y) < (220)2

Jik1,j2k2

© BRI D Wk (X)W, (V) W, (V)?] < B}, 271 (AN — ZZI% Y)?
Jiki,j2k2

cyye
ik
On M; the only representative form is

B Y Wk (X)W (V) U0, (2 ZZ%ZZ% LYY e
J k

Jiki,j2ke

and on M, the statistic is unbiased equal to (32,7, ﬁf,c)2 under expectation.

Next, since |My| = A% and, using lemma 5.13, |M.| = O(n®),
B3N 52 <At () e Y @t onr on ) + (D)) C)*n?
7 k 7,k J k 7 k
< (Z ?k)2 +Cn% + Z Z Cn™t + (Z Z Cn71)2
gk ik ik

using the fact that 2/¢ < n and with Aln==1-2 4 Cn=2

Finally, putting all together and with the implicit term I(B) now made explicit on line 3,
E%, (Zngk)Q < (Z Zﬁjzk)2 +Cn7 2+ Z Z On=' + (Z ch_1)2
Jik Jj ok j ok ik
2
SN AFH DA, L(Te)
Jik ik J Jk
<on 303 on () + (300w 1) + 2 (50 8) 1
Jj k ik ik

And since by lemma 5.17 7,37, 1(B) < Cn=% the overall term is bounded by Crn=+a, which
is recognized as the usual rate in density estimation.

s Term Zj E TSjk

Likewise,

17, (3 T) <EfA(Zuakﬂ W) 2 (B Zuakﬂ )+ (X 1(B,)
ik ik .k
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As above, we omit the term I(B,) until it is needed, but it is implicitly present under every

>; 2 sigh.

For i € Q24 let V; be the slice (X}, X}, ... Xdzd 1, X%4). Let the coordinate-wise kernel
function Aj, be given by A (V;) = ¥ (XA )00 (Xh) - thjpa (X Ea 1 )0ja (XLa).

Let |i| be the shortcut notation for |{i'} U...uU {i??}|. Let W24 = {i € Q2% |i| < 2d}, that is to
say the set of indices with at least one repeated coordinate.

Then the mean term is written

DI EL D IP D DL

€024 j

—2dZZZE A2d _2dzzu]k

wzd j
=Qq + A2in~24g

Let M. = {i € Q%¢:|i| = ¢} be the set indices with ¢ common coordinates. So that @, is written

2d—1

len’zd; ZZZEfA ik(Vi ZZngk

By proposition 5.20 with parameters (d = 1,m = 2d,r = 1), E}, [A;(Vy)|1(M.) < C23(2d-2) and
by lemma 5.13, |M,.| = O(n¢). Hence,

2d—1 2d—1 9i (2d—c)
—2d+c —c) _ id
Qur< Y. n C2i(d=¢) = 2=J Zc<n>

c=1

which on {2/? < n} has maximum order 2/(:~9p~1 when d — ¢ is minimum i.e. ¢ = 2d — 1.
Finally [Q:] <37, I(B,)Cn ™! < Cn7+a by lemma 5.17.

Next, the second moment about zero is written

EfA(ZZ/m) =nt Y DD Mk (Vi) A (Vi)

i1,i2€(229)2 j1,72 k1,k2

74dz Z Z EfA jiky (Vis )Ajars (Vi) +A4d ZZ/’L]]{;)

Wad j1,j2 ki,k2
_ Q2+Aidn74d92
with W24 = {i1,is € (229)2:|i; Uia| < 4d}, that is to say the set of indices with at least one
repeated coordinate somewhere.
Let this time M. = {i1,i2 € (Q29)2:|i; Uis| = ¢} be the set indices with overall ¢ common
coordinates in i; and i,. So that @, is written

4d—1

QQ = n_4d Zl Z Z Z EjA Jlkl 11 J2k2 12 Z Z Q2J1klj2k2
c=

M. ji,j2 ki1,k2 J1,J2 k1,k2
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By lemma 4.9, unless ¢ = 1, it is always possible to find indices i1,i, with no matching
coordinates corresponding also to matching dimension number, so that there is no way to
reduce the double sum in ji, k1, jo, k2 to a sum on the diagonal using lemma 4.10.

So coping with the double sum, by proposition 4.7 with lemma parameters (d = 1,m = 2d,r =
2)7 E?A |A]7€(‘/;1 )A]k(‘/lz)l < C2%<4d_2c)7 and a‘ga‘in by lemma 5.13 |MC| = O(nc)7 S0 E?A|Q2j1/€1j2k2| <
St pe-td093(4d-20) which on {2/¢ < n} has maximum order 2/0-2dp~1 when ¢ = 4d — 1.
Finally, E} Q2 <) C20=2p=11(B,) < 3, C2=In~(B,) = Cn7¥a using lemma
5.17.

J1,32,k1,k2

Putting all together, and since Apn—» =1 — G 4 -2y,

2

B (S - 1) = Qo Al 16— 20(Qu + A2 240) 4 02
7 k

= Q2 — 20Q1 + 0%(1 + Al =4 _ 2424n=24) < |Q,| + 20|Q1| + O(n™2)

—2s

< Cnz+d

Term > Tuje

From {2, — ¢, = (82, — B%) + (i3, — 12.) —2(Bjkitjn — Birise) and since Ty implies that I{BB,} =1,
N 2
the only new quantity to compute is E?, (Zj S Bikiije — ﬁjkujk) , which is decomposed into

R 2 R 2
E%, (Zj Dk ﬁjkﬂjk) =233 >k Bkt B 325 > 2k Bkl + (Zj Dok ﬁjkﬂjk) .

As above, for i € Q¢*! let V; be the slice (X;0,X},..., X%). Let the coordinate-wise kernel
function Ajx be given by Aj(Vi) = Wik (X0 )thjpr (X}) -y (X k). Let 6 =057, Biwpji-

B

Let Wit = {i € Q41 |i| < d + 1}, that is to say the set of indices with at least one repeated
coordinate.

So that, E7, 3.3, Bikfijk = Q1 + AT In=4710 with Qi = n=4"1 Y an 3, 3, EF, Aj(Vi) and
“ 2
E?A (Z Zﬁ]kﬂ]k) _ QZ + Aid+2n72d7292
7 k
with Q2 =n™272 37 eaea 300 0w EF Nk, (Vi) )Ajar, (Vi) And we obtain in the same way,

EY, (Z Z Bikivje — 5jkujk)2 < Q2| +20|Q1| + O(n™?)
%

J

Let M, = {i € Q¢t1:|i| = ¢} be the set indices with ¢ common coordinates. So that Q; is
written .
Qu=n""1Y I(M) DD D B ARV =D Quik
c=1 M. j k ik

By proposition 5.20 with parameters (mqg =1,m; =d,r = 1),
E?A |Agk(‘/1)| H(Mc) < 02%(1726@2%((17261)
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with ¢; +ca=¢, 0< 1 <d, 1<c¢q <1 and by lemma 5.13, |M,| = O(n¢). Hence,

d ‘ _ d 9i\ (@+1-0)
Qljk < Zn7d71+cc2j(d7dcdfcl) _ 2](71+(17d)cd) Z C <_>

c=1 c=1 n
which on {2/¢ < n} has maximum order Cn~! when d + 1 — ¢ is minimum i.e. ¢ = d. Finally
Q1] < 32,3, I(B,)Cn~t < Cn7ra by lemma 5.17.

Next, as above Q2 =37, > ¢ 1, Q2iikijake, and again by lemma 4.9, unless ¢ = 1, it is always
possible to find indices i1,i, with no matching coordinates corresponding also to matching
dimension number, so that there is no way to reduce the double sum in ji, k1, j2, k2 to a sum
on the diagonal using lemma 4.10.

So coping once more with the double sum, by proposition 4.7 with parameters (mg = 1,m; =
d,r =2), B}, [Aje(Vi,)Ajk(Vi,)] < 2% (2=2¢a)25(2d=2¢1) with ¢; + ¢y =c, 1 <cg<2,0< ¢ < 2d,
and again by lemma 5.13 |M.| = O(n¢), so

2d+1 ) ) 2d+1 2j (2d+2—c)
B}, 1Qajikajaks| < Y mem2A72020 (0 deatdmer) — gi(=2H(d)ea) 37 ¢ <Z> 7
e=1 c=1

which on {2/¢ < n} has maximum order C2779n=! when ¢ = 2d + 1 and ¢4 = 1. Finally,
. —2s .
E} Q2 <3 i kik, C279%  I(B,) <3, Cn ' I(B,) = Cn=+a using lemma 5.17.

And so all three terms Ty, 75, T3 have same convergence rate.
For S%,,

On S8, since [¢el < |8l + lugel,

S Y Y A8 <230 S () +2 3 YA (s,)

Jj=jo k Jj=jo k Jj=jo k Jj=jo k

Let 2/:4 ~ n© be the optimal resolution depending on s and lying somewhere between 0

and j,
J1

J1
YoYU BRI(S) <24+ >N B I(S)
Jj=Jjs k

Jj=jo k

J1
< (logn)nm + 3 N 52,
Jj=Js k
with the term on the right lower than 2=%- ~ nTore using the Byy, membership of fa.
If we take 2/:¢ ~ n>=7, the optimal resolution in density estimation, we get the density
estimation adaptive rate (logn)n¥+, which is better than the one above.

For D%, all terms fall under a large deviation bound. On non matching events that are of
the type BS or BS, we have |3, — 8| > | |8jx|—|8jx| | > t/2, and the corresponding probability
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is bounded by lemma 5.16 ; likewise on non matching events that are of the type B,S, or
SuBy, we have |fik — | > | | — |l | > t/2.

Let Ay, = BSUBS,B,UB,S,USB,B and Ay, = BSUBS, B, UB,S,USB,B. Since by lemma
5.16 the large deviation rates for 8, is negligible compared to the one of 3;;, and since by
this same lemma also P}PAHB]-;C — Bjk| > 4t] < 2n—e/C,

PP (D) + PP (Do) < CPE ({8 — Bl > t/2}) + CPF ({Iftje — pinl > t/2})
< CP}, ({1Bjk — Bixl > t/2})
< Cn~ct/,

Next, from the expansion
2 ~2 2 2 2 ~2 2
(X 0m) = (X Gram) + (CGiaen) —23 3 i) 303 Gil(Azn)
gk gk gk ik ik
we compute, using Holder inequality, and lemma 5.19,

R 2 R R
E}IA (Z <J2k ]I(Alﬂk)) = Z E?chzlklcjzzkz ]I(Aljlkl) ]I(Alj2k2)
7,k

Ji,d2,k,1,k2

=

IN

Z [E?A éjslklE}lAéjszsz?A H(Aljlkl)Eg}A H(A1j2k2)}

J1,92,k,1,k2

1 2 .
(Z C[P.?A(Aljk)]z) < 2hdCp=et/2C < Cplmed/2C
.k

IN

which can be made arbitrary small by raising ¢;. Other terms follow in the same way:.

Finally, with j, = 0 or some unities, and 291 ~ (nlogn)~!

. . =2
E},[Cjoin — Cjoin)? < 200~ 4274905 1 BR NN (5, — (3)?
g k

<COn~' +C(log n)n%

5.3 Practical issues

In the context of ICA, once estimated, the factorization measure still needs to be minimized.
This is generally resolved through constrained minimization on a Stiefel manifold, because
a preliminary whitening of the data through principal component analysis (PCA) restricts
the problem to orthogonal mixing matrices.

At this stage, the need to compute an empirical gradient practically rules out the Haar
wavelet which is much less responsive to a small perturbation of the mixing matrix than
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a more regular D2N. Indeed, projection with a Haar wavelet is equivalent to building a
histogram, a procedure intrinsically immune to small perturbations of the data. But a
minimization method not gradient based may decide otherwise, as it has been noted on
dimension 2 examples that contrast curves based on the Haar wavelet have a visually well
localized minimum (Barbedor, 2005).

