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Noise Covariance Properties in Dual-Tree
Wavelet Decompositions
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Abstract—Dual-tree wavelet decompositions have recently
gained much popularity, mainly due to their ability to provide an
accurate directional analysis of images combined with a reduced
redundancy. When the decomposition of a random process is
performed—which occurs in particular when an additive noise is
corrupting the signal to be analyzed—it is useful to characterize
the statistical properties of the dual-tree wavelet coefficients of
this process. As dual-tree decompositions constitute overcomplete
frame expansions, correlation structures are introduced among
the coefficients, even when a white noise is analyzed. In this paper,
we show that it is possible to provide an accurate description
of the covariance properties of the dual-tree coefficients of a
wide-sense-stationary process. The expressions of the (cross-)
covariance sequences of the coefficients are derived in the one-
and two-dimensional cases. Asymptotic results are also provided,
allowing to predict the behavior of the second-order moments
for large lag values or at coarse resolution. In addition, the
cross-correlations between the primal and dual wavelets, which
play a primary role in our theoretical analysis, are calculated for a
number of classical wavelet families. Simulation results are finally
provided to validate these results.

Index Terms—Covariance, cross-correlation, dependence, dual-
tree, filter banks, frames, Hilbert transform, noise, random pro-
cesses, stationarity, statistics, wavelets.

I. INTRODUCTION

HE discrete wavelet transform (DWT) [1] is a powerful
T tool in signal processing, since it provides “efficient” basis
representations of regular signals [2]. It nevertheless suffers
from a few limitations such as aliasing effects in the transform
domain, coefficient oscillations around singularities, and a lack
of shift invariance. Frames (see [3], [4] or [5] for a tutorial),
reckoned as more general signal representations, represent an
outlet for these inherent constraints laid on basis functions.

Redundant DWTs (RDWTSs) are shift-invariant nonsubsam-
pled frame extensions to the DWT. They have proved more error
or quantization resilient [6]-[8], at the price of an increased
computational cost, especially in higher dimensions. They do
not, however, take on the lack of rotation invariance or poor di-
rectionality of classical separable schemes. These features are
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particularly sensitive in image and video processing. Recently,
several other types of frames have been proposed to incorpo-
rate more geometric features, aiming at sparser representations
and improved robustness. Early examples of such frames are
shiftable multiscale transforms or steerable pyramids [9]. To
name a few others, there also exist contourlets [10], bandelets
[11], curvelets [12], phaselets [13], directionlets [14], or other
representations involving multiple dictionaries [15].

Two important facets need to be addressed, when resorting to
the inherent frame redundancy:

1) multiplicity: frame reconstructions are not unique in

general;

2) correlation: transformed coefficients (and especially those
related to noise) are usually correlated, in contrast with the
classical uncorrelatedness property of the components of a
white noise after an orthogonal transform.

If the multiplicity aspect is usually recognized (and often
addressed via averaging techniques [6]), the correlation of the
transformed coefficients have not received much consideration
until recently. Most of the efforts have been devoted to the
analysis of random processes by the DWT [16]-[19]. It should
be noted that early works by Houdré er al. [20], [21] consider
the continuous wavelet transform of random processes, but
only in a recent work by Fowler [22] exact energetic relation-
ships for an additive noise in the case of the nontight RDWT
have been provided. It must be pointed out that the difficulty
to characterize noise properties after a frame decomposition
may limit the design of sophisticated estimation methods in
denoising applications.

Fortunately, there exist redundant signal representations al-
lowing finer noise behavior assessment: in particular, the dual-
tree wavelet transform, based on the Hilbert transform, whose
advantages in wavelet analysis have been recognized by sev-
eral authors [23], [24]. It consists of two classical wavelet trees
developed in parallel. The second decomposition is refered to
as the “dual” of the first one, which is sometimes called the
“primal” decomposition. The corresponding analyzing wavelets
form Hilbert pairs [25, p. 198 sq]. The dual-tree wavelet trans-
form was initially proposed by Kingsbury [26] and further in-
vestigated by Selesnick [27] in the dyadic case. An excellent
overview of the topic by Selesnick, Baraniuk, and Kingsbury
is provided in [28] and an example of application is provided
in [29]. We recently have generalized this frame decomposi-
tion to the M-band case (M > 2) (see [30]-[32]). In the later
works, we revamped the construction of the dual basis and the
preprocessing stage, necessary in the case of digital signal anal-
ysis [33], [34] and mandatory to accurate directional analysis
of images, and we proposed an optimized reconstruction, thus
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addressing the first important facet of the resulting frame mul-
tiplicity. The M-band (M > 2) dual-tree wavelets prove more
selective in the frequency domain than their dyadic counterparts,
with improved directional selectivity as well. Furthermore, a
larger choice of filters satisfying symmetry and orthogonality
properties is available.

In this paper, we focus on the second facet, correlation, by
studying the second-order statistical properties, in the trans-
form domain, of a stationary random process undergoing a
dual-tree M-band wavelet decomposition. In practice, such a
random process typically models an additive noise. Preliminary
comments on dual-tree coefficient correlation may be found
in [35]. Dependencies between the coefficients already have
been exploited for dual-tree wavelet denoising in [36], [37].
A parametric nonlinear estimator based on Stein’s principle,
making explicit use of the correlation properties derived here,
is proposed in [38]. At first, we briefly recall some properties of
the dual-tree wavelet decomposition in Section II, refering to
[32] for more detail. In Section III, we express in a general form
the second-order moments of the noise coefficients in each tree,
both in the one- and two-dimensional cases. We also discuss the
role of the post-transform—often performed on the dual-tree
wavelet coefficients—with respect to (w.r.t.) decorrelation. In
Section IV, we provide upper bounds for the decay of the cor-
relations existing between pairs of primal/dual coefficients as
well as an asymptotic result concerning coefficient whitening.
The cross-correlations between primal and dual wavelets
playing a key role in our analysis, their expressions are derived
for several wavelet families in Section V. Simulation results
are provided in Section VI in order to validate our theoretical
results and better evaluate the importance of the correlations
introduced by the dual-tree decomposition. Some final remarks
are drawn in Section VII.

Throughout the paper, the following notations will be used:
Z,7*,N,N*, R, R*, R, and R*+ are the set of integers, nonzero
integers, nonnegative integers, positive integers, reals, nonzero
reals, nonnegative reals, and positive reals, respectively. Let M
be an integer greater than or equal to 2, Ny, = {0,. .., M —1},
and N%, = {1,...,M — 1}

II. M-BAND DUAL-TREE WAVELET ANALYSIS

In this section, we recall the basic principles of an M-band
[39] dual-tree decomposition. Here, we will focus on 1-D real
signals belonging to the space L?(R) of square integrable func-
tions. Let M be an integer greater than or equal to 2. An M -band
multiresolution analysis of L?(R) is defined using one scaling
function (or father wavelet) 1o € L?(R) and (M — 1) mother
wavelets 1, € L%(R), m € N%,. In the frequency domain, the
so-called scaling equations are expressed as:

VmeNy,  VM,(Mw)=H,(w)ho(w) (1)
where @ denotes the Fourier transform of a function a.
In order to generate an orthonormal M -band wavelet basis

U (M2, (Mt —k),k e 7}

mEN}‘U,jEZ
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Fig. 1. A pair of primal (top) and dual (bottom) analysis/synthesis A -band
para-unitary filter banks.

of L2(R), the following para-unitarity conditions must hold:

v (m7m/> € N?\/D

= 2m 2w
H,, “VH*, 2= Méprr (2
;ﬂ (@ +p3p) Hoe (W +p3)) @)

where 6,, = 1 if m = 0 and 0 otherwise. The filter with fre-
quency response H( is low-pass whereas the filters with fre-
quency response H,,,, m € {1,..., M — 2} (resp., m = M —
1) are bandpass (resp., high-pass). In this case, cascading the
M -band para-unitary analysis and synthesis filter banks, repre-
sented by the upper structures in Fig. 1, allows us to decompose
and to perfectly reconstruct a given signal.

A “dual” M -band multiresolution analysis is built by defining
another M -band wavelet orthonormal basis associated with a
scaling function 1§ and mother wavelets ¢}!, m € N%,. More
precisely, the mother wavelets are the Hilbert transforms of the
“original” ones ,,, m € Nj,. In the Fourier domain, the de-
sired property reads

VmeNf,  9R(w) = —isign@)Pm(w)  3)
where sign(-) is the signum function. Then, it can be proved [31]
that the dual scaling function can be chosen such that
VkeZ Vwe [2kr,2(k+ 1))

i (w) = { (ke @ D9y (w),  ifk >0
’ (—1)F+lem" @+ D)y (w),  otherwise

where d is an arbitrary integer delay. The corresponding anal-
ysis/synthesis para-unitary Hilbert filter banks are illustrated by
the lower structures in Fig. 1. Conditions for designing the in-
volved frequency responses GG,,,, m € Ny, have been recently
provided in [32]. As the union of two orthonormal basis decom-
positions, the global dual-tree representation corresponds to a
tight frame analysis of L2(R).

III. SECOND-ORDER MOMENTS OF THE NOISE
WAVELET COEFFICIENTS

In this part, we first consider the analysis of a one-dimen-
sional, real-valued, wide-sense-stationary and zero-mean noise

n, with autocovariance function
Y (,7) € R?, L.(r) =E{n(z+r)nx)}. O

We then extend our results to the two-dimensional case.
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A. Expression of the Covariances in the 1-D Case

We denote by (1., [k])kez the coefficients resulting from a
1-D M -band wavelet decomposition of the noise, in a given sub-
band (j, m) where j € Z and m € Njy. In the (4, m) subband,
the wavelet coefficients generated by the dual decomposition are
denoted by (nme [k]) rez- At resolution level j, the statistical
second-order properties of the dual-tree wavelet decomposition
of the noise are characterized as follows.

