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ABSTRACT

It is reportedthat the use of multiple numberof subbandtrans-
forms for thresholdimg-baseddenoisinggainsperformancen the
senseof the meansquareerror. In traditionalthresholding-bsed
methods,a noisy imageis deconposedby linear transformation
suchaswavelets,FFT, andsoon, andthetransformectodficients

arehard/soft-thresholdedln particular it is well-known thatwavelets

work well for denasing. Fromtheviewpointthatwaveletsarein a
classof subbaul transformsywe proposea strategy in which mul-
tiple numberof subbandransformsareswitchedregion by region,
i.e. block by block. For reconstructionthe projection-basedt-
eratve methodis used. Experimentakesultsare pretty good and
promising.

1. INTRODUCTION

Restoratiorof animageor signalcontaminatedy noiseis a fun-
damentaproblemin thefield of imageandsignalprocessingWe
deal in this paperwith the additive noise model. This is very
simple but still difficult, and canbe appliedto a lot of real prac-
tical problems. One of well-known solutionsfor this problem
is a denoisingmethodwith linear transformationand threshold
ing [1]. In particular wavelettransformsare very succestul for
pre-processig beforethresholding1]. Moreover, therehave been
severalreportsregardinghow to chocseathresholdvalue.Converr
tional thresholdinghard-thresblding) aswell asshrinkage(soft-
thresholding arewell analyzel.

It hasbeenalsoreported[2] thatuniform subkandtransforms
or filter bankswork quite well in denasing. They have beende-
velopedoriginally for imagecoding[3], andprovide performance
similar or superiorto waveletsin imagecodingapplicationg4, 5].
This is dueto the factthatthosetransformsprovide good enegy
compactionproperty which can be exploited by denoising. It
hasbeenmorewer suggstedin image coding that the so-called
time-varyingsubbar transformresultsin betterperformane than
corverntional subband transformg[6]. In this transform,multiple
numberof subbanl transformsare switchedregion by region, i.e.,
block by block dependiig onlocalimages.In this paperwewould
liketo applythis successfustratgy to imagedenoising.Our main
motivationsis to usethe ideathatthereshouldexist moreappre
priate basisfunctionsdependhg on local statistics. In the restof
this paper we describethe denasing frameavork which we deal
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with andthe difficulty of reconstructiorin the caseof the useof
multiple sublandtransforms.We thenshaw the projection-based
reconstrution methodusedin the proposedprocedureandillus-
trate how to choosea transformat eachregion (block). Finally,
we shav thatthe useof multiple numbe of transformsgainsde-
noisingperformancén PSNRover corventioral singletransform
method througlhout a simulationstudy

2. MULTIPL E TRANSFORMSAND THRESHOLDING
FOR DENOISING

2.1. Thresholding-BasedDenoisingFramework

Denoising schemebasedon the combinationof transformation
and thresholdingis geneally describedasfollows. Let f be an

original image. This imageis transformedby a properly cho-

senlinear transformation(e.g., wavelets, FFT, and lappedtrans-
forms)denotedby T. Thetransformedcodiicientsare hard/soft-

thresholed, and then the corresponihg inversetransformation
T-1is appliedto the thresholdedtodficients. This non-linea op-

erationcanbewritten as

f=TThr[T 1], 1)

whereThr[-] denotesthe thresholdim and f is the reconstruted
image.Varioussophisticatedhresholdingoperatorshave beenin-
vestigatedsee[1], for instance).

Usually, the transformationoperatorT (FFT, wavelets, sub-
bandtransformandsoon)canbeimplementecdy ablock-diagnal
matrix, or a periodicallytime-invariantsystem. This implies that
the identicalfilters are appliedto all regions. It is, however, not
guaraneedthat for all regionsin animage,the samefilters are
suitablefor denoising Therefore,we introducea notion thatwe
switch the transformationregion by region. Roughly speaking,
whenwe switchtwo transformsthis ideacanbeformulatedas

f = T IThr[P,T.f + BT, 1], )
wherNe P, gnd P, are diagon& matriceswith entriesO or 1 such
thatP; + P, = I, andT-! meansheretheinverseof the operator

B, T+ B,T,. An overview of thisconcepin dendsing is depicted
in Fig. 1. Evenif we know T;* andT,?, the derivation of T™* is

notatrivial task.In thefollowing subsectionsye will have amore
precisediscussiorof the useof multiple subbandransforms.