In density estimation, it is customary to load the projection starting with a Haar (D2)
wavelet at some high resolution, then apply some filtering passes down to an appropriate
resolution, using the filter of a more regular wavelet, D4 for instance. In the thresholding
version, the projection is moreover decomposed in its 3;, coefficients, to be able to apply
the threshold, then reconstituted at the desired resolution.

In ICA, avoiding the use of the Haar wavelet means that computation of the projection
with a D2N must rely on approximation at dyadics and direct computation; a rather
unused method which nevertheless present no major inconvenience.

During the minimization process, the parameter W, d x d, representing the current ICA-
inverse of A, is moving all along the descent path on the Stiefel manifold as we strive to
minimize C?(fwa — fj4) based on observation WX, where X, d x n, is the random sample
of f4 at hand. It has been checked in the preliminary paper (Barbedor, 2005) that mixing
by an invertible A conserves Besov membership. Consequently, to produce a risk bound
that encompass the entire procedure, the only needed Besov assumption is that f belongs
to some By,,, and membership will be automatic at any point fw 4.

Concerning implementation, the complexity of the wavelet contrast is linear in the sample
size but exponential in the dimension d of the problem that is : O(n(2N —1)?) for projection,
plus O(27¢) to compute the contrast itself (N is the order of the Daubechies D2N, N=2
is enough in our simulations, d the dimension of the problem); this is on account of
the implicit multivariate density estimation. Using a U-statistic estimator would entail a
complexity in O(n?(2N —1)¢) with no exponential complexity in j but square complexity in
n.

Simulations show that, if not the fastest available, computing times are not prohibitive,
depending on the context of application. In particular, the computation of wavelet values
at dyadics, at some given precision, is not a bottleneck of the procedure (Barbedor, 2005).

In compensation to the computational load in high dimension, the wavelet contrast shows a
very good sensitivity to small departures from independence, and encapsulates all practical
tuning in a single parameter j. In the linear case, for all practical purpose, choosing j such
that 27¢ < n is generally enough to obtain convergence. The thresholded version builds upon
the automatic starting resolution j;:27:1¢ ~ n(logn)~!, this choice would be convenient also
in the linear case.

Computation of the estimator C;

Practical points used in the introductory paper on ICA by wavelets (Barbedor, 2005) are
not repeated here, this include computation of ¢;x(x) at dyadic rational numbers, signal
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relocation and whitening step.

For what concerns the discrete wavelet transform, there is some point in detailing the
implementation because an algorithm in dimension more than 2 is more rarely found in
existing packages.

The algorithm is the usual pyramidal algorithm in dimension one applied to all rows in
the cube found by fixing all but one dimension index. An efficient implementation relies
on a flat array representation of the cube. Let us take the convention that A(k',... k%) is
stored in a vector sized 27¢ at position k'27(4=1 4+ 4 k(=127 4 k4 so that elements in the
last dimension (k?) are stored contiguously in memory.

Apply the pyramidal algorithm to the 2/(¢=1) 2i-long sections in dimension k¢ that are
readily found in A at offsets 27, i =0, 27(4=1) — 1.

apply a cyclic transposition so that A(k',..., k%) is now in the order A(k k!',... k%) (see
an algorithm for that in Wickerhauser, 1994) ;

return to step one while the number of transpositions is lower than d (the dth transposition
gives back the original order).

Since the pyramidal algorithm moves the a;; in the first half of the vector and the 3;; in the
second half, we see that starting with the second dimension, we have automatic composition
of filters GG, GH, HG, HH thus matching the intended effect of multidimensional filtering.

A second application of the DWT needs to filter only the first half of all sections still found
at offsets 27, i = 0,2/(¢=1) — 1, but this time only 2/~'-long.

For a signal at resolution j > 0, we can deconstruct the signal by successive DWT up to j
times and obtain finally the projection on V; = V; consisting of just one coefficient located
at A(0).

For thresholding, after complete deconstruction, we just need to set to zero the vector A
where it is lower than the threshold (except at position 0), and compute the contrast on
the Bjk'

See References below for an implementation.
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Choice of the threshold in practice

Figure 1 shows the quantiles of the distribution of 3, coefficients (in absolute value) for
the densities taken in example in this section, with j =1 to 7, k =0...2/%; corresponding
figures appear in Table 1 below. All results in this section can be reproduced using the
program icalette2t.

Betas distribution - triangular, uniform, semicircular Db= 4 nobs= 100000 j1=7 Betas distribution - Pareto, exponential, Student, Cauchy Db= 4 nobs= 100000 j1=7
0.018 T T T T T T T

T T T T T T T

—)

T T
Pareto

exponential -------
Student --------
Cauchy

" T
triangular
uniform ---
semi-circular ---

0.016

0.014

e, e e
T
L

0.012

0.008

quantiles ( 200 th)
quantiles ( 200 th)

0.006

0.004

0.002

1 1 1 1 1 1 1 I

0 20 40 60 80 100 120 140 160 180 2000 20 40 60 80 100 120 140 160 180 200

Figure 1. Quantiles of nonzero beta coefficients for some densities in dimension 2 , signals relocated in ]_71, %[

N=100000, initialization at j=7 with D4 at L=10, deconstruction with D4 down to j=1, max. beta not shown.

qu. uniform semici. triang. Pareto expone. Student Cauchy
30 0.52E-03 0.37E-03 0.28E-03 0.14E-05 0.26E-04 0.10E-05 0.38E-05
50 0.12E-02 0.96E-03 0.76E-03 0.20E-04 0.15E-03 0.15E-04 0.19E-04
80 0.27E-02 0.24E-02 0.23E-02 0.55E-01 0.26E-02 0.16E-03 0.85E-03
99 0.11E-01 0.76E-02 0.79E-02 0.11E+02 0.72E+00 0.63E+01 0.15E+02
max 0.50E-00 0.50E+00 0.50E+00 0.35E+02 0.22E+01 0.39E+02 0.58E+02
rsup 0.49E-00 0.47E-00 0.47E+00 0.49E+00 0.45E+00 0.49E+00 0.49E+00
wsup 0.20E-06 0.14E-06 0.27E-06 0.31E-04 0.16E-05 0.17E-04 0.32E-04

Table 1. Figures corresponding to Figure 1

We can see that uniform, semi-circular and triangular densities (on the left of Fig.1) present
a similar profile, which can be characterized as noise-like coefficients up to 95%, with a
break on the very last coefficients only, and a maximum 100 times bigger than the bulk of
the distribution, meaning that very few 3;, hold the core of the density shape.

The break happens sooner for distributions with a peak (on the right of Fig.1) : Pareto
(80%), Cauchy(85%), Student(90%), and exponential(95%), and the maximum is only
10 times bigger than the bulk of the distribution, meaning that significantly more 3;; are
needed to fit the density shape. Choosing a threshold below those breaks will likely produce
no visual effects on the contrast curves.

This illustrates the action of a fixed threshold ; more coefficients are chopped off for the
densities on the left (low frequency) than for those on the right, and more coefficients for
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the exponential distribution than for the Pareto distribution. The adaptive property of the
fixed threshold comes from the adaptive properties of the g;y.

The exact level of that overall adaptive threshold can also be adjusted for the density at
hand.

Recalling equations 41 and 40, we know that the adjusted parameter ¢; is related to || fallc ;
since we deal with relocated and spread into |5, [ signals, || fallc Will rather unpredictably
be close to 1 as shown in Table 1 (line rsup); so we take the supremum norm before
relocation but still after whitening, thus removing some size effects (line wsup). We can
then automatically lower the overall threshold when applied to densities with a peak (and
higher supremum norm after whitening), or raise it for flat densities, which is generally

speaking a desirable behavior.

Alternately, one could just decrease the threshold, starting from the raw threshold value,
and decreasing one distinct ordered beta at a time, until the shape of the contrast curve
shows a satisfactory pattern for minimization to follow. In higher dimensions, this can also
be done on each of the C? free plans of R?.

Remarks

1. it seems better to choose an n such that in the rule 2/¢ ~ n/logn, j as a floating point
number is already close to the rounded integer value that will be used for resolution, not
5 away from it.

2. 7 must be sufficiently high to cover less regular densities ; if the linear contrast fails at
j because of too a low resolution, there is no hope to improve things with thresholding.
Since the choice of j is determined by the number of observations n, according to the rule
just mentioned above, n should be chosen around 30000 to reach j=6 in dimension 2, and
50000 is a better choice according to remark 1. For j = 7, n=190000 gives best results. But
it is to be noted that with that much observations, the linear contrast is just as effective,
at least in the examples below, that may be rather noise free because artificially generated
and not specially designed to contain noise.

Figures below show the thresholded and linear wavelet contrast for j = 7 and 180000
observations for the set of densities taken in example, and with ¢, = 6.10">wsup~—! as read
in Table 1.

The general effect of an aggressive thresholding seems to be a slope decrease near maximum
Amari distance and a slope increase near the minimum. This is most visible on the example
of the triangular density and perceptible on the uniform and semicircular (Fig. 1 to 3). In
a way, this makes the task harder for a line search descent algorithm. So one can consider
that if the curve shows this pattern, the threshold is already too high.

When the threshold is non aggressive (Fig. 4 to 7) the curve looks pretty much like the
linear one, even with a rather high percentage of betas chopped off. This is probably
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because we took signals with few very low

uniform t=.100E-20 chopped 0.0000 Db= 4 nobs=180000 j1=7 t*=.479E-02

noise level.

uniform t=.425E-02 chopped 0.9560 Db=4 nobs=180000 j1=7 t*=.425E-02

100 T T T T T T T 01090 T T T T T T T 0.12
- amari amari
contrast --—- contrast -
90
0.12
80
70
0.1
60
0.8
40
0.06
30
20
0.04
10
0 L L L L L L L L 0.0D L L L L L L L L 0.02
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
rotation angle(deg) rotation angle(deg)
Fig.1. Uniform, linear Fig.1t. Uniform, t=.00425, 95,6% off
semicirc_0_1 t=.100E-20 chopped 0.0000 Db= 4 nobs=180000 j1=7 t*=.425E-02 semicirc_0_1 t=.419E-02 chopped 0.9739 Db= 4 nobs=180000 j1=7 t*=.419E-02
100 T T T T T T 0.am0 T T T T T T T 0.05
amari
- contrast -------
0.06®
0.045
0.080
0.058 0.04
0.0%0 B
0.035
0.080
0.03
0.040
0.03® 0.025
0.020
0.02
0.028)
0 L L L L L L L L 0.020 L L L L L L L L 0.015
0 10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90
rotation angle(deg) rotation angle(deg)
Fig.2. Semi-circular, linear Fig.2t. Semi-circular, t=.00419, 97,4% off
triangular_-4_4 t=.100E-20 chopped 0.0000 Db= 4 nobs=180000 j1=7 t*=.390E-02 triangular_-4_4 t=.386E-02 chopped 0.9630 Db= 4 nobs=180000 j1=7 t*=.386E-02
0.081 . . . . . . . 0.03
amari
contrast -------
0.08P 1 o0.028
0.0380
0.026
70
0.029
0.024
60 Bl
0.028
50 0.022
0.027
40
0.02
0.026
30
0.018
0.0gb
0.02¢y 0.016
0 L L L L L L L L 0,020 L L L L L L L L 0.014
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
rotation angle(deg) rotation angle(deg)
Fig.3. Triangular, linear Fig.3t. Triangular, t=.00386, 96,3% off
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70

Pareto_1_2 t=.100E-20 chopped 0.0000 Db= 4 nobs=180000 j1=7 t*=.482E-02

Pareto_1_2 t=.253E-04 chopped 0.6029 Db= 4 nobs=180000 j1=7 t*=.253E-04
12

60

T T T T T T T T
- amari
contrast -~

T T T T T T T T
amari
contrast -~

L L L L L L L L L L 0
0 10 20 30 40 50 60 30 40 50 60 70 80 90
rotation angle(deg) rotation angle(deg)