Proposition 1: For all m € Ny, ([njm[k] nl [k]]),cz

Jm
is a wide-sense-stationary vector sequence. More precisely, for

all (m,m’) € N3, and (¢, k) € Z2, we have
E{njmk+Llnjm K]} =Tn; ;. [4] (6)
oo -
= / Fn(IC) WU’Jm RV (M— —g) de

— 00

E {n il Ol K]} =T on 16

= [T, (55-1) de

— 00

E{njmlk+nglm (K]} =T s 14] (7)

= /_0; Fn(x)wwm’wg/ (%—Z) dz
®)

where the deterministic cross-correlation function of two real-
valued functions f and g in L?(R) is expressed as

R

Proof: See Appendix 1. O

VreR,  p,(r glw =)z, (9)

The classical properties of covariance/correlation functions
are satisfied. In particular, since for all m € Ny, v, and
X are unit norm functions, for all (m,m’) € N3,, the ab-
solute values of vy, . . Vu s and Vit are upper-
bounded by 1. In addition, the fofnowmg symmefry properties
are satisfied.

Proposition 2: For all (m,m") € Ny withm =m’ = 0 or
mm/ # 0, we have v,,u Wl = Va0, - As @ consequence

Loy e = Lom (10)
When mm/ # 0, we have
V7 eR, Vo 1, (1) = —Vwm,’wyn(—T) an
and, consequently
Viel, Fn%m,n?m, [4] = _Fnj.mun?_m [—7]. (12)

Besides, the function ~,, R is symmetric w.r.t. —d — 1/2,
which entails that T",, nlty 1s symmetric w.r.t. d + 1/2.
Proof: See Appendlx 0. O

As a particular case of (10), when m = m/, it appears that the
sequences (12,n[k])rez and (nf,, [k]), _, have the same auto-
covariance sequence. We also deduce from Proposition 2 that,
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for all m # 0, ’Ywm pH is an odd function, and the cross-covari-
ance I, . is an odd sequence. This implies, in particular,
that for all m # 0

0] = 0. (13)

H
Gms"y

The latter equality means that, for all m # 0 and k € Z,
the random vector [n,,,[k] n}!, [k]] has uncorrelated com-
ponents with equal variance.

The previous results are applicable to an arbitrary stationary
noise but the resulting expressions may be intricate depending
on the specific form of the autocovariance I';,. Subsequently, we
will be mainly interested in the study of the dual-tree decom-
position of a white noise, for which tractable expressions of the
second-order statistics of the coefficients can be obtained. The
autocovariance of n is then given by I', () = 0%6(x), where
0 denotes the Dirac distribution. As the primal (resp., dual)
wavelet basis is orthonormal, it can be deduced from (6)—(8)
(see Appendix III) that, for all (m,m’) € N3, and £ € Z

(14)
15)

rnj,nl,nj m [ﬂ]
Fnj,nl ,nP_I ’ [£]7

nil [é] = 026m—m’5i

] m? i m

=0 %m,w,ﬁﬁ, (=6)

where (05, )rez is the Kronecker sequence (6, = 1if k =
and 0 otherwise). Therefore, (nj[k])rez and (n}l,[k]), ,
are cross-correlated zero-mean, white random sequences with
variance o2.

The determination of the cross-covariance requires the com-
putation of v, - We distinguish between the mother (m’ #
0) and father (m/ = 0) wavelet case.

¢ By using (3), for m’ # 0, the Parseval-Plancherel formula

yields
)= % /_‘: sz(w) ({ﬂ\m'(w)H>* exp(wwT)dw

_ %Im{ [0 ()

X eXp(sz)dw} (16)

Vo tH, (T

where Im{z} denotes the imaginary part of a complex z.
e According to (4), for m’ = 0 we find, after some simple
calculations

Vit (T) =
k=0 2km

x (qZO(w))* exp <zw <% T d)) dw} (17)

where Re{z} denotes the real part of a complex z.
In both cases, we have

L / B0 Pt (@)

™

00 2(k+1)w =R
%Re{Z(—l)k / P (W)

Vet ()] < (18)

For M-band wavelet decompositions, selective filter banks are
commonly used. Provided that this selectivity property is satis-
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fied, the cross term |, (w)4m (w)| can be expected to be close
to zero and the upper bound in (18) to take small values when
m # m/. This fact will be discussed in Section VI-C based on
numerical results. On the contrary, when m = m/, the cross-cor-
relation functions always need to be evaluated more carefully.
In Section V, we will therefore focus on the functions

1 [ ~ .
ry’l/’m.-,'l/"ir;[l (T) == ; / |’l/1m(u))|2S1n(w7')dw., m # 0 (19)
Jo
1 oo
Voot (T) = — > (-1
k=0
2(k+1)w . 1
X / [1o(w)|? cos (w(——f—T—}—d)) dw.
2%x 2

(20)

Note that, in this paper, we do not consider interscale correla-

tions. Although expressions of the second-order statistics sim-

ilar to the intrascale ones can be derived, sequences of wavelet

coefficients defined at different resolution levels are generally
not cross-stationary [18].

B. Extension to the 2-D Case

We now consider the analysis of a 2-D noise n, which is also
assumed to be real, wide-sense-stationary with zero-mean and
autocovariance function

Y (1,z) € R* x R?, I.(1) = E{n(z + 1)n(z)}.

We can proceed similarly to the previous section. We denote by
(nm[k])kez> the coefficients resulting from a 2-D separable
M -band wavelet decomposition [39] of the noise, in a given
subband (j,m) € Z x N3,. The wavelet coefficients of the
dual decomposition are denoted by (n},, [k]) kez2- We obtain
expressions of the covariance fields similar to (6)—(8): for all
j € Z,m= (m,m) € Nj,m' = (m},mh) € N3,
{ = (fl,zg) S ZZ, and k € 72

Ly e (€] = E{11j m[k + €0 m [K] }

L

1
n(T1,22) Vg, 0, N\ -4

X ’M,mz,qj,m, (M — fz) d:l?ld:vg (21)

/ / £E1 ) ’Ywn H/ (% —51)

X Yn (M - ez) day daz (22)
Lot 1] = E{njm[k N 0 (K]}

1
n(Z1,2) Vg o1 L\ -4

L

X fywmg,w (M - ‘€2) dil?1d:l?2. (23)

From the properties of the correlation functions of the wavelets
and the scaling function as given by Proposition 2, it can be
deduced that, when (1 = m} = 0 or mym/ # 0) and (ms =
my = 0 or maml} # 0)

njmNm F"?, S 24
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Some additional symmetry properties are straightforwardly ob-
tained from Proposition 2. In particular, for all m € N32, the
cross-covariance I, montl is an even sequence. An important
consequence of the latterj properties concerns the 2 x 2 linear
combination of the primal and dual wavelet coefficients which
is often implemented in dual-tree decompositions. As explained
in [31], the main advantage of such a post-processing is to better
capture the directional features in the analyzed image. More pre-
cisely, this amounts to performing the following unitary trans-
form of the detail coefficients, for m € N%2:

Vkez?, u%mmng%o%mMHw&me (25)
W lK] = == (n;mlk] — ¥ K]) . 26)

V2
(The transform is usually not applied when m; = 0 or my =

0.) The covariances of the transformed fields of noise coeffi-
cients (w; m[k])kez> and (w},, [k])kez> then take the following

expressions.
Proposition 3: For allm € N3 and £ € 7>
T ] T o I B )]
ot 1=yl T (] OB
ij_m,w;%m 1] =o. . (29)
Proof: See Appendix IV. O

This shows that the post-transform not only provides a better
directional analysis of the image of interest but also plays an im-
portant role w.r.t. the noise analysis. Indeed, it allows to com-
pletely cancel the correlations between the primal and dual noise
coefficient fields obtained for a given value of (j,m). In turn,
this operation introduces some spatial noise correlation in each
subband.

For a 2-D white noise, I, ( ) = o2 §(x) and the coeffi-
cients (12jm[k])kez> and (n},., [k])kez> are such that, for all
{ = (glgg) S 72

[e] F H nH , [‘e] = 025m1—m’1 6m2—m,’2621 6[2
(30)
(€29

r

g m T !

Loyt [l =077, LR (=0, w1, (—L2)-

As a consequence of Proposition 2, in the case when
£ = 0, we conclude that, for (m; # 0 or my # 0) and k € 72,
the vector [njm[k] nil,[k]] has uncorrelated components
with equal variance. This property holds more generally for
2-D noises with separable covariance functions.

IV. SOME ASYMPTOTIC PROPERTIES

In the previous section, we have shown that the correlations of
the basis functions play a prominent role in the determination of
the second-order statistical properties of the noise coefficients.
To estimate the strength of the dependencies between the co-
efficients, it is useful to determine the decay of the correlation
functions. The following result allows to evaluate their decay.

Proposition 4: Let (N1,...,Nay—1) € (N*)M~1 and de-
fine Ny = mmmeN;\l N,,. Assume that, for all m € Ny, the
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function |y, |2 is 2N,,, + 1 times continuously differentiable on
R and, for all ¢ € {0,...,2N,, + 1}, its gth-order derivatives
(|thm[*)@ belong to L* (R).! Further assume that, for all m, # 0,

Pm(w) = O whm) as w — 0. Then, there exists C' € R, such
+
that, for all m € Ny,
VTERY, |1 (T)] < PN (32)
and
Proof: See Appendix V. O

Note that, for all m € Ny, the assumptions concerning
|hm|? are satisfied if ¢, is 2Ny, + 1 times continuously
differentiable on R and, for all ¢ € {0,...,2N,, + 1}, its
gth-order derivatives 1/77(73) belong to LQ(R). Indeed, if @\m is
2N,, + 1 times continuously differentiable on R, so is |1, |?.
The Leibniz formula allows us to express its derivative of order
qg €{0,...,2N,, + 1} as

a
([thm[*)@

=3 (1) GO

£=0

Consequently, if for all £ € {0,...,q}, P € 12(R), then
([$m)@ € LI(R).

