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ABSTRACT
It is reported that the use of multiple number of subband transforms for thresholding-based denoising gains performance in the
sense of the mean square error. In traditional thresholding-based
methods, a noisy image is decomposed by linear transformation
such as wavelets, FFT, and so on, and the transformed coe cients
are hard- soft-thresholded. In particular, it is well-known that wavelets
work well for denoising. From the viewpoint that wavelets are in a
class of subband transforms, we propose a strategy in which multiple number of subband transforms are switched region by region,
i.e. block by block. For reconstruction, the projection-based iterative method is used. Experimental results are pretty good and
promising.
1. INTRODUCTION
Restoration of an image or signal contaminated by noise is a fundamental problem in the field of image and signal processing. We
deal in this paper with the additive noise model. This is very
simple but still di cult, and can be applied to a lot of real practical problems. One of well-known solutions for this problem
is a denoising method with linear transformation and thresholding [1]. In particular, wavelet transforms are very successful for
pre-processing before thresholding [1]. Moreover, there have been
several reports regarding how to choose a threshold value. Conventional thresholding (hard-thresholding) as well as shrinkage (softthresholding) are well analyzed.
It has been also reported [2] that uniform subband transforms
or filter banks work quite well in denoising. They have been developed originally for image coding [3], and provide performance
similar or superior to wavelets in image coding applications [4, 5].
This is due to the fact that those transforms provide good energy
compaction property, which can be exploited by denoising. It
has been moreover suggested in image coding that the so-called
time-varying subband transform results in better performance than
conventional subband transforms [6]. In this transform, multiple
number of subband transforms are switched region by region, i.e.,
block by block depending on local images. In this paper, we would
like to apply this successful strategy to image denoising. Our main
motivations is to use the idea that there should exist more appropriate basis functions depending on local statistics. In the rest of
this paper, we describe the denoising framework which we deal

with and the di culty of reconstruction in the case of the use of
multiple subband transforms. We then show the projection-based
reconstruction method used in the proposed procedure and illustrate how to choose a transform at each region (block). Finally,
we show that the use of multiple number of transforms gains denoising performance in PSNR over conventional single transform
methods throughout a simulation study.
2. MULTIPLE TRANSFORMS AND THRESHOLDING
FOR DENOISING
2.1. Thresholding-Based Denoising Framework
Denoising scheme based on the combination of transformation
and thresholding is generally described as follows. Let f be an
original image. This image is transformed by a properly chosen linear transformation (e.g., wavelets, FFT, and lapped transforms) denoted by T . The transformed coe cients are hard- softthresholded, and then the corresponding inverse transformation
T  1 is applied to the thresholded coe cients. This non-linear operation can be written as
fˆ  T  1 Thr[T f ] 

(1)

where Thr[  ] denotes the thresholding and fˆ is the reconstructed
image. Various sophisticated thresholding operators have been investigated (see [1], for instance).
Usually, the transformation operator T (FFT, wavelets, subband transform, and so on) can be implemented by a block-diagonal
matrix, or a periodically time-invariant system. This implies that
the identical filters are applied to all regions. It is, however, not
guaranteed that for all regions in an image, the same filters are
suitable for denoising. Therefore, we introduce a notion that we
switch the transformation region by region. Roughly speaking,
when we switch two transforms, this idea can be formulated as
fˆ  T  1 Thr[P̃1 T 1 f  P̃2 T 2 f ] 

(2)

where P̃1 and P̃2 are diagonal matrices with entries 0 or 1 such
that P̃1  P̃2  I, and T  1 means here the inverse of the operator
P̃1 T 1  P̃2 T 2 . An overview of this concept in denoising is depicted
in Fig. 1. Even if we know T 1 1 and T 2 1 , the derivation of T  1 is
not a trivial task. In the following subsections, we will have a more
precise discussion of the use of multiple subband transforms.
2.2. Transform Settings
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We formulate in this subsection the proposed analysis transformation system which use multiple uniform subband transforms (filter
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Fig. 1. Proposed denoising structure.



(3)

where Ek , k  0      K 1, which leads to a polyphase matrix of
K 1 (l) k
the analysis part described by E(l) (z) 
k  0 Ek z . The rows of
(l)
E correspond to the impulse responses of the analysis filters. Let

f (t) t be a set of tth blocked signals (or vectors at time instance
t) consisting of N consecutive samples, where  describes a set
of time indexes. The analysis subband
transform E(l) generates a

sequence of the transformed vectors g(t) t as
g(t)  E(t) f¯(t)

+ g1

E(1)*

E(1)

banks). As we mentioned earlier, the reason why we introduce the
use of multiple subband transforms is that a natural image is generally a non-stationary process. This can be intuitively understood
from the fact that a natural image can be roughly classified into
smooth, texture, and edge regions, whose correlation functions
might be di erent from each other. Therefore, there is a doubt that
a single transform is applied to a whole image. From this point of
view, the use of various subband transforms for decomposing an
image will improve performance in denoising.
Suppose that there are L subband transforms implemented as
an N-channel maximally decimated uniform filter bank, which
consists of a set of N filters followed by downsampling by a factor
of N. We also assume here that they have the same length KN,
where K is an positive integer. Define the analysis transform matrix of lth subband transform as for l  0      L 1,
(l)
E(l)  [E(l)
K 1      E0 ]