Fig.4. Pareto, linear Fig.4t. Pareto, t=.0000253, 60,3% off
exponential_0_1 t=.100E-20 chopped 0.0000 Db= 4 nobs=180000 j1=7 t*=.422E-02 exponential_0_1 t=.750E-03 chopped 0.7035 Db= 4 nobs=180000 j1=7 t*=.750E-03
100 T T T T T T T T 1a0 T T T T T T T T 20
amari amari
contrast contrast
90 18
80 16
70 14
60 12
50 10
40 8
30 6
20 4
10 2
0 L L L L L L L L 0 L L L L L L L L 0
0 10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90
rotation angle(deg) rotation angle(deg)
Fig.5. Exponential, linear Fig.5t. Exponential, t= .00075, 70,3% off
Student_0_1_3 t=.100E-20 chopped -0.0250 Db= 4 nobs=180000 j1=7 t*=.482E-02 Student_0_1_3 t=.289E-04 chopped 0.6470 Db= 4 nobs=180000 j1=7 t*=.289E-04
70 T T T T T T T 075 T T T T T T T 0.35
amari amari
contrast ------- contrast -------
60 - 4 03
50 | \ 4 025
40 - . 4 02
30 . 4 0.15
20 4 01
10 4 0.05
o & L L L L L L L L N g0 L L L L L L L L N
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90

rotation angle(deg)

Fig.6. Student, linear

rotation angle(deg)

Fig.6t. Student, t= .0000289, 64.7% off



Cauchy_0_1 t=.100E-20 chopped -0.0535 Db= 4 nobs=180000 j1=7 t*=.482E-02 Cauchy_0_1 t=.244E-04 chopped 0.5713 Db= 4 nobs=180000 j1=7 t*=.244E-04

60 . . : — : : . 0.068 . . . . . . : r 0.005
e amari amari
contrast ------- s - contrast -------
p N - 0.0016 T ™ - 0.0045
50 | 4 50 | R 4
/ h 4 0.0014 g \ - 0.004
40 1 o002 - 0.0035
; . 4 0001 | . 1 o008
30 |- 1 3/ 1
g 4 0.0008 4 0.0025
20 ¥ 4 o.0ms - 4 0002
-+ 0.0004 4 0.0015
10 H {4 10H H
0.0002 4 0.001
0 I 1 1 1 1 1 1 1 1 N 0 0 1 1 1 1 1 1 1 1 0.0005
0 10 20 30 40 50 60 70 80 ) 0 10 20 30 40 50 60 70 80 )
rotation angle(deg) rotation angle(deg)
Fig.7. Cauchy, linear Fig.7t. Cauchy, t= .0000244, 57.1% off

5.4 Appendix 1 — Propositions

Proposition 5.19 (rth moment of 3;, and fij;)
Let (X1...,X,) be an i.i.d. sample of a random variable on RY.

Then ,
E} B} = By, + O(n™") + O(27*E It 1{2/* > n}
E},Bjt — Bl = O(n™") + 0@Vl ) 1 {24 > n}

and
B b, = i + O(n 1) + 0(270F ~Vpl=rdy[ {27 > p}

B}, |k — py|” = O(n™1) + 0(270F ~Unt =) 1 {27 > n}

Let Qr = {(i,...,im):i* € N, 1 < i* < n}. Let M. = {i € Q:|[{i'} U...U{i™}| = ¢}. Let
W= U M.

For the raw moment,

n Ar 1 n 1 n T —TAr
ieqr €Wy

and since by lemma 5.13 |M,| = O(n¢), and by proposition 4.7 with (m =1,r =r)
E7 (X)W (X[ T(M,) < 2% (7720,

r—1 r—1 ; (r—c)
1 m E E c—reil(r—2¢ —7d%L E 2jd
FEfA |\I]Jk;(X11)\I]Jk;(XZT)| SC n 22( 2 )202 ]d2 (_) )

. n
1€ W;{ c=1 c=1
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which on {27¢ < n} is of the order of C277452i4p~1 < Cn~1, for » > 2. And which on {2/¢ > n}
is of the order of C2/4(5-pl-r,

It remains to note that A”n=" =1+ 0(n"1)

For the central moment,

T

E}, (Bir = Bi)" = Ef, D (1) "B},

£=0

- rT— n 1 T —
:Z(_n ZEfAW Z W (Xan) - W (Xe) BT

ieWwt
+Z (14 0(n™)B587 "

where line 3 is of the order of O(n™1!).

Next from what precedes for ¢=2,...r,
n 1 d(1—Ly - A1) 1_ -
EfAW Z W (X)W (Xe)| = O(2Jd(1 n 1)]1{2](1 < n} +O(23d( +5)p1 Z)H{de > n}
iEW?
and since |8;| = O(277%/2),
E}, 1Bk — Binl" = B ~C0(2740 =81 [ {294 < n} + |G PO (29411 = 1 {27 > )}
=2

= Y020 ) {24 < n} + O(27U- 501~ [ {277 > )

=0 (2402 ) 1{2/? < n} + 021t T{204 > n}

For i, = Bjkl. .Bjza, Consider for i € Q¢ the slice V; = (X},...,X%) and the kernel
A ( ) 1/1gk( ) Q/J]k( )

Then by symmetry with the case above,
n "T 1 n 1 mn kA - ks
ie(Qd)r ieWwrd

and likewise, using proposition 5.20 with parameters (m; = d,mg = 0,r = r), we see that
Ef Njk(Vin) - Ao (Vir )| T(M )<22(”1 2¢)and so

rd—1 ‘ rd—1 2j (rd—c)
B Y (Vi) AglVi)| < O3 e = ogmats 3 (z) ,
ieWwyd c=1 c=1

which on {2/ < n} is of the order of C277922/p~! < Cn~!, for r > 2. And which on {27 > n} is
of the order of ¢2i(% ~1pl-rd,

The remaining of the proof follows in the same way as above.
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Proposition 5.20 (Product of r kernels of degree m)

Let r e N*. Let m > 1. Let (X1...,X,) be an i.i.d. sample of a random variable on R?. Let
Qm be the set of indices {(il,...,i™):i) € N, 1 </ <n} . Let ¥ be the tensorial wavelet of a
Daubechies D2N.

ForicQm, define the kernels

Aif = \Ifjk(Xil) e \Ifjk(Xim)
Lo
bir = Vi (X53) o (X )W a (X +1) « oo W (X 4 ).

Let 7 be the set of distinct coordinates in i and let ¢ = c(iy,...7,) = |1 U...Ui,| be the overall
number of distinct coordinates in r indices (i, ...i,) € (Q™)".

Then _
ny,, . ) 14 (mr—2c)
Ef |a111€1 .. .ah‘kT| < (2=

E} iy, - bik, | < C2°F (mar=2ca) g3 (mar—2e+2ca)

with cq = cq(i1,...7,) < ¢ the fraction of ¢ corresponding to products with at least one ¥(X)
term and 1 <cg <mgr, 0<c—cqg <myr, 1 <c < (my +mo)r.

Using lemma 4.4, one can see that the product a;,y, ...a;.x,., made of mr terms, can always
be split into [7; U...U7,| independent products of ¢(1) dependent terms, 1 <1< |i; U... U7,/
with ¢(l) in the range from [i;| V...V [i;| to mr and 3, ¢(l) = mr.

Using lemma 5.18, a product of ¢(I) dependent terms, is bounded under expectation by
2% (0=-2) Accumulating all independent products, the overall order is C2% (mr—2laU..2:)

For b;,1, ...b;,x, make the distinction between groups containing at least one ¥(X) term and
the others containing only ¢(X*) terms. This splits the number |i; U... U7, into gy + gy-
Let ¢y (1) be the number of 4 terms in a product of ¢(I) terms, mixed or not.

On the gy 4 groups containing ¥ terms first bound the product of ¢,(l) terms by 2w ®),
and the remaining terms by €2%(0-c.=2)_ On the g, groups with only 4 terms, bound
the product by C23(cv(®-2)

The overall order is then

oS [(27 e —co) =20w.] 94 S04 o) 93 [(300, cu ) —200]

The final bound is found using Y7, ¢y (1) + 7% ey (1) = mar and 27" ¢(l) — ey (1) = mar.
Rename ¢4 = gu,y and ¢ — ¢4 = gy.
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As for the constraints, in the product of (m; + mg)r terms, it is clear that ¥ terms have to
be found somewhere, so ¢; > 1, which also implies that ¢ —c; = 0 when ¢ =1 (in this case
there are no independent group with only ¢ terms, but only one big group with all indices
equal). Otherwise cq < mgr and ¢ — ¢; < m;r since there are no more that this numbers of ¥
and ¢ terms in the overall product.

O

5.5 Appendix 2 — Combinatorial lemmas

Lemma 5.12 (Property set)
Let Ay, ..., A, be r non empty subsets of a finite set Q. Let J be a subset of {1,...,r}.

Define the property set By = {x € UA;:x € NjesAj; ¢ UjescAj}, that is to say the set of
elements belonging exclusively to the sets listed through J. Let by = [B;| and by = 37, ;_, b

Then 375 _o 3 5= Bs = Q, and

ALV A S e = AL UL A S AL+ A =) kbs
k=1

k=1

with equality for the right part only if b, =0, Kk = 2...,r t.e. if all sets are disjoint, and
equality for the left part if one set A; contains all the others.

It follows from the definition that no two different property sets intersect and that the
union of property sets defines a partition of UA;, hence a partition of Q with the addition
of the missing complementary Q — uUA; denoted by By.

With By, an overlapping of r sets defines a partition of Q with cardinality at most 2" ; there

are C¥ property sets satisfying |J| = x, with > _ Cr =27,
O

Lemma 5.13 (Many sets matching indices)

Let m € N, m > 1. Let Q™ be the set of indices {(i',...,i™):7 € N, 1</ <n}. Letr e N, r > 1.
Let I = {i € Qi by # 0y = i £},

Fori=(i',....im) e Qp, let i=U, {i’} C {1,...,n} be the set of distinct integers in i.
Then, for some constant C depending on m,

#{(il,...,ir)e ()", |i1U...UiT|:a}:O(n“)I{|€1|\/...\/|ir|§a§mr}

and in corollary #{(z’l,...,ir) eI iU Ui, | = a} =0 {m <a<mr}.
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In the setting introduced by lemma 4.4, building the compound (i1, ...,7.) while keeping
track of matching indices is achieved by drawing by, = |%| integers in the 2°-partition
by = {1,...,n} thus constituting i, then b}y oy +b75y = |i2| integers in the 2'—partition {b},,, by}
thus constituting two subindexes from which to build 7, then b3, , 4, +b%; 5, +}, 5 +bi5y = |7
integers in the 2°—partition {07, ,,, b7, bfyy. b3} thus constituting 2* subindexes from which
to build 73, and so on, up to by, ., +...+b},, = |i,| integers in the cardinality 2"~" partition

{bgf,.l..,r—u ..., by~'} thus constit)ﬁfing 27~! subindexes from which to build 7,.

The number of ways to draw the subindexes composing the r indexes is then

bll b21 R b22 le T
AL At gl (37)
0 {1} (1] {1,...,r—1} 0

j+1
JUu{j+1}

with the nesting property v/, = o' + (provided J exists at step j) and A™ = 2

(n—m)!"

At step j, the only property set with cardinality equivalent to n, is Bj~', while all others
have cardinalities lower than m ; so picking integers inside these light property sets involve
cardinalities at most in m! that go in the constants, while the pick in B)™' entails a

. X bj bj
cardinality A [} = A

by
= . N R o
bjwfl n—\zlu...Uz]-,ﬂ

Note that, at step j — 1, by~ = n— |7 U... Ui 1|, because, at step j, b}, designates
the number of integers in 7; not matching any previous index 7j,...,7;_1; so that also
Yo by =16V, U|; and incidentally 35, ) = |7].

The number of integers picked from the big property set at each step is
bry b7 b
Ay A . .Abéfl
with bj =n— [0 U... UG, bj =nand Y[, b, =[G U... UG
For large n this is equivalent to nlaY-Virl,

Having drawn the subindexes, building the indexes effectively is a matter of iteratively
intermixing two sets of « and b elements ; an operation equivalent to highlighting b cells in
a line of a + b cells, which can be done in C? , ways, with C% = Az /pl.