Note also that, for integrable wavelets, the assumption
1/;m( ) = O(w™™) as w — 0 means that the wavelet v,,,
m # 0, has N, vanishing moments.

Therefore, the decay rate of the wavelet correlation functions
is all the more important as the Fourier transforms of the basis
functions v,,,, m € Njy, are regular (i.e., the wavelets have
fast decay themselves) and the number of vanishing moments is
large. The latter condition is useful to ensure that Hilbert-trans-
formed functions 11l have regular spectra as well. It must be
emphasized that Proposition 4 guarantees that the asymptotic
decay of the wavelet correlation functions is at most || ~2Nm—1,
A faster decay can be obtained in practice for some wavelet fam-
ilies. For example, when 1), is compactly supported, vy, ..
also has a compact support. In this case, however, 1l cannot be
compactly supported [32], so that the bound in (33) remains of
interest. Examples will be discussed in more detail in Section V.

It is also worth noticing that the obtained upper bounds on the
correlation functions allow us to evaluate the decay rate of the
covariance sequences of the dual-tree wavelet coefficients of a
stationary noise as expressed below.

Proposition 5: Let n be a 1-D zero-mean wide-sense-sta-
tionary random process. Assume that either n is a white noise
or its autocovariance function is with exponential decay, that is
there exist A € Ry and o € R, such that

VreR, [D,(r) < Ae~ell (34)

Consider also functions ,,,, m € Ny, satisfying the assump-
tions of Proposition 4. Then, there exists C' € R such that for
allj € Z,m € Np;,and ¥ € Z*

C

T s L] < T [PVt (35)

lBy convention, the derivative of order 0 of a function is the function itself.
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c

L [”_W (36)

Proof: See Appendix VL. O

The decay property of the covariance sequences readily ex-
tends to the 2-D case:

Proposition 6: Let n be a 2-D zero-mean wide-sense-sta-
tionary random field. Assume that either n is a white noise or its
autocovariance function is with exponential decay, that is, there
exist A € Ry and (o, a2) € (R%)?, such that

Y (11,72) € R%,  |Dp(m,m2)| < Ae~otlnl=aziml (37)
Consider also functions vy, m € Ny, satisfying the assump-
tions of Proposition 4. Then, there exists C' € R such that for
allj € Z,m € N3, and £ = ({1,45) € Z*

C
Tho o n 1] <
C
T
| njmn []| = (1+|£ |2N +1)(1+|£ |2N +1) (39)
Besides, forall j € Z, m € N32, and £ = ({1, /5) € 7>
2C
Ty, ) <
| ’wj,.m,’wj,m[l]| — (1 + |£1|2Nm+1)(1 + |,€2|2an+1) (40)
2C
I < . 41
| wjf.{m,w;_{m[fﬂ = (L + [V F ) (1 [€o2NntT) 41)

Proof: Due to the separability of the 2-D dual-tree wavelet
analysis, (38) and (39) are obtained quite similarly to (35) and
(36). The proof of (40) and (41) then follows from (27) and (28).

O

The two previous propositions provide upper bounds on the

decay rate of the covariance sequences of the dual-tree wavelet

coefficients, when the norm of the lag variable (£ or £) takes

large values. We end this section by providing asympotic results
at coarse resolution (as 7 — o0).

Proposition 7: Let n be a 1-D zero-mean wide-sense-sta-
tionary process with covariance function I',, € L*(R) N L2(R).
Then, for all (m,m’) € N3,, we have

hm Pn7 TG m/ [’e] = fn (0)6m—m’5l (42)

j—oo

T T, 0 =T0(0)7, 00, (<0 (43)
Proof: See Appendix VII. O

In other words, at coarse resolution in the transform domain,
a stationary noise n with arbitrary covariance function I',
behaves like a white noise with spectrum density ', ,(0). This
fact further emphasizes the interest in studying more precisely
the dual-tree wavelet decomposition of a white noise. Note
also that, by calculating higher order cumulants of the dual-tree
wavelet coefficients and using techniques as in [18], [40], it
could be proved that, for all (m,m’) € N3, and (k, k") € 72,
[nj.m(k) nfm,(k’ )] is asymptotically normal as j — oco. Al-
though Proposition 7 has been stated for 1-D random processes,
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we finally point out that quite similar results are obtained in the
2-D case.

V. WAVELET FAMILIES EXAMPLES

For a white noise (see (14) and (15), (30) and (31)) or for ar-
bitrary wide-sense-stationary noises analyzed at coarse resolu-
tion (cf. Proposition 7), we have seen that the cross-correlation
functions between the primal and dual wavelets taken at integer
values are the main features. In order to better evaluate the im-
pact of the wavelet choice, we will now specify the expressions
of these cross-correlations for different wavelet families.

A. M-Band Shannon Wavelets

M-band Shannon wavelets (also called sinc wavelets in the
literature) correspond to an ideally selective analysis in the fre-
quency domain. These wavelets also appear as a limit case for
many wavelet families, e.g., Daubechies or spline wavelets. We
have then, for all m € N,

'ﬁm(w) = 1(—(m+1)7r,—m7r]u[m7r,(m+1)7r) (w)
where 1g denotes the characteristic function of the set S C R
_J1, ifwes
ls(w) = {07 otherwise.

In this case, (20) reads: for all 7 € R

1 [T 1
Yoo et (T) = — '/0 cos <<§ +d+ T) w)dw

—1)? cos (7 .
{M7 itr#—d— 1

m(3+d+7)
1, otherwise.

For m € N3, (19) leads to

1 (m+1)7
Yopo ot (T) = — = / sin (w7)dw
o T Jm=x
_ { cos((m—i—l)w;'z—cos(mwr)? if 7 7£ 0
0, otherwise.

We deduce from the two previous expressions that, for all £ € Z

' (_1)(d+€) "
%po,ng( )= m 44)
and, for all m # 0
m+1)e1—(-1)°" .
WU'Jm,wH (l): {(—1)( +1) - s 1f£7é0 (45)
"7 0, otherwise.
We can remark that, for all (m, m’) € N}2
Vi it (£) = (—1)(’”'_”7’)/%,,,,1;,2, (£) (46)
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and vy, yu (£) = 0, when £ is odd. Besides, the correlation
sequences decay pretty slowly as £=1. We also note that, as
the functions v,,, m € Nj;, have nonoverlapping spectra,
(6)—(8) (resp., (21)—(23)) allow us to conclude that, dual-tree
noise wavelet coefficients corresponding, respectively, to sub-
bands (j,m) and (j,m’) with m # m' (resp., (j,m1,m2)
and (4, m},mb) with my # m] or my # m}) are perfectly
uncorrelated.

B. Meyer Wavelets

These wavelets [41], [42, p. 116] are also band-limited but
with smoother transitions than Shannon wavelets. The scaling
function is consequently defined as

1, if0 < |w| <7(l—¢)
Dolw) =4 W (% - 12—;) i (1 —€) < |w] < m(1+e€)
0, otherwise
47)

where 0 < e < 1/(M + 1) and

™
Vee0,1],  W(8) = cos (51/(9))
with v : [0,1] — [0, 1] such that
v(0)=0
Vo elo,1], v(l—0)=1-wv(h). (48)
Then, it can be noticed that
Vo elo,1], W21 —60)=1-W?2#). (49

A common choice for the v function is [42, p. 119]:

v elo,1], v(0) = 6*(35 — 846 + 706% — 200%). (50)

Form € {1,...,M — 2}, the associated M -band wavelets are
given by (51) shown at the bottom of the page, while, for the last
wavelet, we have (52) shown at the top of the following page.
Here, the phase functions 7,,, m € N3, are odd functions, and
we have

Vwe (Mr,M(1+ e)r),
7]]\1_1((4)) = —77]\1_1(2M7r — w) mod 2.
In addition, for the orthonormality condition to be satisfied, the
following recursive equations must hold:
Vwe (m—em,(m+e)m),
Nm(w — 2m7) — Ny—1(w — 2mm)

= N (w) — Nm—1(w) + ™ mod 27

etm (W) (m_+e _ ] ) ,

2e 2me
~ £ (),

2me 2e

0,

et (W) W (M _ Ll—é) ;

if(m—er <|w < (m+éer
if(m+er<|lw < (m+1-er
if(m+1—-er<|w < (m+14+6e)rm
otherwise

D
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ean,l(w)W (IﬂflJre el
€

2 27e
-~ “71\471(0-))
e R
Yy—1(w) = ’
(@) erm—1 @)y (vl 1-e
2weM 2e ’
0,
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), fF(M-1-er<|w|<(M-1+er

if(M—14+er <|w <M(l-¢er
if M(1—e)r < |w| <M1+ €)n

otherwise.

(52)

by setting: V w € R, no(w) = 0. Generally, linear phase solu-
tions to the previous equation are chosen [43].

Using the preceding expressions, the cross-correlations be-
tween the Meyer basis functions and their dual counterparts are
derived in Appendix VIII. It can be deduced from these results
that: V/ € Z

(_ 1)d+€
71;’;0 ,u’;é{ (Z) =

Yy R G B = x4 1)
= D (-1) Ie<d+£+2 (53)

where

! 1+6
Ve eR, I.(z)= 26/ w? <T> sin (mexf)df. (54)
J0

For the wavelets, when m e {1,..., M —2} (resp., m=M—1),
we get (55) (resp., (56)) at the bottom of the page. Similarly to
Shannon wavelets, for (m,m’) € {1,..., M — 2}2, (46) holds
and vy, yu (¢) = 0, whenm # 0 and £ is odd. As expected, we
observe that the previous cross-correlations converge pointwise
to the expressions given for Shannon wavelets in (44) and (45),
as we lete — 0.