2.2. Transform Settings

We formulatein this subsectiorthe proposedanalysistransforma-
tion systemwhich usemultiple uniform subbandransformgfilter
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Fig. 1. Proposedienoisingstructure.

banks).As we mentionel earlier thereasorwhy we introducethe
useof multiple subband transformss thata naturalimageis gen-
erally a non-stationanprocessThis canbeintuitively undestood
from the fact that a naturalimage canbe roughy classifiedinto
smooth, texture, and edge regions, whose correlationfunctions
mightbedifferentfrom eachother Thereforethereis adoubtthat
asingletransformis appliedto a wholeimage.Fromthis point of
view, the useof varioussubbanl transformsfor decommsingan
imagewill improve performancen denoising.

Supposedhatthereare L subbanl transformsmplementedas
an N-chanrel maximally decimateduniform filter bank, which
consistof asetof N filters followedby dovnsampling by afactor
of N. We alsoassumeherethat they have the samelength KN,
whereK is anpositive integer Definethe analysistransformma-
trix of Ith subbam transformasfor| =0,...,L -1,

EO=[ED ,,....E] (3)

whereEy, k = 0,...,K — 1, which leadsto a polyphasematrix of

theanalysispartdescribecby EV(2) = 3 EVz*. Therows of

E® correspondo theimpulseresponssof theanalysifilters. Let

{f (1)} beasetof tth blocked signals(or vectorsattime instance
t) consistingof N consective sampleswhere7 describesa set
of time indexes. The analysissubbad transformE®" geneatesa

sequene of thetransformedrectors{g(t) s as

g(t) = EQ) (1) (4)

wheref(t) = [f(t - (K - 1))T,..., f()T]T, and E(t) = E/® that
is, E(t) is equalto someelementin the subbaml transformset& =
{EM)-L. If we useasinglesubbandransformin thesamemanne
ascorventiond methodsE(t) isidentical,say independat of time
instance.

In mostof applicationsit is desiredthatthe original sequence
f (t) is perfectlyreconstructedrom thetransformedsequencey(t).
As we statedin 2.1, if we usea singleperfectreconstructiorsub-
bandtransform,the reconstrution is performedjust by applying
the correspoding synthesistransformto the thresholdedcoefti-
cients. However, in our case,i.e., whenwe switch several trans-
formsregion by region, evenif we apply eachsynthesigransform
to the corresponihg codficients,perfectreconstructioris gener
ally impossible. As proved by Tanakaet al [6], however, if all
subbaul transformsareunitary, the reconstrution canbe doneby
applyingthetheoryof projectiononto corvex sets(POCS, which
is usuallyusedin the areaof imagerestoratior{7].

2.3. ReconstructionWith POCS

Onthebasisof thetheorydescribedn [6], we shaw in this section
thatby introducingappropriateclosedcorvex setswe canexactly
reconstructheoriginalimagefrom thetransformedsector

We obtain the transformedvector by the transformationde-
scribedin (4). RecallthateachE(t) correspond one of elements
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Fig. 2. POCSpartin Fig. 1: lllustrative iteration procedue for
reconstrution.

in theanalysistransformset&, i.e., E(t) € &. Now, we canrewrite
(4)as

L-1
) = > AMEV (), (5)
1=0
where
| Iy, ifE(t)=E®
A = { O:AA, otherwise ©)

wherely and0Oy dende theidentity andthe null matricesof both
sizeM. It is clearthat |5 A (t) = I v. Let

P = diag[.., Ai(t), At +1),...], 7
and

E0) = =h

0

Then, B, represets an orthogmal projectorwith diagoral entries
0 or 1, and E® describesa subbandransformoperatorwhich is
not time-varying. Noticethat Y P, = I. We canfurther mod-
ify (4) asg = Y6, whereg = BEOf andf = [..., f(t -

Lo, e+, " g=[....9t-1)", g®)", gt+1)",...]T €

H (e.g. H = ¢3(2)). If the subbandransformoperate E® is uni-

tary, i.e., EO"EQ = |, where.* denotesthe adjoint, the operator
P, is an orthogona projector sinceit canbe easily checled that
P|2 = P| andP|* = P|.

Definethenthe operatorPc, asfor x € H,

Pex=EV'((1 - B)x+ g), 9)

which gives the projectoronto the corvex set (linear manifold)
defiedasCy = E"g, + H;*, whereH, is thesubspcedefinedby P.
Finally, the original signalis obtainedasthelimit of the recursion
givenasfi,y = Pc_, -+ Pc, Pe, fi.