Intermixing the subindexes thus involve cardinalities at most in m!, that go in the constant

C.
Likewise, passing from 7 to i involve cardinalities at most in C/i and no dependence on n.

For the corollary, if i € I then 7 = i and |i] = m. If moreover ! < ... < i", the number of
ways to draw the subindexes is given by replacing occurrences of A" by ’C” in (37), with
cm = #Lm),, which does not change the order in n. Also there is only one way to intermix
subindexes, because of the ordering constraint.

O

Lemma 5.14 (Path of non matching dimension numbers)
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Let r € N, r > 2. Let Q = {(i*,...,im):i* € N,1 < i* < n}. Fori € Q¢, let Ajp(V;) =
Vi (XA) . (X)), Let @ be the set of distinct coordinates of i.

In the product

(ZZ > A) = = 22 3 Akl (R)

ieQd i1, FE(QA)T 1w k1o ki

unless iy U...UT,| < r, it is always possible to find indices (ii,...,i.) such that no two
functions ;i Y matching observation number also match dimension number.

Let c=|hu...u?|. For 1 <¢<n, let ¥4 = (¢,...,¢) € Q.

With r buckets of width d defined by the extent of each index k; ..., k., and only ¢ < r distinct
observation numbers, once ¢ buckets have been stuffed with terms V,s., some already used
observation number must be reused in order to fill in the remaining » — ¢ buckets. So that
r — ¢ buckets will match on dimension and observation number allowing to reduce the sum
to only ¢ distinct buckets.

Once ¢ > r, starting with a configuration using Viwa, ... Vyga We can always use additional
observation numbers to fragment further the ¢®¢ terms, which preserves the empty
intersection between buckets.

O

5.6 Appendix 3 — Thresholding related lemmas and others

Lemma 5.15 (wavelet contrast in 3;;)
With jo < j1 one has,
J1
Cir1(f) = Cio (N + DD (Bjk = Bikr - Bjga)*
Jj=jo k

where k= (k*,..., k%) and B = [ f*(a")¢e (%) da® and Bjx = [ f(z)¥j,(x) da.

Recall the reconstruction part of the cascade algorithm :

Ok = E Ch—200j0 + di—20 B¢
¢

with ¢, and d, two orthogonal quadrature filters satisfying for n € N, 3", ckcpton = 0(n),
> diditon = 6(n) — with §(.) the Kronecker delta — and Y, cxdyion = > pdichian = 0
(Daubechies, 1992, p.137).

These relations extends easily to the multidimensional case.
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Write ajx = ajpi...aa and Bjy = B ... B for the coordinates on Vi and Wi of the
projections of f*!'...f*: so one has,

vk = Y ch-2e(oje — ije) + di—20(Bje — Bie) ;

¢
so that,
i = D ch-aeck—ar(aje — co)(aje — dyor) + di—sedi—20 (B — Bje) Bier — Bjer)
e
+ 20k 2020 (e — o) (Bier — Bier),
and,

Cip1=) [(aﬂ — de) (oo — o) Y ckaeck-o0 + (Bie — Bio) Bie — Bie) Y di—2edi 20
K

0,0 k

+ 2(avie — o) (Bjer — sz') Z Ck2£dk2£’}
%
Z aje — &) + (Bje — Bje)?
¢

Ci+ Y (Bik = Bjwr - Bipa)?,

k

since Y, ck—aeCr—2e = Dy CkCipo—ery = 0(0 — '), and likewise >, dp_oedi—20 = 6(¢ — ¢') and
>k Ch—2edp—20 = 0.

Other summing ranges in j are obtained by recurrence.
O

Lemma 5.16 (Large deviation for term by term thresholding)

Let Bj, and B, be the moment estimator of the wavelet coefficients as defined in (7), and
suppose that 274 < n/logn ; then

5 1
PP 1B = Bl > S/ =22 ] < 20/ (33)

n A c; [logn 3 c
Pl > [ 23] 1 <20 (i)

and,

Applying Bernstein inequality to Vi = W;;.(X;) — E}, U (X;), with,

Vi < (1Y [loo < 272 W]|og + Bji < 2]| ¥ 0c27"/2,
B}, Y2 < B} W (Xi)? < || falloo,

_a [logn
/\_2 n ’
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we find that,

2
P 1y — Al > /222 ) < 2 ( ctlogn ) ; (39)
8

c 1 Neaidll
(1Falloo + 2] W oo &2 [28 7250 3)

next since j < j;, we have 274 < 2114 < Clon , and so,

gn

2
~ lo ( — 3 )
P}ZAHﬁjk — 6]/{:' > %’ / %] < o \Ballec 21 ¥l ) )

and we can choose ¢; such that ||fall« < Cec:; so that it simplifies further to,

N 1
PR 18 = Bl > S/ 222 ] < 2nmeu/C, (40)

Likewise applying Bernstein inequality to Vi = U .. (X]) — E}, ;. (X[), with,

Vil <[V ]loo < 2772 [[9]low + Bje < 2[|1h]1027/2,
.?Ayi2 < E?ijk(Xi)2 < Hfzé”wv

7& logn 2
S

we find that,

L 1

ct [logn} 2d —cZ(logn)ant—1/d

PR Bjne = Biel > = ] <2exp

2 n

lOgnl/d . :
815 oo + 210 lloc % | =2 27| )

again since j < j;, we have 274 < 2714 < Olon , and so,

gn

n oA a [log n} g —c}(logn)an!~1/d
P e — B > = <2ex
fAHB]]C ﬁjk | 2 { n ] = P (8(|f2é||oo + 2”‘/)”00%0

and we can choose ¢; such that ||falle < Cecs; so that it simplifies further to,
3 lo Z 19
Py [1Bjre = Bjnel > 5 {%} | < 2exp (~cu/Cllogn)tn' /1)
Ct

The third lemma ensures that for f € B..(R?) and with a choice of resolution j; suitably
related to the threshold ¢, the number of big coefficients in the expansion truncated at j;
is increasing at a rate slower than n.
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Lemma 5.17 (Number of big coefficients)

Assume that fa belongs to the Besov class Bgy(RY), and choose 2114 = Olon and t =

gn
C 10%; Set
B={jk : Bl >t/2}, B'={ik : |Be| > (t/2)7}
B,=B'n...0nB*C {j,k : |u|>t/2},
with pje = Bjkr ... Bjka.

Then :

J1
a) ZZ #{ .]7 |6]k| > } < Cn2 +d
7=0 k

and likewise,

1

DS IB) < #{G: k) gkl > 5} < Cna,
k

J
=0

For a), applying Markov inequality to the random variable X: (j,k) — |3;x| defined on the
set Q.5 = {0, k):js <j <1, 0<k! <29 1=1...d} we see that,

roJi

=#{(, %), 18| > 5 }<< > ZZWM

with # the notation for set cardinal.

#8.0 Pr(X >

l\:zlw~

So that, using the B,,, membership of fa as expressed by (28), i.e. the fact in particular
that,

J1
Z ZQJ'T(H%*%)WMV <,
j=js k
we have,
J1 J1
Z ZI(B) < ory—ro—dsr(s+4—4) Z Zga‘r(s%*%)wﬂcr
=i k =i

5 42
<( n ) g dur(st - (42)
~ \logn

< Curl2giir (44,

And also for the remaining sum down to 7o,

>3

Jj=jo k

9(js+1)d _ ) )
! < 2054 g 9Jad, (43)

Take 27+ = n=ra, the last line of (42) changes into Cn=%7, which has constant rate for all
r; next in (43), the sum is also bounded by n=7.
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For b), since we assumed that any marginal is in B, (R), the product of marginal
distributions is in By, (R?) (see Barbedor, 2005), and so using the same argument than
n (42), we have

o~

J1
Z ZI < #{ .]7 |6]k1 . 6]kd > % 2 ZZ |6]7€1 . 677€d )
Jj=js k j

1

so that, with the same choice 27¢ = nz+a, and (43) also true for B,, the sum of indicators
is of the order of Cn=%. o

Lemma 5.18 (rth order moment of ¥ ;)

Let X be random variables on R® with density f. Let ¥ be the tensorial wavelet of an MRA
of La(RY). Let B, = EyU;u(X). Then for r € N*,

Ef|(X) = Biel” < 27 Ef |0 (X)|" < 27274670 f]| oo | 0|7

<l
<l

For the left part of the inequality, (Ef|\11jk(X) - ﬁjk|r)

also 1, 0,(X)] < (Elw, ()" (1)

< (Ef|‘1’jk(X)|T) + E¢|¥;,(X)|, and

r—1
T

For the right part, Ef|W;c(X)|" = 209/2 [|W(22 — k)|" f(z)dz < 279G f| || |~
O

Lemma 5.19 (Daubechies wavelet concentration property)

Letr €N, r > 1. Let ¢ be a Daubechies D2N wavelet. Let h;j, be the function on R™ defined
as a product of translations of v

h/jk('rlv R Im) = 1/}(2J'r1 - kl) s ¢(2jxm - km)v
with k= (K, ..., k™) € Z™.
Then,

(ZZ| (@, |) < [27H AN = 3)]" IS (el (44)

j=0 =0 k&

With a compactly supported Daubechies wavelet D2N, whose support is [0,2N — 1], the
product @ — ;i ()1hee(x) is zero for H2N=L < L that is to say for (27770 — k| > 2N — 1, with
j>j say.

When j and k are fixed, and 0 < j,j’ < J, the cardinal of the set [2/-7'¢ — k| < 2N — 1 is at
most equal to (4N — 3) + (AN — 3)2¢! 4 ... (4N — 3)2¢li—7'l with e = sign j/ — j. That is to say
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there are twice more points at each higher resolution and twice less points at each lower
resolution. The cardinal is then lower than 2/+1(4N — 3) in any case.

So that,
J
Zzh Z Z h’Jlkl" Jrkr I(A)
j=0 k G1yedr k1,ekp

with A = {29 7Ju |k} — k?| < (2N —1); i1, iz, 43,94 =1...7; €1,lo=1...m; }. Once k; and j;
say, is fixed, the cardinal of A is not greater than [2/+'(4N — 3)]™("—1),

Using (|hj e |" - b, [1)F < 230, Ry |”, for r>1,

(O < S (Il o ) T{A)
ik

jl.,kl.,...,j',‘7k7‘

1 , .

=;[ Z s T T{AY 44 DT [ T{A}
31,k sk J15K1 5 Jr sk

[2J+1(4N m(r 1)ZZ|hﬂ€|

Lemma 5.20 (Bernstein inequality)

if Yi,...,Y, are i.i.d. bounded random wariables such that E(Y;) = 0, E(Y?) < o2, and
Vil < Y]l < +o00, then,

< 2ex SULY
= 2P A T VD) )

E BRI
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6. Stiefel manifold, optimization and implementation issues

The estimator ¢; can be computed with any Daubechies wavelet, including Haar.

For a regular wavelet (D2N, N > 1), it is known how to compute the values ¢;;(z) (and any
derivative) at dyadic rationals, see for instance the book of Nguyen and Strang (1996) ;
this is the approach we used in this paper.

Alternately, using the usual filtering scheme, one can compute the Haar projection at high
j and use a discrete wavelet transform (DWT) by a D2N to synthetize the coefficients at
a lower, more desirable resolution before computing the contrast. This avoids the need to
precompute any value at dyadics, because the Haar projection is like a histogram, but adds
the time of the DW'T.

While this second approach is almost exclusively used in density estimation, in the ICA
context it leads to either an inflation of computational resources, or a possibly inoperative
contrast at minimization stage. Indeed, for the Haar contrast to show any elasticity under a
small perturbation, j must be very high regardless of what would be required by the signal
regularity and the number of observations; whereas for a D4 and above, we just need to
set high the precision of dyadic rational approximation, which present no inconvenience
and can be viewed as a memory friendly refined binning inside the binning in j.

We now review some useful points for practical computation of the contrast estimator.