Besides, let us make the following assumption: W2 is 2q + 2
times continuously differentiable on [0, 1] with ¢ € N* and, for
all £ € {0,...,2¢ — 1}, (W?)O(1) = 0. This assumption is
typically satisfied by the window defined by (50) with ¢ = 4.
From (49), it can be further noticed that, forall £ € {1,...,q+
1}, (W?)@9(1/2) = 0. Then, when z # 0, itis readily checked
by integrating by parts that

'/01 w? <“2r—9> sin (mwexh)df
1 (=1t (W) o (1)

 2mex 224(mrex)2a+l cos(er)
(=1ew?)P()
D20 (e B2 sin(mex)

(_1)q+1 1 2\ (2042) 140 .
+W/O (W=)=e — sin (wex0)df.

This shows that, as |z| — oo

P S Vi Sl e)
e(z) = T | 920—172¢+1.2q,2q+1

cos(mex) + O(x~2172),
(57)
For example, for the taper function defined by (50), we get

1 385875
L(z) = rr  AnTeSxd
Combining (57) with (53), (55), and (56) allows us to see that the
cross-correlation sequences decay as £~ 27! when /| — oo.
Equation (57) also indicates that the decay tends to be faster
when e is large, which is consistent with intuition since the basis
functions are then better localized in time. Note that, as shown
by (51) /a}nd (52), under the considered differentiability assump-
tions, [t),,|* is 2¢ — 1 times continuously differentiable on R
whereas 1., (w) = 0 for m € N}, and |w| < w(m — ¢€). Propo-
sition 4 then guarantees a decay rate at least equal to |[¢|~2¢+!
(here, N,,, = q — 1). In this case, we see that the decay rate
derived from (57) is more accurate than the decay given by
Proposition 4.

cos(mex) + O(x™10).

C. Wavelet Families Derived From Wavelet Packets

1) General Form: One can generate M-band orthonormal
wavelet bases from dyadic orthonormal wavelet packet decom-
positions corresponding to an equal subband analysis. We are
consequently limited to scaling factors M which are power of 2.
More precisely, let (., )men be the considered wavelet packets
[44], for all P € N* an orthonormal M -band wavelet decom-
position is obtained using the basis functions (¢, )o<m<ar With
M = 27 In this case, the basis functions satisfy the following
two-scale relations: for all m € N

\/51]}\2m (2w) = AO(‘U){/;m (w)
V2o 41(20) = A1(w)m (w)
where Aj and A; are the frequency responses of the low-pass

and high-pass filters of the associated two-band para-unitary
synthesis filter bank. We can infer the following result.

(58)
(59)

Vit () = { (=101 = (=1)) (77 = 1(D) »

0,

if 040

55
otherwise (55)

Vors 10t (f)z{H)M‘(%?“H—l)%(f)—m(e)), 040

0,

(56)
otherwise.
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Proposition 8: For all 7 € R and m € N*, we have

= Yao [0]7sp,,, w1t (27)

£ 3 ] (wm,w;& (27 + )

k=1

7’(/)2.," ,'x/;;{m (T)

+ Vip o (27 — k‘)) (60)

=Yay [0]’77#,,1 RS (ZT)

+ ) Ya, K] (Wm,uvzg(% + k)

k=1

Vipam+1 ﬂ/J?mH (T>

+’7¢m’¢H (27’— )) (61)

where, for all e € {0,1}, (va, [k])kez is the autocorrelation
of the impulse response (a.[k])recz of the filter with frequency

response A.:
oo

Ya [k] = Z aelglac(q — kJ.

g=—00

Proof: See Appendix IX. O

Vkez,

It is important to note that (60) and (61) are not valid for
m = 0. These two relations define recursive equations for the
calculation of the cross-correlations (W)m,wﬁﬁ)mﬂ’ provided
that 7, Pl has been calculated first.

For this specific class of M-band wavelet decompositions, it
is possible to relate the decay properties of the cross-correlation
functions to the number of vanishing moments of the underlying
dyadic wavelet analysis.

Proposition 9: Assume that the filters with frequency re-
sponse Ay and A; are finite impulse response (FIR) and A; has
a zero of order N € N* at frequency 0 (or, equivalently, A, has
azero of order N at frequency 1/2). Then, there exists Cp € R

such that
VT ER", |y (r) < Colr|72N71 (62)

In addition, for all m € N*, let (€1, €2,...,¢.) € {0,1}", 7 €
N*, be the digits in the binary representation of m, that is,

m = Z ei2i71.
i=1
Then, there exists C,,, € R such that
VT ERY, g, ()] < Colr 2V (i )7L (64)

(63)

Proof: The filters of the underlying dyadic multiresolution
being FIR, the wavelet packets are compactly supported. Con-
sequently, their Fourier transforms are infinitely differentiable,
their derivatives of any order belonging to L?(R). In addition,
the binary representation of . € N* being given by (63), (58)
and (59) yield
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that is

2Pz H AO 2Pz

1=r+1

Moreover, by assumption A;(w) = O(w™) as w — 0, whereas

Ap(0) = V2 andéwo( )| = 1. This shows that, when m # 0,
1/Afm( )=0 (w i=1%) ) as w — 0. From (33), we deduce

the upper bound in (64). Furthermore, by applying Proposition
4 when M = 2, we have then Ny = N; = N and (62) is
obtained. O

We see that the cross-correlation v, ,u decays all the more
rapidly as the number of 1’s in the binary representation of m
is large.2

2) The Particular Case of Walsh—Hadamard Transform: The
case M = 2 corresponds to Haar wavelets. In contrast with
Shannon wavelets, these wavelets lay emphasis on time/spatial
localization. We consequently have:

-~ . w L
ho(w) =sinc (5) e (65)
i : w : w — 2
1 (w) =1sinc (Z) sin (Z) e '2 (66)

where
. Sn@) - f £ 0
sinc(w) = w, ) (67)
1, otherwise.

After some calculations which are provided in Appendix X, we
obtain for all 7 € R

oo

7I"}/w0 wH = Z

< Sk(3+2d 4+ 27)
=0

—Sk(l+2d+2T)+§Sk(—l—|—2d—|— 27’)) (68)
where, for all £ € N and for all z € R

(k+1)mx
Sk(x) = :E/ sinc(u)du.
k

™

Furthermore, we have (adopting the convention: 01n(0) = 0)

Ty, i () = 6TIn[7[+ (7 +1)In|r+ 1|+ (7= 1) In|r — 1]

1 1 1
—4<T+§>ln T+§‘—4<T—§)1n

For M = 2F with P > 1, the cross-correlations Ve ,H 5 T €
{2,...,2F—1}, can be determined in a recursive manner thanks
to Proposition 8. For Walsh—-Hadamard wavelets, we have

1, if k=0
Vee{0,1}, Vkel, vkwk:{iéz7iﬂM:1

0 otherwise
(70

(69)

T— .
2

2The characterization of the sum of digits of integers remains an open problem
in number theory [45], [46].
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TABLE I
ASYMPTOTIC FORM OF v, 11 (T) AS |T| — 00 FOR WALSH-HADAMARD WAVELETS
T m
m 1 2 3 4 5 6 7 8 9 10 11 12
p ) T T —_3 T —_3 —_3 15 T —_3 —_3 15 ——3
Veprm ,pH 23,3 25,3 27,5 27,3 29,5 211,5 14,7 29,3 11,5 13,5 16,7 15,5

and, consequently, for all m # 0 and 7 € R

Vi ot (T) =Y, g1 (27)

1
+ 2 (fylbmﬂr (2T + 1)

+ Yy, 0 (ZT - 1)) (71)

Vipamt1 RS (1) = Vi I (27)

1
~3 (wm,w;ﬁ(% +1)

+ Vi (2T — 1)) . (72)

From (69), it can be noticed that v, yn(7) = 1/(8773) +
O(77%) when |7| > 2, which corresponds to a faster asymptotic
decay than with Shannon wavelets. The asymptotic behavior of
Va8t (1), m > 2, can also be deduced from (69), (71), and
(72). The expressions given in Table I are in perfect agreement
with the decay rates predicted by Proposition 9.

D. Franklin Wavelets

Franklin wavelets [47], [48] correspond to a dyadic or-
thonormal basis of spline wavelets of order 1 [42, p. 146
sq.]. With the Haar wavelet, they form a special case of
Battle-Lemarié wavelets [49], [50]. The Fourier transforms of
the scaling function and the mother wavelet are given by

R 1/2 w
do(w) = <1++ﬁ(w/z)> sine®(5)

(W) = — 3(1 + 2sin®(w/4)) 1/2
s <(1+2COSZ(“’/2))(1+2cos2((d/4))>

X sin? (%) sinc? (%) exp (—z%). (74)

The expression of the cross-correlation of the scaling functions
readily follows from (20)

(73)

6

Vo, () = — > (—D)*T(1 + 2d + 27)
k=0

V1 eR,

where, forallk € Nand z € R

The expression of the cross-correlation of the mother wavelet
can be deduced from (19) and (74) and resorting to numerical
methods for the computation of the resulting integral, but it is
also possible to obtain a series expansion of the cross-correla-
tion as shown next.

Taking the square modulus of (74), we find

20e)1 (20)[* = | A1 (w) PR (W) (75)

where /
B B 6 (2 — cos(w)) 1z
Ar(w) = ((1 + 2cos?(w)) (24 COS(W))>

s = (e’

Let (a1[k])rez (resp., x) be the sequence (resp., function)
whose Fourier transform is Ay (resp., ). Similarly to (61), (75)
leads to the following relation:

VT eR, vy, pn(7) = 7a,[0]7y,\n (27)

-+ Z%l

where (7a, [k])kez denotes the autocorrelation of the sequence
(@1[k])kez.