0

(4)

where f¯(t)  [ f (t (K 1)) T      f (t)T ]T , and E(t)  E(l(t)) , that
is, E(t) is equal to some element in the subband transform set 
 (l) L 1
E  l  0 . If we use a single subband transform in the same manner
as conventional methods, E(t) is identical, say, independent of time
instance t.
In most of applications, it is desired that the original sequence
f (t) is perfectly reconstructed from the transformed sequence g(t).
As we stated in 2.1, if we use a single perfect reconstruction subband transform, the reconstruction is performed just by applying
the corresponding synthesis transform to the thresholded coe cients. However, in our case, i.e., when we switch several transforms region by region, even if we apply each synthesis transform
to the corresponding coe cients, perfect reconstruction is generally impossible. As proved by Tanaka et al [6], however, if all
subband transforms are unitary, the reconstruction can be done by
applying the theory of projection onto convex sets (POCS), which
is usually used in the area of image restoration [7].
2.3. Reconstruction With POCS
On the basis of the theory described in [6], we show in this section
that by introducing appropriate closed convex sets, we can exactly
reconstruct the original image from the transformed vector.
We obtain the transformed vector by the transformation described in (4). Recall that each E(t) corresponds one of elements
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Fig. 2. POCS part in Fig. 1: Illustrative iteration procedure for
reconstruction.
in the analysis transform set  , i.e., E(t)  . Now, we can rewrite
(4) as
L 1



g(t) 



(l)
l (t)E

f¯(t) 

(5)

l 0

where


l (t)

if E(t)  E(l)
otherwise 

IM 
0M 


(6)

where I M and 0M denote the identity and the null matrices of both
size M. It is clear that lL 01 l (t)  I M . Let
P̃l  diag[    
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Then, P̃l represents an orthogonal projector with diagonal entries
0 or 1, and E(l) describes a subband transform operator which is
not time-varying. Notice that lL 01 P̃l  I. We can further modL 1
ify (4) as g 
P̃l E (l) f and f  [     f (t
l  0 g̃l , where gl 
1)T  f (t)T  f (t  1)T     ]T , g  [     g(t 1)T  g(t)T  g(t  1)T     ]T 
H (e.g. H  2 (Z)). If the subband transform operator E(l) is unitary, i.e., E (l) E (l)  I, where   denotes the adjoint, the operator
Pl is an orthogonal projector, since it can be easily checked that
P2l  Pl and Pl  Pl .
Define then the operator PCl as for x  H,
PCl x  E (l)  ((I

P̃l )x  gl ) 

(9)

which gives the projector onto the convex set (linear manifold)
defied as Cl  E (l) gl  Hl , where Hl is the subspace defined by Pl .
Finally, the original signal is obtained as the limit of the recursion
given as fi  1  PCL 1    PC1 PC0 fi .
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3. EXPERIMENTAL RESULTS

2.4. Transform Selection
We have to define the criteria to choose the most appropriate transform at the encoder. At each time instance (block) t, we can obtain
L di erent transformed vectors denoted by g(l) (t), l  0      L 1,
as g(l) (t)  E(l) f¯(t). Then, we choose one vector from the L vectors. Indeed, how to choose the best basis in this method is a very
di cult problem. Theoretical consideration would be needed; in
this paper, however, the main purpose is to show that the use of
multiple subband transforms improve performance in denoising.
Therefore, the following simple criterion is adopted. Let ĝ(l) (t) be a
coe cients vector at block t after hard- soft-thresholding. Firstly,
we define the following cost function:
J[g(l) (t)] ! ĝ(l) (t) #"$ g(l) (t) #
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Fig. 3. Noise variance 
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We choose the filter bank which gives the maximum value of J[g(l) ].
If no noise is added, this criteria selects the filter bank that mostly
concentrates the energy after thresholding.

To illustrate the advantage of the use of multiple filter banks, we
show some examples of image denoising. Recall that the additive
noise model is supposed.
3.1. Choice of Threshold
We use here just the single fixed threshold suggested by Donoho
at al [1] given by
%

&

2 loge N 

(11)

where  is the standard deviation of the noise and N is the number
of pixels of the image. By using this threshold, we apply “hardthresholding” to the transform coe cients.
In denoising, how to choose the threshold is an important issue and several sophisticated thresholds have been investigated [1];
however, in this paper, in order to clearly emphasize and show the

(b) 9' 7 biorthogonal wavelet (29 ( 61 dB)
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Fig. 5. Noisy and denoised images ‘Lena’ when 

e ectiveness of the use of multiple transforms and POCS reconstruction, we make a system simple, i.e., we use a fixed threshold
for a whole image as done in [8]. For practical applications, of
course, we should estimate the variance of noise. Furthermore,
more sophisticated threshold might lead to better performance.
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region by region, and illustrated a reconstruction procedure which
accomplishes perfect reconstruction on the basis of the POCS.
Now, we have some open problems. We haven’t mentioned in this
paper how to find the optimal threshold. This would be addressed
in future.
5. REFERENCES

3.2. Results
In this test, we compare denoising performance of several transforms in the following: 1) 8-channel lapped orthogonal transform
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biorthogonal wavelet [1], and 4) the proposed multiple-transform
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