6.1 Direct evaluation of ¢;;(z) at floating point numbers

Consider = € R, define z; = 2% |2%z] as the closest dyadic at approximation level L, where
|.| is the integer part or floor rounding.

To compute ¢, (z), one can evaluate ¢((2/z —k).) or else p(27xy, — k) :

(292 — k) =2 F 2827y — 2Lk
=27 L(|2L29z) — 2Fk)
=27t 2ty —k
=2g —27Lpttiz) —k,
where F(z) is the fractional part of z; in this case the error in x is less than 2= in absolute

value. This is the approximation method we used. For the case ¢(2/x;, — k), the error in z
is less than 2/=% in absolute value and boils down to raising L.

When computing ¢((27z—k)1) = p(27L(|2L272| —2Ek)), the evaluation can only take 2L(2N —1)
different values ; this is the needed size of an array designed to hold the precomputed values.

Suppose tab is such an array sized 2%(2N — 1), and containing the values of the D2N at
dyadics {k+i27%,i=0,...,2F -1, k=0,...2N — 2} with ¢(0) = (2N — 1) = 0, except for Haar
where (0) = 1.
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Given an observation x there is exactly 2N — 1 functions ;. whose support contains z,
namely ¢je, ... Qje;,—an+2, With e; = [27z] the integer part of 27z (if e; —1,...e; — 2N +2 goes out
of bound for the array containing the projection coordinates a;i, we use circular shifting).

So one needs to compute for each z, 22¢(f;), ... 25 ¢(f; +2N —2), with f; the fractional part of
27x. If the index of (f;) in tabis i = [2Lf;], we can safely retrieve tabli], ..., tab[i+ (2N —2)2%]
provided the shift stays below tab’s upper bound (i.e. within the support of the D2N),
because [2F(f; + k)| = [2Lf;] + k2F.

Note that precomputed values at octave L + 1 are those computed at octave L, interleaved
with new values.

Note also that when j + L has passed the machine floating point precision, (24 in single
precision, for IEEE 754 on 32 bit), all machine numbers smaller than 1 in absolute value
are covered and the evaluation ¢((2/z — k);) may give no new value.

In effect, with L+ j > p, the machine precision, |2/+7+0z| = 2°|2L+72| Vo, and so if the added
b was added precision in L we have, with k € {|2/z] — k', Kk =0...2N -2}

\_2j+L+b(E _ 2L+ka _ 2b |_27+ij _ 2L+bk
=20(|27 rg| — 28272 — K']), K =0...2N-2

and the index will point to the exact same values in the 2° times larger table of precomputed
o values ;

or if b was added resolution in j, we have, with k € {[2/*%2] — k', k' =0...2N —2}
|_2j+L+bx o 2L/€J _ \_2j+L+b$J _ 9oL
=220ty — 2k |20ty — K| K =0...2N -2

with no new value if b > L.

6.2 Relocation by affine or linear transform

Relocate the observation so that it fits in a d-cube of volume 1; this does not change the
ICA problem.

Let Y = WX be a particular mixing of the observation at hand; with » = min, 3’ and

a =max;;y/ —b, Y, = L(Y —b) is entirely contained in the d-cube placed at zero; Y com-

a

ponents are independent if and only if ¥, components are independent. So argmin C(Y) =
w

argmin C(Y,).
w

Y, is not anymore whitened nor centered if Y was ; if we need to keep a centered or whitened
observation we use the linear scaling,



with ¥ the centered (possibly whitened) version of Y; Y. is centered and included in a
cube of volume 1, namely [-1, 1],

Next, if we restrict to orthogonal W and Y is whitened, the element (i,¢) of the transform
by W satisfies,

(WYo)il? = | < "W (Ye)i > 2 < |(Yo)ill <

N

with W* the (normed) line vector ¢ of W, and (Y.); the column vector i of Y.

This way an initial relocation covers all the minimization process.

6.3 Wavelet contrast differential and implementation issues

Recall the notation,

Oj(yla cee ,yn) = Z (&jkl.,.,kd — OAéjkl .. .&jkd)2 = Z 52

Kl kd kel kd
with ;e = 237 e (yf) and g e = dg = = 3, B ().

Proposition 6.21 (C'J differential in V')

If the wavelet ¢ 1s a C* function the differential of C; is well defined and, when Y shaped
d x n is in row major order, dC;(Y) € L(R™; R) is given by the matriz,

dC;(Y) =2 0k (Di6x D8 ... DLéj D3ow ... Do),
or, when Y € R™ is in column major order, by the matriz,
dC;(Y) =2 0k (Dlbje D3y ... D3 Diojw ... Doy,

with D!y, the partial derivative in direction i, ¢ given by,

DEoj = @y, () ( [T em ) - — HZ@M (y" )

h#£t h#C j

Incidentally, let D be the n x d matriz whose (i,7) element is 25, ;xDl0;x, and H € R™
identified with a d x n matriz, one has

dC;(Y)(H) = trace[HD]
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The ¢; partial derivative in direction ¢, 1 <i<n, 1 </¢<d, is given by D{C; = 225]kD bjks

where,

A 1 1
Dij, =D; o Z D (yi) — H - Z Pk, (y;-‘)]
B hotg

=Dj % S ITem ) -11 % > bk (y?)]
i h h J

i (45)
1 1
=~ ) [T 0w 1) = 3050, W) [T D_ 0w ()
h#££ h#t j
=, (4F) H i (W) = — H > i W) |
iy htt g

since, in the different sums appearing in d;;, the derivative in (i, ¢) is zero if the observation
j is not equal to i or if the component h is not equal to 4.

D!, is continuous and so the differential exists.

Considered as a matrix, ¥ was shaped d x n by convention ; as an element of R™ we adopt
the row major order, i.e. the first n elements are the first line of the matrix, the n following,
the second line, etc. Thus dC;(Y) € L(R™ ; R) is given in the order,

dC; ( _225jk (Do, Do ... Dioj D326y ... Doy).

So for H e R™ and D!§;), shortened in D!,

hi1 hay
H):2Z<§jk [(D}...Di)( : )+(D§...D§)( : )+}
k hln h2n

which is exactly the sum of the diagonal elements of the matrix #D. For the column major
order, the gradient is reversed as announced and still equals the trace of HD when applied
to H. o

The differential in W represents a weighted sum of the differential in Y as we see now.

Proposition 6.22 (C; differential in W)

Under the notation of Prop. 6.21, with C;(W) = C;(Way,...,Wa,) and X = (21 ... =),

the d x n matrix arrangement of the observation {z;...,z,}, the differential of C; is well
defined and,

Under the row major order, dC;(W) € L(R™ ; R) is given by,

W)=2Y 6 ((D}...DY)'X (D?...D2)'X ... (D{...D)'X)eLR™; R)
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with DY, the abridged notation for D6, given in Prop. 6.21.

Under column major order,
dC;(W) =2 "X;® > 0;D; (46)
i k

with D; = (D},...,D%), X; = (X},...,X%) and ® denoting the inlined kronecker product, i.e.
X;®D;=(X!D} ... X}!D¢ X?D! ... X?D¢ ...)eR%.

Incidentally, let D the matriz nxd whose (i, ) element is 23", 6;4DId;x, and Z € R identified
with a d x d matrix in row major order, one has

dC;(W)(Z) = trace[ZX D]

Consider the linear function 7 : W € R™ — Wz = y € R" where y; = Wa; and z; € {z1,...,z,},
the given sample ; one has

d(Cj o T) (W) =dCj(y1s.--,yn) odT (W) =dCj(y1,...,yn) 0 T

Let’s find the expression of dT(W) € LR ; R™?).

(Wa)ij =Y pey..a Winah, 50 72— (Wz)y; = 0if r # i and 72— (WX),; = z5. Finally, when adopting
the row major order, d7(W) has the form,
X
X
AT(W) = dT = . (47)
o

which boils down to say that for a d x d matrix F, dT(W)(F) = FX in line with the fact that
T is linear and so dT (W) =T.

Under column major order, d7'(W) has the same form as above with rows and columns of
zero permuted with rows and columns of *X.

dC;(yl, s, ..., yd) € LR™ ; R) was found in the preceding proposition to be,

dOj(y%vy%w-'ayg):2z(§jk(D%Sjk D3oje ... DLojw D3y, ... Dloy)
k

Finally, with the abuse of notation (C; o T)(W) = C;(W), the expression of the differential
d(C; o T)Y(W) = dC;(yt,v3,...,yd) odT (W) is the matrix,

dC;(W)=2> 6, ((D}...DL!'X (D}...D2)!X ... (D{...Dd)'X)e L(R™; R)
k
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And,

211 221
W)Z)=2> o [(D}...D}l)tx( : ) +(D%...Di)tx( : ) +}
k 14
which is written also dC;(W)(Z) = trace[ZX D].
Next, dC;(W)(z) is also written

dC;(W)(z) =

22d

211
I (ZD%X}...ZD%X{I)( :

221 T
: )+(ZD$X}...ZD§X§)( : )+
214 7 [ ]

Il
1

22d
Z11 214 \
=23 ok (ZD}Xg...ZDgX})( : )+ —i—(ZD}Xﬁ...ZDfo)( : )
2 g i za1 i ‘ Zad/
where 2z can now be considered under column major order
This simplifies to,

_225sz X;®D;) =z
_2ZX ®Z(5J,€D

z
with notations given above

O

Proposition 6.23 (C; second derivatives)

Under the notations of the preceding propositions, and assuming the wavelet is C?

DYDIC; =2 D 6uDibji + 85Dl Didji
k
For (i,0) = (i',0),

DEDLbjk = @l (u)

H Piky yz d H Z(p]k?h y] )
Ly,

h#C § (48)
= Qe (y)Q1(3,0)
Fori#i and { =0, D§D!jx =0
Fori=i" and ¢ # 1,
Dj Didj = e (01) Pk (i) H i (1) H ZS"W )
" htt bt h;éé h£l j (49)
= Qe WP (0 )Qa(i, £, )
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Fori#i and1#/1,

PPN 1
Df/ Dfajk = ‘P;‘kf (yf)%kf/ yz’ __d H Z%kh yﬂ (50)
Lh#£L

= e W) (U5 Qs (0,0 )

Nothing more than calculus. Note that Q3 and Q. are symmetric in (¢,¢').
O

Proposition 6.24 (C'J hessian in Y)

Under the assumption of the preceding proposition, and assuming the wavelet is C?, the
hessian of C; is a nd x nd matriz given by,

Bt .. Bu
V2C;(Y) =2 (D% DS 5 o
Z ik) (i0) ( ak)(uz)+ ik .

B4 Bdd

with, B diagonal whose term (ii) = ¢ (y))Q1(i,{) is given by (48);

and B"" symmetric whose terms (i) = ¢/, (Y& e WQa(i,0,¢') are given by (49), and whose
terms (id') = @y (Y1) ¢ e (y5)Qs(L, ') are giwen by (50) ; and with (D{d;x)ue the nd x 1 vector
given in (45).

The number of free terms of the matrix on the right is #@ +nd=2(nd +d—n+3).
With the notation D' = '(D{... DY) = Y(D{6;x ... DLdj), one has the other expression,

D'ipl ... Dpltpd B! .. B
V2Ci(Y) =2 + 0 (51)
k \DMD' ... Ditpd B .. B

This is the definition of the hessian matrix.

The number of free terms of the matrix on the right is at first sight (n?d® — nd)/2 + nd =
(n?d? + nd)/2, but since each of sub-diagonal blocks is also symmetric, the number of free
terms is in fact €342 4 g = 2d(nd+ d—n+3); this is a diminution of 2¢(nd —d+n—1). o

The left part of (51) is the Gauss-Newton matrix appearing in the second derivatives of any
least square type function, and sometimes used as a hessian approximate (see for instance
Lemarechal et al, 1997).

Proposition 6.25 (C; hessian in W)
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The hessian of C; in W is given by,
V2C;(W) = YdTV*C;(Y)dT
with T :W e R¥ — Wa =y e R™.

The differential is given by d?C;(W)(Hy, Ha) = d*C;(Y)(H1 X, H2X).