We have then to determine v, ,u and (va, [k])ren. First, it
can be shown (see Appendix XI for more detail) that

(Vyxt (27 + k) + vy u (27 — k) (76)

3T Yy (1 (T) = go> In 7]

4
+qu (r+pPIn|r+p|+ (r—p)°hnjr—p|) 77
p=1
where
35 7 T 1 1
qo = 16’ Q1—4-, q2 = g’ (J3—47 q4 = 32

Second, the sequence (7z,[k])ren can be deduced from
|A1(w)|? by using z-transform inversion techniques (calcula-
tions are provided in Appendix XI). This leads to (78), shown
at the bottom of the page. Equations (76), (77), and (78) thus
allow an accurate numerical evaluation of v, pH Since

(1) ~ —=3/(2n7°) as |7| — oo (79)

Tx.x
and

Yar [K] = O((2 = V3)"/*) as k — oo

the convergence of the series in (76) is indeed pretty fast.

(80)

k

kD7 ginet (u) From Proposition 4, we further deduce that v,, i (7) and
Ti(x) = /k7r 1+ 2 cos?(u) cos(uz)du. Yy, 1t (T) decay as [7]~ > (here, we have Ny = N; = 2). The
{ 7, (2] = 222 = VB (T(-1)F + 42 = V3)F) 8)

Ya, [2k + 1] = (

2 - VO (-1

—V3) = (2= VB VEeN.
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TABLE II
THEORETICAL CROSS-CORRELATION VALUES IN THE DYADIC CASE (d = 0)
Vo, Bl Yoo, pH
[ Wavelets \ £ | 0 ] 1 [ 2 [ 3 1 [ 2 [ 3
Shannon 0.63662 -0.21221 0.12732 —9.0946 x 10—2 0.63662 0 0.21221
Meyer e =1/3 || 0.63216 -0.19916 0.10668 —6.4166 x 1072 0.59378 | —4.1412 x 10~ 2 0.11930
Splines order 3 0.62696 -0.18538 8.8582x 102 -4.6179x10—2 0.55078 -5.8322x10~2 8.2875x10—2
Splines order 1 0.60142 -0.12891 3.4815 x 10~2 —9.2967 x 103 0.38844 | —5.7528 x 10~2 | 1.8659 x 10~2
Haar 0.51288 | —1.1338 x 102 | —1.0855 x 10—3 | —2.6379 x 10=% ][ 0.10816 | 5.6994 x 10— | 1.5610 x 10—3
TABLE III
THEORETICAL VALUES FOR THE FIRST TWO CROSS-CORRELATION SEQUENCES IN THE A/ -BAND MEYER CASE (d = 0)
Vo v Yy wl
[ Wavelets \ £ | 0 [ 1 [ 2 | 3 1 [ 2] 3
Meyer 3-band € = 1/4 [[ 0.63411 | -0.20478 [ 0.11530 | -7.4822x10~2 [ 0.62662 | 0 | 0.18391
Meyer 4-band e = 1/5 0.63501 -0.20742 | 0.11950 | -8.0293x 10~ 2 0.63020 | 0 | 0.19367
Meyer 5-band € = 1/6 0.63550 | -0.20887 | 0.12184 | -8.3419x10~ 2 0.63216 | 0 | 0.19917
Meyer 6-band e = 1/7 || 0.63580 | -0.20975 | 0.12327 | -8.5357x10~2 || 0.63334 | 0 | 0.20255
Meyer 7-band e = 1/8 0.63599 | -0.21033 | 0.12421 -8.6637x10 2 0.63411 0 | 0.20478
Meyer 8-band € = 1/9 0.63612 | -0.21072 | 0.12486 | -8.7525x102 0.63463 | 0 | 0.20632
decay rate of 7, ,u can be derived more precisely from (76). TABLE IV
o THEORETICAL VALUES FOR THE LAST CROSS-CORRELATION
Indeed, we have
SEQUENCE IN THE M -BAND MEYER CASE (d = 0)
o0
5 5 _ Tprr—1,98
|T| Z |7a1 [k”hx,xﬂ (2T k)| | Wavelets \ ¢ [ 1 | 2 | 3
’“:*°°OO Meyer 3-band € = 1/4 || -0.58018 | -6.0378x10~2 | -0.11965
1 = Meyer 4-band € = 1/5 0.58555 -7.0840x10~2 0.11961
5 5 )
<3 > Bl (127 = kP + [E7) [y m (27 = k)| Meyer 5-band € = 1/6 || -0.58278 | -7.7359x10~2 | -0.11940
k=—o0 Meyer 6-band € = 1/7 0.58063 | -8.1773x10~2 | 0.11914
_ Meyer 7-band e = 1/8 || -0.57893 | -8.4944x10—2 | -0.11888
< sup(|ul” vy (w)]) + sup [y o ()] Meyer 8-band € = 1/9 || 0.57755 | -8.7324x10~2 | 0.11863
uwER uwER
e TABLE V
X Z (1+ |l<:|5)|fy&1 [k]] < o0 (81) THEORETICAL CROSS-CORRELATION VALUES IN THE
et WALSH-HADAMARD CASE
, 7 1 T 1 2 | 3 |
where the convexity of |.|> has been used in the first inequality Vyoptt || 6:0560 x 1072 | 1.5848 x 107° | 4.0782 x 107*
and the last inequality is a consequence of (79) and (80). It can | Yy, yu || 49162 x 1072 [ —3.0109 x 10~* | —3.4205 x 10~—°
be deduced from the dominated convergence theorem that Vopa,p B 3.2069x10~2 4.0952x10~* 1.0319x10~*
o Yoy pH -2.8899x 102 -8.0753x10—° -8.7950x10~°
: 5 _ : 5 -2.4899x 102 -2.6077x10~° -2.4511x10~°
im 727y, yu(r) = Z Ya, [k] Lm 777, \u (217 — k) LR . — .
7| =00 £ 7| —o0 Yo oH 2429710 1.0608x 10 48118x10
k=—o0 Y7,¥7
3 — 3 .~ . . .
=~ oir Z Ya, (k] = ~ i A1(0)|]*  correlations between the noise coefficients at the output of a
[ —— 4 dual-tree analysis can take significant values (up to 0.64). We
_ 1 also observe that the wavelet choice has a clear influence on the
T 391 magnitude of the correlations. Indeed, while the Meyer wavelet

Finally, we would like to note that similar expressions can be
derived for higher order spline wavelets although the calcula-
tions become tedious.

VI. EXPERIMENTAL RESULTS

A. Results Based on Theoretical Expressions

At first, we provide numerical evaluations of the expressions
of the cross-correlation sequences obtained in the previous sec-
tion when the lag variable (denoted by ¢) varies in {0, 1,2, 3}.
The cross-correlations for lag values in {—3,—2, —1} can be
deduced from the symmetry properties shown in Section III-A.
We notice that cubic spline wavelets [51] have not been studied
in Section V, so that their cross-correlation values have to be
computed directly from (19) and (20). The results concerning
the dyadic case are given in Table II. They show that the cross-

leads to results close to the Shannon wavelet, the correlations
are weaker for the Haar wavelet. As expected, spline wavelets
yield intermediate cross-correlation values between the Meyer
and the Haar cases.

Our next results concern the M -band case with M > 3. Due
to the properties of the cross-correlations, the study can be sim-
plified as explained below.

¢ Shannon wavelets: due to (46), the M -band cross-correla-
tions are, up to a possible sign change, equal to the dyadic
case cross-correlations (see Table II).