8)
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Fig. 3. Noisevariances? v.s. peaksignal-to-noiseatio (PSNR)

2.4. Transform Selection

We have to definethecriteriato chossethe mostappropriatdrans-
form attheencoderAt eachtime instancgblock)t, we canobtain
L differenttransformedrectorsdendedby g"(t),1 = 0,...,L -1,

asg”(t) = EVf(t). Then,we chocseonevectorfrom theL vec-
tors. Indeed how to choosethe bestbasisin this methodis a very
difficult problem. Theoreticalconsiderationwould be needed;jn

this paper however, the main purposeis to shav thatthe useof
multiple subband transformsimprove performane in denoising
Thereforethefollowing simplecriterionis adopted Let § (t) bea
codficientsvectorat blockt afterhard/soft-thresholdingFirstly,

we definethefollowing costfunction:

Ig®1 =15"On1g . (10)

We chooséhefilter bankwhich givesthemaximumvalueof J[ g].
If nonoiseis added this criteriaselectghefilter bankthatmostly
concerratesthe enepgy afterthresholdiry.
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Fig. 4. Thresholdv.s.PSNRatthe noisevariances? = 150

3. EXPERIMENT AL RESULTS

To illustratethe advantag of the useof multiple filter banks, we
shav someexamplesof imagedenoising Recallthatthe additive
noisemodelis supposd.

3.1. Choiceof Threshold

We useherejust the singlefixed thresholdsuggestedby Donoho
at al [1] givenby

T=0+/2log,N, (11)

wherec is the standardleviation of thenoiseandN is thenumber
of pixels of theimage. By usingthis threshold we apply “hard-
thresholdng” to thetransformcodficients.

In denoising how to choosethe thresholdis animportantis-
sueandsereralsophisticatethreshold$iave beeninvestigatedi];
however, in this paperin orderto clearlyemphaizeandshav the
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Fig. 5. Noisy anddendsedimagesLena’ wheno? = 150

effectivenessof the useof multiple transformsand POCSrecon-
struction,we make a systemsimple,i.e., we usea fixed threshold
for a whole imageasdonein [8]. For practicalapplications,of
course,we should estimatethe varianceof noise. Furthermore,
moresophisticatedhresholdmightleadto betterperformance.

3.2. Results

In this test,we comparedendsing performanceof several trans-
formsin thefollowing: 1) 8-chamellappedorthogoral transform
(LOT) [9], 2) 8-chamel GenLOr of filter length 48 [9], 3) 9/7
biorthogmal wavelet[1], and4) the proposedmultiple-transform
methodin which the LOT andthe GenLOT areselectvely used.
For reconstructionthe numberof iterationis 20, which yieldssuf-
ficient quality. In orderto shav the gain of performare at the
samethreshold we depictPSNRsat variousnoisevarianceswith
respecto thewell-known picturesLenaandBarbaraof both size
512x 512in Fig. 3. As we canseein this figure,the useof mul-
tiple transformsimprove PSNRconsistently In Fig. 4, next, we
shaw the effect of our propcsedprocedureor variousthresholds.
At smallerthreshold,theGenLOT providesthebestperformance
however, afterthe peak,the propcsedmethodgivesthe bestqual-
ity in PSNR.Finally, we provide subjectve comparisorin Fig. 5.
We shawv herethe noisy image of the noisevariances?® = 150,
thedenoisedmagesby 9/7 biorthogoral waveletandthe proposed
multiple transformsin theimagegeneratedy the wavelets,blur-
ring aroundstrongedgesare very significant. It is obsened that
the proposednultiple-transformmethodsuppresseklurring more
thanthe wavelet. Moreover, PSNRof our proposedmethodout-
performsthatof wavelets.

4. CONCLUSIONS

We have shawvn thatthe useof multiple numberof subkandtrans-
forms in denoisinggains performancen the senseof the mean
squareerror comparel to the caseof single transform. We have
proposel a conceptthat several subban transformsare switched

region by region, andillustrateda reconstrution procedurevhich
accomplishes perfect reconstructionon the basisof the POCS.
Now, we have someopenproblems.We haven't mentionedn this
paperhow to find the optimalthreshold.This would be addresse
in future.
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