With the abuse of notation ¢C;(W) = d?(C;j o T)(W),
d(Cy o T)(W)(Hy, Ha) = d[d(C; o T)(W)(Hy)| (1)
= d[[dC; (V') o dT(W)] ()] (H)
[[dC5(v) o T) (1) (1)
= [ ;i) e ar| (i),
where dT is the matrix given in (47) and Y = WX.

After identification of £L(R*™; £(R™; R)) with £(R R ; R) this is also written as,

d*C;(W)(Hy, Hy) = d*C;(Y)(dT(Hy),dT(Hy)) = d*C;(Y)(H, X, Ho X).

So we have,
PH\V2C; (W) Hy = d?Cyj(W)(Hy, Ha) = d*C;(Y)(H1 X, Ho X) = ' X H\V2C;(WX) HoX

and by identification V2C;(W) = {dTV?*C;(Y)dT. o

6.4 Filter aware formulations for the gradient and the hessian

We now give a formulation of the gradient and the hessian that will be very helpful for
practical computations, and accommodates well to possible subsequent filtering operations.

A Daubechies wavelet, D2N, satisfy the usual equation ¢(t) = V23, ckp(2t — k) with
co...,con—1 the only non zero coefficients ; we have as well ¢'(t) = 2v23", ek’ (2t — k).

With o1 (t) = 27/2p(27t — k), we thus have the relation,

Pk (t) = 28 (27t — k)
=28V cpp(2(27t — k) — £)
l

= Z cepj1,264¢(t) = Z Co—2kpj+1,0(t)
¢

14
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which gives directly ajx = L3, 0ju(Xi) = X) co—ar@jy1e = (@41 * )2k, Where ¢ = c_i, and =
designates convolution ; this is the discrete wavelet transform algorithm (DWT) (Mallat,
2000).

This algorithm extends to the multidimensional aj, and to &;;, = ;. — Gt . G

5jk = &jk —&jkl...a‘jkd
1 1 1
= EZ(pjkl..Apjkl —Ezwjkl ...Ezwjkd

= E Cot okt - .. Cpd_2pd0ljt1 0 — E Cot o1 Qi ot - E Cpd _opd Vi1 gd
oL ed £ £

= E Cp1_9kt .. .Cpd_okd (derLE - dj.;-l,fl .. -dj-i—l,éd)
2L 0d

= g Co—2k0j+1,0,
¢

where the last line makes use of a condensed notation; and where we used the fact that
there exists no index on the ¢ margin that does not exist also on the dimension ¢ of the
cube.

Let us introduce the jackknife estimator 4} = ¢ > P (X5)-

Proposition 6.26 (filter aware gradient formulation)

D! is a function of Jackknife of the original &, coefficients ; the following relation holds,

coon=1lw 0 TT A
Ok — - [ajk—ajkeHajkh

h#£t

It follows than the partial derivative of D!, is computable from the same elements than
DSy is computed, with one DWT filtering pass.

The following relation holds,

1 ) n—1_
—®ji(Xi) = dyp — ——dy,

and starting from (45), the partial derivative can be expressed by,

< (XD | n—1_au . n—1 @ .
DS =22 |Gy — Gy — (Gjpe — as ) | Gn
SO N I 1;[ ’
 xt) (53)
Pk Xi) |5 n—1 {Au) () TT 4 }
= 5'19 - Q. — O Qjfh .
e (X0 |0 m [T 1;[ ’




There is theoretically an indetermination when the denominator of 7“” EX ;

But in dyadic approximation, one always find points where the derlvatlve is zero if the
value at the point is zero.

is equal to zero.

The transition to a jackknifed estimator is,

A n o 2jd/2
[najk — ‘I)Jk(Xl)] = majk — n— 1‘1)(2JXZ' — k),

n—1

with implicit extended multidimensional notation.

This affects only (2n — 1)? cells in the cube i.e. the power d of the number of integers
contained in the wavelet support (¢(2N — 1) = 0). So once the full projection on the cube is
known, transition to a Jackknife is a O((2N — 1)¢) operation.

Also in (53), the product of margins differs from the non jackknife product of margins
only on a band with volume 2/(¢-1V(2N — 1), and finally everything outside this band can
be ignored since the premultiplication by ¢'/¢ will produce zero, and from expression (46)
the whole computations ends up with a sum in k.

For the transition between jackknifes, one has, a(Jk) = aglk) + —L< [0 (Xs) — @ (X;)] which is
true for all j, by linearity of the convolution, and translates in the Haar case in

2jd/2

A(J) (1) 1 [I(ijieAjk) - I(QijeAjk)] ’

Qjp = aak

The hessian also possess a filter aware formulation, and besides, as compared to the
gradient, the only additional quantities to compute are the ¢/, , as we see next.
Proposition 6.27 (filter aware hessian formulation)

The matrices B* composing the hessian can be written as a function of Jackknife of the
original o, coefficients; one has the relations,

@ (Xie) 2 n—
Bff = T G — @ a;
7 o (xXH |7Y T Jkehl;[e

For matrices BY', one has,

AN (T (e n—1_. n—1_.
e 7 Jk A @) A A N
B0 = oy ) | T e e T

n—1 (Z
n ikt

) Oéjkh
h#t
h£e!

with the bracket also written as,

R n—1 - i) (i N
[5]'19 i { &y, +a H Gjpn + al kf H G jgn gk)f (k)” H ajkh:|]

h£t! h#£t h£0,hAe!
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And,

’ / 1 R
Bliiny = e WD i) | =— T
h#0,h#L’
Use the jackknife substitution. o

6.5 Wavelet contrast implementation

In the full formulation, that provides a true mutual independence criteria, the program-
mation of the wavelet contrast requires a good amount of memory and must be based on a
flat implementation of entities in dimension d, if one wishes a programmation independent
of d.

Indeed with 1 Go (2% bytes) and in double precision (floating point numbers on 8 bytes),
one obtains a theoretical maximum of jd = 27, very easely reached.

Flat representation routines

The projection space is a cube with side 2/ and volume 274, to which is added d segments
of length 27 representing the margins.

The flat representation of the cube is a segment of length 2/¢ in C order, that is to say
with indices of the last dimension contiguous in memory, while indices of other dimensions
are separated by offsets ranging from 27 for the next to last, to 27¢=! for the first one. This
is in fact the underlying representation of any multi-dimensional array since a computer
memory is a long segment of dimension 1.

To program the DWT in dimension d, you need a routine to transpose a flat d dimensional
array. This routine can be found in the book of Wickerhauser (1990), and has been used
under a simplified version, taking into account that the array is a cube, with the same
numbers of elements along any dimension.

To transform a developed coordinate m = (m4,...,my) in linear offset, perform a scalar
product with the translator magicv = (27(¢=Y ... 27 1) . Conversely, to pass from a linear
offset i to a developed coordinate m, use the integer division modulo 27,

m = (i/279"V mod 27, ... ,i/27 mod 27, i mod 27)

The two operations are written for instance in fortran mod( i/magicv, dpj), with dpj equal
to 27, and dot_product( magicv, m).

To find all offsets within dxN positions of a fixed offset o in any of the 4 dimensions of the
cube, define a minicube with side dxN whose translator is magic_deuxN = ((dxN—1)(@=1 .. 1)
and loop over the (dxN—1)¢ values to constitue the developed coordinates
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1 do ii =0, (dxN - 1) *x d -1
2 indice = mod( ii / magic_deuxN, dxN - 1)

3 enddo

that next can be added to the developed coordinates of o, with wrap around in case the
computed coordinate passes the limits of the general cube.

This process is used in the computation of the projection on the space V; (see below),
where dxN is the parameter of the Daubechies D2N.

To transpose a flat cube, we use the routine explained in Wickerhauser (1994, p316).

void transpose(double * vec, int vol, int dpj)[

1 int i, t, s;

2 char * hasmoved ;

3 double temp ;

4 hasmoved = (char *) malloc( (size_t) vol * sizeof(char)) ;
5 memset (hasmoved, 0, vol) ; // set region to character ’0’
6 for (i=1; i < vol -2; i++)[ // first and last index unchanged
7 if (hasmoved[i]==’1’) continue ;

8 temp = vec[il ;

9 t=1ij

10 s =i * dpj %4 (vol-1) ;

11 while (s > i) [

12 hasmoved[s] =71 ;

13 vec[t] = vecl[s];

14 t =s;

15 s =s *x dpj % (vol -1);

16 1

17 vec[t] = temp;

18 1

19 free(hasmoved) ;

DWT in dimension 1

The classical formula aj, = 3, croraji1e = (ajp1 * €)2, and its inverse, the only one
cited in most of the mathematical books on wavelets, does not allow on its own a real
programmation of the DWT.

A complete algorithm of the DWT in dimension 1 appears in Numerical recipies (1986).
One can find also in the book of Wickerhauser (1994) an explicitation of the relationship
between the DWT and a classical filtering. The filter of the Daubechies wavelet is an
instance of a quadratic orthogonal filter and the DWT is a standard convolution and
decimation operation of periodic type.
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We reproduce the routine adapted to our usage below.

20 void dwt(double * vec, int lvec, const double * filt, const double * rfilt, int 1filt,
int direction) [
lvec power of two, length of the signal
vec workspace of length at least 1vec
filt, rfilt Daubechies filter with length 1fi1t
direction 1 for deconstruction , —1 for reconstruction
21 double * wksp ;

22 int nh = lvec / 2, i, iw, j, wrap = lvec - 1;

* 1vec being a power of 2, wrap is written in binary digits only with 1; & designating the
bitwise "and”, and let w =2" -1, c <w = c&w =c, and ¢ > w = c&w = cmod (w+ 1) ; by
this process on obtains an infinite periodic extension of vec[0,...,1lvec-1] with no memory
consumption.

* dwt needs a workspace wksp of size lvec
23  allovec( wksp, lvec) ;
24  setvec( wksp, lvec, 0.) ;

25 if ( direction >=0)

* increment of 2 for index i of vec, to obtain the decimation effect
26 for ( iw=0, i=0; i < lvec; i += 2, iw++)

27 for ( j=0; j < 1filt; j++)I[

* term by term multiplication of the filter and vec at offset i; & wrap is active when the
filter passes the right bound of vec

28 wksp[ iw] += filt[ jl * vec[ (i + j) & wrap ] ;
* above, the alphas are grouped in the first part of wksp

* the betas are placed in the second part (offset nh)

29 wksp[ iw + nh] += rfilt[ j1 * vec[ (i + j) & wrap] ;

30 1

* idem in reverse direction when direction = —1

31 else

32 for (iw=0, i=0; i < lvec; i+=2, iw++)

33 for ( j=0; j < 1filt; j++)

34 wksp[ (i + j) & wrap ] += filt[ jl * vec[iw] + rfilt[ j] * vec[ iw + nh];

* copy wksp in vec and free memory
35  copyvec(wksp, lvec, vec) ;

36 freevec(wksp) ;

37 1

DWT in dimension d
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The DWT of a sequence (ax), k € {0,27 — 1}¢, considered as periodic, consists of applying
the DWT in dimension 1 to all sections of sequences (a;¢) extracted from (ay, . 4. pa) by
fixing d — 1 indices k.

The program below thus builds entirely on the DWT in dimension 1. The key point of the
procedure (line 10) is the transposition, which consists of arranging contiguously indices
in dimension ¢, while all indices in other dimensions are placed at offets 27,22, .. 2i(d=1),
Indices in dimension ¢ being arranged contiguously in memory ; one easely applies routine
dwt in dimension /.

void dwtd(double * vec, int j1, int d, const double * filt, const double * rfilt,
int 1filt, int jO, int direction)[

1 int i, j, k, nesvec, dpj, lvec;

N

if ( jO >= j1 ) return;

w

dpj = pow( 2, j1);

*

total length of the memory segment pointed by vec
4 lvec = pow(2, j1 * d);

*

for deconstruction vec
5 if ( direction > 0) [

6 nesvec = pow( 2, ji1);

xas many times as level of resolutions from j1 to jO
7 for ( k=1; k <= j1 - jOo; k++)[

* once for each of the d states of transposition of the cube; on entry, indices of the last
dimension of vec are contiguous in memory (C order)
8 for (j =0; j<d; j+) [

* once for each of the 274~V =1vec/dpj segments of length 27 in dimension I, supposed

contiguously arranged in memory thanks to transposition ( 27(?~1 is the number of ways to
fix the d—1 indices of the other dimensions). Pass to routine dwt the address of vec at offset
i * dpj which is the starting position of segment number i; the length of the sub-segment
containing the alphas is given by nesvec, that is to say 2/ at current resolution j between
j1 et jo.