* Meyer wavelets: still due to (46), the first M — 2 cross-
correlations of the wavelets are easily deduced from the
first one. So, we only need to specify Vapo ol > Vapr 1>
and vy, R Tables III and IV give the related values
when M ranges from 3 to 8, the € parameter being set to
its possible maximum value (M + 1)~ 1.
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TABLE VI
CROSS-CORRELATION ESTIMATES IN THE DYADIC CASE (d = 0)
Vopo Yoy, H
[ Wavelets | j\Z | 0 [ 1 [ 2 [ 3 0 [ 1 [ 2 3
1 0.63538 -0.21134 0.12586 -9.1515x10~2 9.97x10~° 0.63680 -1.7137x10~ % 0.21165
Shannon 2 0.63558 -0.21347 0.12970 -8.7908x 10~ 2.6426x10°° 0.63404 7.0561x10~ % 0.21210
3 0.63467 -0.20732 0.13168 -9.0116x10 2 -1.0078x 10~ * 0.63846 -1.2410x10" 2 0.20975
1 0.63091 -0.19828 0.10517 -6.4650x 10~ 2 1.8257x10~° 0.61092 -1.2433x10~ 2 0.15307
Meyer 2 0.63112 -0.20043 0.10903 -6.1060x 10~ 2 -7.5431x10°° 0.59115 -4,0881x10 2 0.11888
e=1/3 3 0.62971 -0.19391 0.11084 -6.3378x 10 2 4.0868x 10~ * 0.59522 -42624x10" 2 0.11651
1 0.62587 -0.18459 8.7088x 10~ 2 | -4.6635x10 2 || -1.4511x10~ 7 0.58458 -1.2651x102 0.12557
Splines 2 0.62606 -0.18679 9.1068x10~ % | -4.3124x10 2 1.9483x10~ ¢ 0,54841 -5.8083x 10~ 2 | 8.2386x10 2
order 3 3 0.62398 -0.17984 9.2793x10~ % | -4.5682x10~ 2 1.2400x 10~ 3 0.55204 -5.9368x10~ 2 | 8.0105x10 2
1 0.60016 -0.12749 3.2975x10~° | -9.7419x10~ > [[ -4.5287x10~ % 0.47691 1.6224x10~> | 6.9681x10—
Splines 2 0.60059 -0.13045 3.7613x10~ % | -6.5441x10~° 6.6358x 10~ % 0.38507 -5.7502x10~ % | 1.8042x10 %
order 1 3 0.59771 -0.12303 3.9388x10~ 2 | -9.3208x10_° || 2.2725 x10~° 0.38958 -5.8143x10~ 2 | 1.6160x10 2
1 0.50297 | -3.3557x107° | -1.1706x10~° | 2.7788x10~ % 3.8368x 10T 0.22455 72451x10~2 | 4.6418x10 2
Haar 2 0.50966 | -1.0083x10~ 2 | 7,2357x10"° 1.5087x10~ 2 -12135x10~° | 9.9745x10~ 2% | 5.1371x10~° | 1.0847x10~°
3 0.51023 | -8.3267x10 ° | 2.7936x10 ° 7.0343x 10" ° 1.2329x10° 3 0.10703 6.7651x10°° | 2.2422x10° °
1 0.59822 -0.12059 23566x10~2 | -3.3325x10~ > || -5.0189x10~ % 0.46392 2.1155%x10~2 | 6.1137x10~ 2
Symlets 8 2 0.59899 -0.12432 2.8865x10~ % | -2.8960x10~* 6.7795x10~* 0.36368 -5.7692x10~ % | 9.7533x10™°
3 0.59654 -0.11703 3.0357x10~ % | -2.8071x10"° 1.8568x10~ 7 0.37012 -5.8376x10~ 2 | 6.9416x10°
TABLE VII
CROSS-CORRELATION ESTIMATES IN THE M -BAND CASE (d = 0)
Vapo il Vo, pH
[ Wavelets [ 5\ 2 | 0 [ 1 [ 2 [ 3 0 [ 1 [ 3
Meyer 1 0.63337 -0.20549 0.11431 -7.1877x10 2 || -6.8977x10~ % 0.62533 -1.3630x 10~ F 0.18236
3-band 2 0.63284 -0.19932 0.11938 -7.5331x10 2 || -1.7781x10 ¢ 0.63013 1.2830x10 ° 0.18409
e=1/4 3 0.63886 -0.19987 0.11763 -6.6380x10— 2 || -3.9622x10~ % 0.61503 8.4042x 10~ 2 0.17519
Meyer 1 0.63383 -0.20856 0.12176 -7.7150x10 2 2.1961x10~° 0.62739 7.6636x10~ % 0.19339
4-band 2 0.63648 -0.19903 0.11757 -7.7337x10 2 48821x10 * 0.62676 3.8876x10 ° 0.18683
e=1/5 3 0.64642 -0.19651 0.12202 -6.9984x10 2 23054x10° 0.63384 -1.6254x10~ 2 0.19233
Meyer 1 0.63338 -0.20818 0.12534 -8.0594x10 2 8.6373x10~ 2 0.62902 8.3871x10~ % 0.1981
5-band 2 0.64020 -0.20288 0.12135 -7.3844x10 2 53607x10 = 0.62230 4.6651x10 = 0.19093
e=1/6 3 0.6566 -0.19609 0.12891 -7.6061x10 2 || -2.8654x10° 0.62281 -47324%10° 0.19364
Meyer 1 0.63403 -0.20818 0.12711 -8.2124x 102 4.5293x10 7 0.63229 -1.9919x 102 0.20228
6-band 2 0.64471 -0.20716 0.13141 -8.4914x10 2 3.7150x10~ * 0.62450 6.5942x10 2 0.20313
e=1/7 3 0.66409 -0.19532 0.14401 -9.3486x 10 2 2.0490x10~° 0.63619 1.5614x10 2 0.17595
Meyer 1 0.63323 -0.20781 0.12663 -8.3335x10 2 1.5731x10~° 0.63528 -8.6821x10— % 0.20509
7-band 2 0.64286 -0.20057 0.12881 -8.1995x10 2 || -1.6505x10 = 0.62782 ~79119x10~° 0.20007
e=1/8 3 0.68445 -0.1845 0.12065 -9.0295x10 2 || -5.9955x10~° 0.62572 -53033x10 2 0.17409
Meyer 1 0.63426 -0.20592 0.12928 -8.6766x10~2 [| -2.1756x10~ % 0,63658 -13977x10~° 0.20385
8-band 2 0.64743 -0.19970 0.12725 -7.7096x 10~ 2 1.4856x10 > 0.63725 24313x10° 0.20396
e=1/9 3 0.69342 -0.20505 0.11257 -6.0075x10 2 || -3.6363x10° 0.61590 1.3830x10 2 0.22112
1 0.59148 -0.11001 1.9635x10~ 2 2.4318x10~° -6.6559x10~° 0.36856 -6.0858x10~2 | 8.4608x10~°
AC 2 0.59855 -0.10412 1.6012x10 2 1.8921x10 2 7.1462% 10 > 0.37379 -5.8026x 10 4.4300%x10 >
4-band 3 0.60057 -9.5335x10~ 2 | 2.0094x10~ 2 7.6430x10~° 2.5313x10~° 0.37514 -5.6207x10~ 2 | 6.8164x10~°
| | Ty [ Vs vl
1 -1.9012x 10~ % -0.34054 55692x10"2 | 4.6899x10~°> -5.5011x 10> 0.36755 4.1274x10~2 | 5.6594x10~ 2
AC 2 1.0139x10—° -0.32275 54137x10 2 | -6.7903x10_° 3.6460x 10 ° 0.18371 -4.1645% 10~ 6.8637x10°
4-band 3 6.8587x10~° -0.32199 4508310~ 2 | -9.7023x10~° 8.3037x10~° 0.19070 23767510~ 2 | -4.5919x10~ 7
1 2.4712x10~ 2 0.20479 6.9476x10~2 | 4.4200x10—2 -1.8669x 10~ % [ -6.1810x10~2 | -12677x10~° | 2.4199x10—°
Hadamard 2 3.5680x 10~ > 5953010~ 2 | -53171x10~° | 4.3827x10" 2 6.2437x10~ % | -5.0635x10~ % | 4.6773x10" > | -8.7358x10™°
3 1.1391x10~ 2 5.9541x10~ 7 8.3376x10~* | -1.4604x10~ > 1.9009x10~° | -5.5798x10~ % | -5.7086x10~ > | -1.1253x10"~

o Walsh-Hadamard wavelets: when M = 2, P ¢ N, P > B. Monte Carlo Simulations

2, (hm)o<m<as is the set of basis functions of the M -band
wavelet decomposition. In this way, the results in Table V
allow us to evaluate the cross-correlation values for M €
{4,8}.

As shown in Tables III and IV, the cross-correlations in the
Meyer case remain significant, their magnitudes being even
slightly increased as the number of subbands becomes larger.
Table V shows that the cross-correlation of Walsh—-Hadamard
wavelets are much smaller and that they are close to zero when
the subband index m is large.

A second approach for computing the cross-correlations con-
sists in carrying out a Monte Carlo study. More precisely, a re-
alization of a white standard Gaussian noise sequence of length
L =M L%J (with J = 3) is drawn and its 1-D dual-tree
decomposition over .J resolution levels is performed. Then, the
cross-covariances for each subband can be estimated by their
classical sample estimates. In our experiments, average values
of these cross-correlations are computed over 100 runs.

This Monte Carlo study allows us to validate the theoretical
expressions we have obtained for several wavelet families in
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TABLE VIII
ESTIMATION OF THE LAST CROSS-CORRELATION SEQUENCE FOR M -BAND SHANNON AND MEYER WAVELETS
’wa -1 ,11)}1\51 —1
[ Wavelet | 7\ 2 | 0 [ 1 [ 2 [ 3

1 52467x107° | 0.63606 | 2.0952x10~° | 0.21261

Shannon 2 5.9145x10°° 0.63592 -4.1893x10°° 0.21083

4-band 3 -1.2667x10~ % 0.62746 -5.7616x10~° 0.2020

Meyer 1 4.1334x10~% -0.60986 -2.5395%x 102 -0.16095

3-band 2 3.9059%x10~ % -0.58694 -6.1089x 10—~ -0.11754

e=1/4 3 3.5372x10~° -0.5879 -5.1057x10~~ -0.11499

Meyer 1 3.9730x10~% 0.60845 -2.9936x10~ 2 0.16111

4-band 2 -1.3788x10~° | 0.58530 | -7.5797x10~— 2 | 0.11985

e=1/5 3 1.0644x10~° 0.57418 -7.6790x 10—~ 0.10690

Meyer 1 -7.2077x10~° -0.60862 -3.4588%x10~ 2 -0.16162

5-band 2 -3.2301x10~° | -0.58482 | -8.6826x10— 2 | -0.11844

e=1/6 3 -8.8877x10~3 -0.56937 -9.3811x10~ 7 -0.11512

Meyer 1 8.2632x 10~ % 0.60806 -3.7209%x 10~ 2 0.16215

6-band 2 -1.2448x 1072 | 0.58023 | -8.3257x102 | 0.11022

e=1/7 3 5.5425%10" % 0.58196 -8.4671x10 2 0.12368

Meyer 1 2.7863x10~ 2 -0.60863 -3.9804%x 102 -0.16443

7-band 2 -5.9703x10~° | -0.57749 | -9.9056x10— % | -0.11228

e=1/8 3 1.8490x10~ % -0.58901 -6.4289x 10~ -0.13516

Meyer 1 -2.5084%x 10~ % 0.60811 -4.1611x10~2 0.16612

8-band 2 1.0345x 107 0.57216 | -9.4172x10—% | 0.12014

e=1/9 3 -1.0777x10~ 2 0.56259 -0.12183 0.10776

Section V. In addition, this approach can be applied to wavelets More precisely, we are interested in studying

whose Fourier transforms do not take a simple form. For in-
stance, we are able to compute the cross-correlation values for
symlets [42, p. 259] associated to filters of length 8 as well as
for four-band compactly supported wavelets (here designated as
AC) associated to 16-tap filters [52].

Table VI shows the estimations of the cross-correlations ob-
tained in the dyadic case, while the results in the M -band case
with M > 3 are listed in Tables VII and VIII. By comparing
these results with the ones in Tables V, III, and IV, a good
agreement is observed between the theoretical values and the
estimated ones for Shannon, Meyer, and cubic spline wavelets.
For less regular wavelets such as Franklin or Haar wavelets, the
agreement remains quite good at coarse resolution (j = 3) but,
at fine resolution (j = 1), it appears that the correlations are
stronger in practice than predicted by the theory. The fact that
we use a discrete decomposition instead of the classical analog
wavelet framework may account for these differences. Indeed,
we use the implementation of the M -band dual-tree decompo-
sition described in [32], which requires some digital prefilters.
The selectivity of these filters is inherited from the frequency
selectivity of the scaling function. As a side effect, the noise is
colored by these prefilters.

Some comments can also be made concerning symlets 8 and
four-band AC wavelets. We see that the symlets behave very
similarly to Franklin wavelets whereas AC wavelets provide in-
termediate correlation magnitudes between the M -band Meyer
and Hadamard cases.

C. Inter-Band Cross-Correlations

Although the cross-correlations between primal/dual basis
functions corresponding to different subbands have not been
much investigated in the previous sections, we provide in this
part some numerical evaluations for them.

(Y, 01, (£))ecz with m  # m/, which represents the
inter-band cross-correlations. We are able to compute them
thanks to (16) and (17). Numerical results are given in Table IX.

Some symmetry properties can be observed, which can be
deduced from (16), (17), and the specific form of the considered
wavelet functions. Most interestingly, it can be noticed that the
inter-band cross-correlations often have a significantly smaller
amplitude than the corresponding intra-band cross-correlations.
As expected, the more frequency selective the decomposition
filters, the more negligible the values of the inter-band cross-
correlations.

D. Two-Dimensional Experiment

We aim here at comparing the obtained theoretical ex-
pressions of the 2-D cross-covariances with Monte Carlo
evaluations of these second-order statistics. We consider a
2-D three-band Meyer dual-tree wavelet decomposition of a
white standard Gaussian field of size 756 x 756. The Monte
Carlo study is carried out over 10000 realizations. The de-
composition is performed over .J = 2 resolution levels and the
results are provided at the coarsest resolution. The covariance
fields are depicted in Fig. 2 as well as the ones derived from
(31), (53)—(56). For more readibility, a dashed separation line
between the subbands has been added (for a three-band decom-
position, nine covariance fields (T’ i _[€])eez2 have to be

nj,m,n;

computed when m € {0,1,2}?). We compute these fields for
£ € {0,1,2,3}2, thus resulting in 16 covariance values for each
subband. Succinctly, each small gray-scaled square represents
the intensity of the cross-covariance in a given subband m at
spatial position £. Comparing theoretical results with numerical
ones (left and right sides of Fig. 2, respectively), it can be
noticed that they are quite similar. In addition, we observe that,
due to the separability of the covariance fields and (13), for all
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TABLE IX

INTER-BAND CROSS-CORRELATION VALUES FOR SOME WAVELET FAMILIES. WE RECALL THAT PROPERTY (12) HOLDS AND THAT,
FOR M -BAND MEYER WAVELETS 7,, 1 IS ZERO WHEN [m—m'| >1
W,

[ Wavelets \ 2] -3 [ -2 [ -1 [ 0 [ 1 2 [ 3
Meyer 2-band Vapo 1 (€) T 9.1502x10~2 -0.10848 0.11800 -0.11800 0.10848 -9.1502x10=% | 7.0491x10~2
e=1/3 Yapy H (0) | -8.1258x10~~ 0.10073 -0.11434 0.11924 -0.11434 0.10073 -8.1258%x10~ 7
Splines Yapo w1 (0) | -8.2660x10~2 0.13666 -0.18237 0.18237 -0.13666 8.2660x10~2 [ -4.5433x10~2
order 3 Yapy wH () | 6.1604x10~7 -0.10838 0.16319 -0.18941 0.16319 -0.10838 6.1604x10~7
Haar Yapo ,wH (0) | -92323x1073 | -2.2034x10~2 -0.16656 0.44127 -0.16656 -2.2034x1077 | -9.2323x10™3
Vopy (0) | -3.1567x1073 | -1.9621x10 = 0.35401 -0.35401 1.9621x10~ 7 3.1567x103 1.0758x10~ 3
Meyer Yapg wH (0) | -8.4807x10~2 | 8.8904x10~2 | -3.8904x10~2 | 8.4807x10~2 [ -7.7120x1072 | 6.6763x10~2 [ -5.4904x10~2
3-band Vipy B (0) | 6.0944x10~7% | -7.2206x10~% | 8.1363x10~7 | -8.7347x10~ 7 | 8.9428x10~7 | -8.7347x10~ % | 8.1363x10~ 2
e=1/4 Yapy ol () | -6.3891x10=% | -7.4738x10~2 | -8.3192x10~% | -8.8252x10~7 | -8.9297x10~% | -8.6196x10~% | -7.9333x10~~
Meyer Vapo, (0) | 6.5090x10~% | -6.9156x10=2 | 7.1274x10~2 | -7.1274x10=2 | 6.9156x10~2 | -6.5090x10~% | 5.9394x10~2
4-band Yoy B (0) | -6.2421x10=% | 6.7350x10—% | -7.0473x10~% | 7.1543x10~% | -7.0473x10~% | 6.7350x10~% | -6.2421x10~~
e=1/5 Yopy (0) | 6.0949%x10~2 6.6274x10~2 6.9878x10~7 7.1475x10~% 7.0939x10~7 6.8312x10~% 6.3804x10~7
Vapy B (0) | -6.5090x10~7 | 6.9156x10~2 [ -7.1274x10~2% | 7.1274x10~% | -6.9156x10~% | 6.5090x10~2 | -5.9394x10~*>
-0.3 -0.2 -0.1 0 0.1 0.2 0.3
T T
1 1
me

my

my

Fig. 2. 2-D cross-correlations using three-band Meyer wavelets. Theoretical results (left); experimental results (right).

m = (ml,mz) and £ = (el,fg), (Fn]‘,m,nH [l])lGZQ vanishes

when either (my # 0 and ¢; = 0) or (m ;é 0 and /5 = 0).

VII. CONCLUSION

In this paper, we have investigated the covariance properties
of the M -band dual-tree wavelet coefficients of wide-sense-sta-
tionary 1- and 2-D random processes. We have stated a number
of results helping to better understand the structure of the cor-
relations introduced by this frame decomposition. These results
may be useful in the design of efficient denoising rules using
dual-tree wavelet decompositions, when the noise is additive
and stationary. In particular, if a pointwise estimator is applied
to the pair of primal/dual coefficients at the same location and
in the same subband, we have seen that the related components
of the noise are uncorrelated. On the contrary, if a block-based
estimator is used to take advantage of some spatial neighbor-
hood of the primal and dual coefficients around some given po-
sition in a subband, noise correlations generally must be taken
into account. Recently, this fact has been exploited in the design
of an efficient image denoising method using Stein’s principle,

yielding state-of-the-art performance for multichannel image
denoising [38], [53].

In future work, it would be interesting to extend our analysis
to other classes of random processes. In particular, a similar
study could be undertaken for self-similar processes [54], [55]
and processes with stationary increments [21], [56].

Finally, we would like to note that the expressions of the
cross-correlations between the primal and dual wavelets which
have been derived in this paper may be of interest for other prob-

lems. Indeed, let
D
7= pn]

denote the dual-tree decomposition where D (resp., DY) is the
primal (resp., dual) wavelet decomposition. The studied cross-
correlations then characterize the “off-diagonal” terms of the
operator

1= [ by PO

DED* 1
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where A* denotes the adjoint of a bounded linear operator A.
The operator TT™ is encountered in the solution of some inverse
problems.

APPENDIX 1
PROOF OF PROPOSITION 1

The M -band wavelet coefficients of the noise are given by

VmeNy, VkelZ,

nimlk] = /_Z n(m)ﬁd}m (% — k) dx

H I 1 g/ =
njmlk] = /_ n(a:)Mj/2 o (M - k) dx.

oo

For all (m,m’) € N%, and (k, k') € Z?, we have then
s W) = [ [ Efn(on@))

MJ/21/’” (MJ ~ ) MJ/2¢m <_ k)dxd"”"

After the variable change T = x — x’, using the definition of the
autocovariance of the noise in (5), we find that

E{rjm[K]njm (K]}
= [ro [ smn (=)

-7 !/
MJ/21[Jm ( e —k>dm>d’r

which readily yields

E {1 [l e ]} = /

T

T) Vb b, 0 (Mj +k’—k> dr.

Note that, in the above derivations, permutations of the integral
symbols/expectation have been performed. For these operations
to be valid, some technical conditions are required. For example,
Fubini’s theorem [57, p. 164] can be invoked provided that

oo T
/_ Fl’n‘(T),YI"/)m‘vl"/)m’l (M + kl - k) dT <%

where I'},,| is the autocovariance of |n|.
Relations (7) and (8) follow from similar arguments.

APPENDIX II
PROOF OF PROPOSITION 2

)ENM,\VITGR

( )) e dw = Yyu 1, (7).