9 for (i=0; i < lvec / dpj; i++)

dwt( vec + i * dpj, nesvec, filt, rfilt, 1filt, 1) ;

* transpose the cube before leaving loop in j; after d transpositions one finds again the
starting order, and on exit of the routine dwtd the original order is restored
10 transpose (vec, lvec, dpj) ;

11 ]

* divide nesvec by two before leaving the loop in k, since there are twice less coefficients
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alphas arranged first for the next sweep of DWT
12 nesvec /=2 ;

13 ]

* same thing in reverse order in direction of signal reconstruction except incrementaion of
nesvec must take place at first
14 ] else if (direction < 0) [

15 nesvec = pow( 2, jO) ;

16 for ( k=1; k <= j1 - jO; k++)[

17 nesvec *=2 ;

18 for (j =0; j<d; j+&) [

19 for (i=0; i < lvec / dpj; i++)

dwt( vec + i * dpj, nesvec, filt, rfilt, 1lfilt, -1) ;
20 transpose (vec, lvec, dpj) ;
21 1
22 1
23 1

Thresholding in dimension d

Thresholding consists of setting to zero all beta coefficients below the threshold. In the
routine below, one supposes that deconstruction is complete down to level 20 = 1;
the thresholding instruction (line 29) applies to all the vector except the first position
containing the only alpha coefficient left at j, = 0.
void threshold(double * vec, int jl1, double t, int d, const double * filt,

const double * rfilt, int 1filt, int jO)[
24 int k, nesvec, dpj, lvec;
25 if (j1 < jO) return;
26 dpj = nesvec = pow(2,j1) ;
27  lvec = pow(2, j1 * d) ;

* complete deconstruction, assuming jO=0

28  dwtd( vec, j1, d, filt, rfilt, 1filt, jO, 1) ;

* thresholding at jO = 0
29 for (k=1; k < lvec; k++) if ( abs(vec[k]) < t ) vecl[k] = 0. ;

* complete reconstruction, assuming jO=0

30 dwtd( vec, ji, d, filt, rfilt, 1filt, jO, -1);

Computation of ¢ values at dyadic rationals
This computation requires a base 2 conversion routine and a second routine to compute ¢
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from a base 2 expansion. Routine dbtabulate, in third position, is used to constitute the
array of precomputed values to be used when performing the projection on V;.

The base 2 conversion routine is standard, but we added a zero padding to a prescribed
width (pad), for easier use of the subsequent routine.

1 char * int2bin (const int x, int pad)[
2 int myx, p;
static declaration so that the segment is accessible from outside
3 static char bin[MAXP + 2] ;
* MAXP is a constant equal to 31 for 32 bit integers
bin[ MAXP + 1] = *\0’ ;
myx = abs(x) ;

p = MAXP;

bin[ p] =myx % 2 ==17 ’1°: °0’;

4

5

6

7 while ( p) [
8

9 myx /= 2;
*

when myx reaches zero, continue the loop for left padding

10 if ( myx == 0 && MAXP - (p - 1) >= pad) break;
1 P
12 1

* returns the address of the static segment positioned at first significant value
13 return bin + p;

14 1]

The routine phi_bin stores in phiv the values obtained by alternate application of Mo or M1
(the squared 1M x 1M matrices cited below) in function of binexp, the binary expansion of
the dyadic number. It is assumed that vinexp already contains the binary expansion, that
wksp contains the vector ¢(0),...,9(2N — 1) which initializes the recursion and that Mo and
M1 have been initialized.

void phi_bin( const char *binexp, const double phiv[], int lphiv, double wksp[]) {
15 int i;

* initialization of phiv

16  copyvec( phiv, lphiv, wksp) ;

* for each letter of the binary word, starting by the end

17  for ( i = strlen( binexp) - 1; i >= 0; i——){

*my is a matrix vector multiplication routine
18 if ( binexp[ il == ’0’) mv( MO, 1M, 1M, wksp) ;
19 else mv( M1, 1M, 1M, wksp) ;

20 }

}

The next procedure tabulates all values of ¢ between 0 and 2N — 1 at a dyadic precision
L, thus constituting an array of size lphivals= 2L(2N — 1). By convention the value of
p(i27L),i=0,...,2E(2N —1) is placed at offset i in the array.
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void dbtabulate ( int N2 , int L, double phivals[], int lphivals, int diff) {
21 int i, j, dpL=(int) pow(2, L), pad ;

22 char * devel ;

23 const double * finalphi ;

24 static double wksp[ 2 * DB_MAXN -1] ; // max N=4;

[...]

* initialization of Mo, M1 and of other variables accessed by the current procedure
25 set_daubechies(N2) ;

* for ¢ or its differential, just change the initialization vector in the recursion

26  switch (diff) {

27 case 1: finalphi = phinp; break;
28 case 2 : finalphi = phinpp; break;
29 default : finalphi = phin; break;
30}

[...]

* by this first call, pad is assigned the width of the largest binary word ; complement with
zeros on this width for subsequent calls
31 pad = strlen(int2bin(lphivals, 1)) ; //probe call for length of ’0’ padded left binexp

* dyadic numbers with same fractional part, shifted from 0 to 2N — 1, are obtained by the
same set of MO, M1 multiplication, but are read at position 0 to 2N — 1 of the resulting
vector. Looping on the 2% first indices i one has generated the 2L(2N — 1) distinc values.
32 for (i=0; i<dpL; i++) {

33 devel = int2bin( i, pad) ;

* pad - L positions the dot in the binary expansion; we take only the decimal part, that
is the L last characters; we see here the advantage of padding

34 phi_bin( devel + pad - L, finalphi, N2 - 1, wksp) ; // only L last characters needed
35 for ( j=0; j<N2-1; j++) phivals[ i + j * dpL] = wksp[j] ;
36}

For convenience we recall from the book of Nguyen et Strang (1996) how to set matrices
MO0 and M1 and the initializing vectors.

The scaling function ¢ of an AMR satisfies the equation ¢(z) = V23, crp(22 — k),

which is translated in the frequency domain by ¢(w) = mo(w/2)p(w/2), where mo(w) =
27123 cpexp(—ikw) is the discrete Fourier transformed of 271/2(cy) ez

In the case of a compactly supported Daubechies wavelet D2N, the expansion of ¢ contains
only 2N non zero coefficients ¢ ; 7N er = v2 and 327 (=1)k¢, = 0, from the relations

mo(0) =1 and |mo(w)]? + |mo(w + m)|? = 1.
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The function ¢ being zero outside of [0,2N — 1], and zero at the point 2N — 1, one has :

©(0) ©(0)
L =M
(2N —2) (2N —2)

where M, is the matrix (2N — 1) x (2N — 1) given by

Co
C2 C1 Co
. . . C1 Co
My=+V2| can—2 con—3 Con-a4 ... c3 C2 c1 Co

C2N—-1 C2N-2
C2N—-1 C2N-2 C2N-3 C2N—4
C2N—-1 C2N-2

with 3, ex = Yopiq ok = 2 from the properties of mg(w). Each column of M, sums to 1, so
(1 ... 1)is aleft eigenvector, associated to eigenvalue 1.

The fixed point equation has a solution and ¢ = (¢(0) ... (2N —2))" is the eigenvector
associated to eigenvalue 1 of M, (the eigenvector being determined up to a sign flip, we
choose the one whose biggest component is positive).

For half integers of the interval [0,2N — 1], one obtains similarly :
p(1/2) ©(0)
: Y .

p(2N —2+1/2) H(2N — 2)

where M; is the matrix (2N — 1) x (2N — 1) given by

C1 Co
Cc3 C2 C1 Co
. . . C1 Co
My =V2| can—1 can—2 can-3 Con-4 ... c3 Co c1

CoaN-1 C2N-2

C2N—-1 C2N—-2 C2N-3
C2N -1

The value of ¢ for any dyadic integer d = n/27 inside [0,2N — 1] is deduced by successive
application of My or M; to the starting vector @, solution of the fixed point equation.

The binary expansion of a dyadic number d provides the sequence of M, and M; to apply
to @ together with the position of ¢(d) in the resulting vector.

For instance, 23/16 is written 1.1101 in base 2 and ¢(23/16) = M;M; MyM,;®(position 1) ;
7/2 is written 11.1 and ¢(7/2) = M;®(position 11 in base 2 = position 3). ¢(7/2) is then
equal to 0 for a D4 (¢p4(3) =0) and a D2 (no position 3 in vector ®).

195



Likewise, for the expression of ¢/(z) and of ¢”(x), by differentiation of the scaling equation,
one obtains : ¢'(z) =2v23", ek’ (22 — k).

Up to a factor, one obtains the same fixed point equation than above :

¢'(0) ¢'(0)
. ::2A4b .
¢ (2N - 2) ¢ (2N - 2)

The values of ¢’ at integer points are thus given by the eigenvector @ associated to
eigenvalue 1/2 of M,, which requires a wavelet at least D4 or more (D6 or more to be
sure that ¢ is C1). For any dyadic rational inside the support of ¢, proceed by recurrence
as above ; only the starting vector has changed.

For the second derivative, same principle after having derived the scaling equation once
more.

Contrast computation

The code excerpt below illustrates the mode of computation of the contrast when the
projection is stored in variables cube and margins.

The linear offset i is translated in developed coordinates (k!,... k%) through magicv. Margins
appear in the segment margins one after another; we use the dispatching offset shs to
read the values of all margins at once in cells in front of k

real(wp) function wavelet_contrast( kit)

1 type(projection_kit), intent( in), target : : kit

2 real(wp), pointer : : cube( : ), margins(: )

3 integer : : shs (kit % d), magicv (kit % d), i, dpJ
4

real(wp) : : temp

! aliases and flat array handling

cube => kit % cube

margins => kit % margins

dpJ = 2*xkit % J

shs = dpJ * (/(i, i=0, kit % d - 1)/)

© 0 N o o

magicv = (/ ( dpJ**i, i = kit % d - 1, 0, -1) /)

'IBM* ASSERT (NODEPS) !IBM* INDEPENDENT, REDUCTION(temp) ! sum generally accurate

10  temp = O._wp

11 doi=0, 2%x( kit % J * kit % d) - 1

12 temp = temp + ( cube(i) - product ( margins( mod( i / magicv, dpJ) + shs)))*x2
13  end do

14  wavelet_contrast = temp

end function wavelet_contrast
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The computation is easely distributable on several machines since it is essentially a loop
on a big array. In loop 11-13, there is no side effects, no order in the loop traversal, and
any by part summation gives the result modulo machine epsilon.

The matrix equivalent of this operation is expressed this way : substract from the cube the
tensorial product of the margins, take the sum of squares of the values stored in the cube.
Unfortunately with large arrays, this is an operation that easely overflows memory.

Haar projection (Daubechies D2N, N = 1)

subroutine project_by_histogram ( indata, kit)
* kit encapsulates some information
1 type( projection_kit), target, intent( inout) : : kit
indata array d x n containing data
2 real( wp), intent( in) : : indata(: , : )
3 real(wp), pointer : : cube( : ), margins(: )
4 integer : : i, k, magicv(kit % d), shs(kit % d), indice(kit % d), dpJ
5 real(wp) : : factl, factd
* pointer to segments cube and margins, initialization
cube => kit 7 cube
margins => kit % margins
cube = 0._wp

margins = 0._wp

! binning

10  dpJ =2*xkit % J

11 magicv = (/ ( dpJ** i, i = kit % d - 1, 0, -1) /)
12 shs = dpJ* (/(i, i=0, kit % d - 1)/)

13  factd = sqrt( real( 2**( kit % J * kit % d ), wp))
14  factl = sqrt( real( 2%*( kit % J ), wp))

!IBM* ASSERT (NODEPS)

* loop on observations, from 1 to n

15 do i = 1, size(indata,2) ! = number of observation

! for a signal between -1/2 and 1/2 cst is placed inside the int function

! or else there is an unintended shift of 1

* on entry indata is supposed to be whitened and localised between -1/2 and +1/2.

translation to 0 and 1 by CST. The integer part of 27z gives the developed coordinate of
z; in [0,1]¢ at resolution j. k is the corresponding linear offset. For margins, use also the
dispatching offset shs. all d +1 memory cells are incremented by 1.

16 indice = int( dpJ * (indata(: , i) + CST))

17 k = dot_product( magicv, indice)

18 cube( k) = cube( k) + 1._wp

19 margins( indice + shs) = margins( indice + shs) + 1._wp
20 end do
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* final scaling 209/2p(27x — k), = € R™.

! multiplicative factor 1/m 2%*Jd/2 and 1/n 2*xJ/2

21
22

cube = cube * (factd / size( indata, 2))

margins = margins * (factl / size( indata, 2))

end subroutine project_by_histogram

Projection on V; spanned by a Daubechies D2N, general case

In the general case, ¢ values are read in the array dbtabulate where they were stored in
advance and we take into account the dyadic approximation parameter L.

1
2
3
4
5
6
7
8
9

10
11

[..

12
13
14
15
16
17
18
19
20
21
22
23

subroutine project( indata, kit, dbkit)

type(projection_kit), target, intent( inout) : : kit
type (daubechies_kit), intent(in) : : dbkit
real(wp), intent( in) : : indata(: , : )

real(wp), dimension( kit % d) :: dpjx
real(wp), dimension( O : kit % d * ( dbkit % deuxn - 1) - 1) : : phival_values

integer, dimension( O : kit % d -1) : : magicv, magic_deuxn

integer, dimension( kit % d) : : shs2, indice, ifjx, ejx

integer, dimension( O : kit % d * ( dbkit % deuxn - 1) -1) : : conc_indices, longshs
integer, dimension( dbkit % deuxn - 1 , kit % d ) : : translates

integer : : d, dxN, i, k, dpL, dpJ, upper_phi, ii

.] ! aliases and special variables for flat array handling

dpJ = 2*x kit % J

dpL = 2%* dbkit % L

d = kit % d

dxN = dbkit % deuxN

magic deuxN = (/ ( (dxN -1)** i, i =d -1, 0, -1) /)

magicv = (/ ( dpJ**i, i =d -1, 0, -1) /)

shs2 = (dxN - 1) * (/ (i, i=0, d - 1) /)

longshs = reshape( spread( dpJ * (/ (i, i=0, d - 1) /), ncopies=dxN -1, dim=1), (/ d * (dxN -1) /))
translates = spread( (/ ( i, i=0, dxN - 2) /), dim=2, ncopies= d)
upper_phi = ubound( dbkit % phivals, 1)

kit % cube = 0._wp

kit % margins = 0._wp

! loop on all observations

'IBM* ASSERT (NODEPS)
* loop on observations

24

do i = 1, size( indata, 2)

* signal on entry is between -1/2 + 1/2; translation to 0, 1 through CST ;
* multiplication by 27 performs the dilation

25

dpjx = dpJ * (indata( : ,i) + CST)
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* keep the integer part yielding developed coordinate
26 ejx = int(dpjx)

* find the offset (in array containing precomputed dyadic values) of fractional part of 27z ;
the integer part gives a shift to right by a multiple of 2-. Since there are at most 2N — 1
possible shift of 2% to the right (after which the index goes out of the support) we take
them all diretly at line 28

27 ifjx = int(dpL * (dpJx - ejx) ) ! index of fractional part of 2%*jx

* add all possible translations of 2¢ to ifjx and flatten the array so that the 2N — 1 first
values concern dimension 1, next 2N — 1 dimension 2, etc...

! concatenated list of all phival indices to retrieve for each dimensions

28 conc_indices = reshape( spread( ifjx, dim=1, ncopies = dxN -1) + dpL * tramslates, (/ d * ( dzxN - 1) /))

* since we translated regardless of bounds in array upper_phi, we now truncate indices at
the maximum index. Since dbkit % phivals(upper_phi) is equal to zero, the assignation is
a way to do that. At line 30, phivals_values contains values read at all positions stored
in conc_indices, in the right order (shortcut in fortran 90). At this stage phivals values
contains all values needed for the contribution of observation i to the projection. It remains
to determine exactly to which cell coordinates the values must be added

! for out of support, last index always contains zero.
29 where ( conc_indices > upper_phi) conc_indices = upper_phi

30 phival_values = dbkit % phivals(conc_indices)

* phivals_ values being initialized, we reuse the space conc_indices to compute the different
translates of ¢ concerned by dpjx: 2/z —k € [0,2N — 1] & 2z — (2N — 1) < k < 27z. We then
build a vector of length d(2N — 1) containing 2N — 1 positions k in first dimension, followed
by 2N — 1 positions k in second dimension, etc...

! concatenated list of all unidimensional k ! conc_indices reused

31 conc_indices = reshape(spread( ejx , dim=1, ncopies = dxN -1) - tramslates, (/ d * ( dxN - 1) /))

* in some rare circumstances despite proper relocation [0,1], rounding effects produce out
of bounds

! needed in some cases in single precision despite proper relocation

32 where (conc_indices >= dpJ) conc_indices = dpJ -1

*if some indices were negative, wrap around

! circular shift at borders with high indices; ! cannot go out of bound by low indices !
33 forall (ii = 0: d * ( dxN - 1) -1 , conc_indices(ii) < 0)

34 conc_indices (ii) = mod(abs(dpJ + conc_indices (ii)), dpJ)

35 end forall

* value for translated of zero, phivals[ifjx], for translated of -1, phivals[ifjx + 1 x dpL],
for translated of -2, phivals[ifjx + 2 x dpL] etc... in other words everything is ready in
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phival values so that there is only an addition to execute. Distribution in the dimensions
thanks offset 1ongshs taking into account that the 2N — 1 first values concern dimension 1,
ete...

! one-shot add for the margins ! sum is rarely inaccurate

36 kit % margins(conc_indices + longshs) = kit % margins(conc_indices + longshs) + phival_values

* for the cube, compute in linear offset the region, of volume (2N — 1)¢, affected by
contribution of observation i. indice contains successively all combinations from (0,...,0)
to (2N —1,...2N — 1) taken from conc_indices, that are next translated in linear offset ;
the value to add is the product of the margins in front of offset k. It’s the same basic
information that the one in the margins line 36 above, but multiplied and spread in the
cube.

! the affected multi dimensional coordinates

! is the set of all tensorial combinations of uni dimensional coordinates

! summing is inaccurate for about 10% of observation

! 'IBM* ASSERT (NODEPS)

37 do ii = 0, (dxN - 1) *x d -1

38 indice = mod( ii / magic_deuxN, dxN - 1)

39 k = dot_product( magicv, conc_indices ( indice + shs2))

40 kit % cube( k) = kit % cube( k) + product( phival_values(indice + shs2) )
41 enddo

42  end do

! final scaling
43 kit % cube = kit % cube * ( sqrt( real( 2**( kit % J * kit % 4 ), wp)) / size( indata, 2))
44 kit % margins = kit % margins * ( sqrt( real( 2*x( kit % J ), wp)) / size( indata, 2))

45 end subroutine project

6.6 Optimization on the Stiefel manifold

A standard method to resolve ICA consist of first prewhitening the observed signal X, and
then minimize the contrast C(WX) as a function of W, under the constraint ‘Ww = I,
corresponding to the fact that W belongs to the Stiefel manifold S(d,d) = O(d), the group
of orthogonal matrices. In the ICA context, SO(d) c O(d) is a sufficient restriction, which
is equivalent to ignoring reflections, since an ICA solution is defined up to a permutation
of axes.

The routines below implement the Plumbley algorithm recalled p. 104.
real(wp) function son_contrast(t, W, paramdata, pjkit, dbkit, H)

* this routine returns the contrast in W’ = exp(—tH)W, where t is the amplitude of the
move in direction H in so(d).
1 real(wp), intent(in) :: t, W(: ,: ), H(: ,: ), paramdata(: , : )

2 type(projection_kit), intent(inout) : : pjkit
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w

type(daubechies_kit), intent(in) : : dbkit

4 real(wp) : : geo (size(W,1), size(W,2))

*

padm computes the exponential of a matrix see Sidje (1988)
geo = padm(real(t,8), real( H ,8))
geo = matmul( geo, W)

call project( matmul( geo, paramdata), pjkit, dbkit)

oo N o o

son_contrast = wavelet_contrast( pjkit)

end function son_contrast

subroutine stiefelmin(W, iter, fret, paramdata, pjkit, dbkit, N, A)
9 use libica, only : amari

10 use differential, only : empgrad

11 integer, intent(out) : : iter

12 real(wp), intent(out) : : fret

13  real(wp), dimension( : , : ), intent(inout) : : W, N, A
14  real(wp), intent(in) : : paramdata(: , : )

156  type(projection_kit), intent(inout) : : pjkit

16  type(daubechies_kit), intent(in) : : dbkit

17  integer, parameter : : ITMAX = 5
18 real(wp), parameter : : STPMX = 100.0_wp, gtol = 1.E-6_wp, ftol = 1.E-5_wp

! optimize minimization
19  integer : : its
20 real(wp) :: fp, stpmax, ax, bx, cx, fa , fb, fc, tk, normg

21 real(wp), dimension( size( W, 1), size( W, 2)) : : g, h, wnew

! initial contrast

22  call project( matmul( W, paramdata), pjkit, dbkit)
23  fret = wavelet_contrast( pjkit)

24 fp = 0._wp

25 normg = O._wp

26 tk=0._wp

27 do its = 0, ITMAX ! Main loop

28 iter = its

* computes the empirical gradient with forward and backward differences
29 g = empgrad(W, paramdata, pjkit, dbkit, forwardonly=.false.)

gradient for the canonical metric in Lie algebra so(n), VgJ = VJ ‘W — W *V.J
30 g = matmul(g, transpose( W)) - matmul( W, transpose( g))

*if the gradient norm is too small, exit
31 normg = canonical metric( g, g)

32 if (normg < gtol .or. abs( fp - fret) < ftol) then
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33 [...]

34 return
35 endif
36 fp = fret

* direction of descent
37 H = -g / normg

* standard routine to bracket a minimum see Numerical recipes (1986). ax et bx are two
initialization parameters such that fa >fb. We seek a cx> bx such that fc >fb. Here function
f(t) is son_contrast that maps back in SO(d), that is to say f(t) = exp(—tH)W

! brackets a minimum in direction H with initialization from ax to bx

38 ax = 0._wp
39 bx = .001_wp
40 call mnbrak(ax, bx, cx, fa, fb, fc, son_contrast, W, paramdata, pjkit, dbkit, H)

* with a braket of a minimum (ax, bx, cx initialized above) call another standard routine
to find that minimum, by bisection see Numerical recipes (1986).

! find the minimum using golden section with ax, bx, cx returned by mnbrak

41 fret = golden(ax, bx, cx, son_contrast, W, paramdata, pjkit, dbkit, H, tol=1.e-5_wp, xmin=tk)

* the minimum txk of f(t) = exp(—tH)W, being fixed compute the new matrix W at this point
and iteration

! compute the new W through premultiplication by the exponential of
! what was found to be the best move in so(n)

42 Wnew = matmul(padm(real(tk,8), real( H ,8)), W)

! update and loop

43 W = Wnew

44 end do

45 write (*, 100) iter, fret, amari(matmul(W,N),A), tk, normg , abs(fret-fp)

end subroutine stiefelmin
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