For all

/ gz

Since the Fourier transform defines an isometry on L2(R), it
can be deduced from (82) that vyu ,u is in L?(R) and its

(82)

Fourier transform is w — ¢ (w) (z//J\TIfL, (w)) 3 According to

3As {¢H,(t —k),k € Z} is an orthonormal family of L2(R), we have
oH(w )‘ < land 9" (A‘ ) € L*(R).
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(3) and (4), when m = m/ = 0 or mm/ *7é 0, the latter func-
tion is equal to w +— P, (w) (1/1m (w ))
Vot = Vbt - The equality of the covariance sequences

defined by (6) and (7) straightforwardly follows.
When mm' # 0, the Fourier transform of y,, W, is equal to

w — asign(w )d)m( )1/) ,(w) whose conjuguate is the Fourier
transform of —v,, , 4u . This proves (11), which combined with
(8) leads to

thus showing that

Viez,

Lot ,[E] == ./oo Fn(x)%jﬂm,w,fi (_M +Z) dx.

,m
J — 00

After a variable change and using the fact that [',, is an even
function, we obtain (12). .
Consider now the Fourier transform w — o (w) (l//;él (w))
of Vb8 - FOT all w > 0, there exists k& € N such that w €

Ay

[2km,2(k + 1)7) and, from (4), we get
do(w) (D)) = (=1)* e o)
= rd+Dw g ) ('lz(lf(—w))* _

For symmetry reasons, the equality between the first and last
terms extends to all w € R. Coming back to the time domain,
we find

V71 € R, 7¢0,wé{ (T) = ’onywé{(_'r —2d — 1)
This shows the symmetry of Vapo ot WAL —d — 1/2. Equation
(8) then yields, for all £ € Z

Loy g nm, [€] = / L)V, ( 7 TE-2d- 1) dz

* x
= / Fn(w)’}/wo’wé—l (W +/0—2d— 1) dx

=T u [0+ 2d+1].

nj,0,1

APPENDIX IIT
‘WHITE NOISE CASE

Recall that a white noise is not a process with finite variance,
but a generalized random process [58], [S9]. As such, some cau-
tion must be taken in the application of (6)—(8). More precisely,
if n is a white noise, its autocovariance can be viewed as the
limit as € > 0 tends to O of

7 € R.

The(r) =

o2 72
 V2re P <_?> '
Formula (8) can then be used, yielding for all (m,m’) € Nj,?
and (j, /) € 7*
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Since 1y, and 9!, are in L2(R), Yoot , 18 @ bounded contin-
uous function. By applying Lebesgue dominated convergence
theorem, we deduce that

ngmoni 4= lﬂ%r DT 1
2 > 1 xz
=0 ex e
—oo V2T P 2

which leads to (15). Equations (14) are similarly obtained
by further noticing that, due to the orthonormality property

’Y’I/ﬂmy'l/)m/(_g) = ’yy’;}}l,wi, (_g) = Om—m'0¢.

APPENDIX IV
PROOF OF PROPOSITION 3

From (25) and (26), defining the unitary transform applied to
the detail noise coefficients (1 m[k])rcz2 and (n}.,[k]) -

E{wj.m [K]w;m[kT}

= % (E{nj,m[k]nj,m[k’]} + E{n;mlk]nt (K]}

+ E {0 K]0 m (KT} + E {n] K] W]}) :

Using (24) and the evenness of ', monll, > ONE Can easily de-
duce (27). Concerning(28), we proceed n the same way, taking
into account the relation:

E{w} . [kw} K]}

J,m

= %(E{nj,m[k]nj,m[k’]} — E{njmlklnt, [k}

— E{njimlK]m[K']} + E {0 K]0 [k/]}> :
Finally, noting that
w;mlK]}
- %(E [0 K K]} — E {10 K] (K]}

E {w;.m[k]

+E{nmkln;m[K} - E {nﬁm[k]nﬁm[’c']}>

and, invoking the same arguments, we see that w; m[k| and
wi [k'] are uncorrelated random variables.

APPENDIX V
PROOF OF PROPOSITION 4

Since ¥y, € L2(R), we have

1

VT ER ()= o [ Bm@)Ped
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Furthermore, |¢m|2 is 2N, + 1 times continuously differen-
tiable and for all ¢ € {0,...,2N,, + 1}, (Jim[?)@ € L1(R).
It can be deduced [60, pp. 158 159] that

V1eR,
1 [/~ \NCNatD)
(_/LT)2NN1+1’YT/JH1,’I/)777, (7—):_/ (|'7Z}m|2) (w)elwrdw
21 J_ o
which leads to
VreR, [ty . (7)]
1 [® |/ ~ (2N, +1)
<5 ’(lwmlz) ()| dw.  (83)
™ — 00

Let us now consider the cross-correlation functions v, . 41
with m # 0. Similarly, we have

o
VrER () =g [ al@liu()Pends
h (84)
where a(w) = 1sign(w). The function w — a(w)|¢m (w)|?

is 2N,,, + 1 times continuously differentiable on R*, where its
derivative of order g € {0,...,2N,, + 1} is

(01|171\m|2)(q) . (|1//;m|2)((1)

Due to the fact that |1/1m( )I? = O(w 2Nm) as w — 0, we have
for all ¢ € {0,. m— 1}, (|1/1 12)(@(0) = 0. From (85),
we deduce that the functlon (a|1/1m |2)(@) admits limits on the left
side and on the right side of 0, which are both equal to 0. This
allows to conclude that a|1/1m |2 is 2N,,, — 1 times continuously
differentiable on R, its 2/NV,,, — 1 first derivatives vanishing at
0. Besides, (a|t),,[?)3N m_l/)\ is continuously differentiable on
(—00,0] and on [0, 00) ((@|thn|?) ™) may be discontinuous
at 0). Using the same arguments as for 7y, ., , this allows us
to claim that, for all 7 € R

(=) ", (7)

S

o) (1917)"
1 /0 (| Do )(QN”) (w) sin(wr)dw.  (86)

™

(85)

Nom)
(w)e™" dw

—~ (2N..,)
We can note that lim,, _, o (|1/;m |2) (w) € Rasitis equal
to

(182) " 0+ [T (1822) " @t

e L*(]0, 00)), the previous limit is neces-

sarily zero. Using this fact and integrating by parts in (86), we
find that, for all 7 € R

T./Ooo (|7/jm|2)(2an) (w) sin(wT)dw = (|{/}\m|2)(2Nm) (0)

oo ~ (2N,,,+1)
¥ (|¢m|2) (w) cos(wr)dw.
0

~ (2N,
Since ( [t |?
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Combining this expression with (86), we deduce that

V7 eR,

1 <7~
P by (D] < — (/O ’(I'@bmlz
~ (2N.,)
+KWMﬂ (WD'@”

Let us now study the case when m = 0. Equation (84) still
holds, but as shown by (4), « takes a more complicated form

)(ZNm—i—l) do

w)

VkeZ, Ywe][2kn2(k+1)r),
a(w) = (ke if k>0
(—=1)k+ieudtD)e  otherwise.

So, the function « as well as its derivatives of any order now
exhibit discontinuities at 2k7£ where k € Z*. However, from (1)
and the low-pass condition t(0) = 1, we have, for all m # 0

H,(w) = Ow"™), asw—0.

As a consequence of the para-unitary condition (2), we get

M-1
> Hm(w)? =M
m=0
and
M—1 27\ |2
> |Ho <w+pM> =M

p=0
which allows to deduce that

2
Vpe Ny, Hy <w —i—pM?T) = O(w™).

From (1), it can be concluded that

Vkez*,  dolw+2kr)=0w™), asw— 0. (88)

The derivatives of order ¢ € {0,...,2Ng + 1} of a|t|? over

R\ {2km,k € Z*} are given by

(alfl)” =3 <Z) @ (15o2) " 89

where
VkeZ, Ywe (2kr,2(k+ 1)),
Oy = [V (@ Hfeldts)e k>0
(=1)k+1 (d + %)f e(113)= otherwise.

We deduce that, for all ¢ € {0,...,2Ny + 1}

(alol?)” e L' (R).
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Furthermore, combining (88) with (89) allows us to show
that, for all ¢ € {0,...,2Ny — 1}, the derivative of order ¢
of a|1/10|2 at 2k, k € 7%, is defined and equal to 0. Conse-

quently, oz|1[10|2 is 2Ny — 1 times continuously differentiable
(2No—1)

on R while (a|¢0 T s continuously differentiable on
Ukez(2km, 2(k + 1)). Similarly to the case m # 0, this leads
to

| 2

V1eR,
1 > n (2No) wWT
(0, (=5 [ (alfol?) " (@)

1 0 2(k+1)7 (2Ny)
:ZQELLM (o) (@)

X e“Tdw. (90)
By integration by parts, we deduce that, for all 7 € R

(_ZT)ZNO +1ryw0 ,u'/'é{ (T)

o ([ (atdol) ™ et ) o
B= E((awo ) (k)

keZ*
A\ (2N0)
_ ((¥|1/)0|2) 0 (2]€7T)> 6227rk7'

=4y (|1ho[*)*N0) (2kr) sin(2krT)
k>0
where (a|{/1\0|2)fN°)(w0) (resp., (atto]?)®Y) (wp)) denotes
the right-side (resp., left-side) derivative of order 2Ny of a|1pg |2
at wy € R. We conclude that

92)

VT1eR, |T|2NO+1|7wo,wgl (7l

x ([

+> I(I%IZ)@N")(QW)I) : 93)

k>0

dw

In summary, we have proved that (32) and (33) hold, the constant
C being chosen equal to the maximum value of the left-hand
side terms in the inequalities (83), (87) and (93).

APPENDIX VI
PROOF OF PROPOSITION 5

Let m € Njy. Since 1y, is a unit norm function of L.?(R),
the function vy, 4u is upper-bounded by 1. As v, = ,u further
satisfies (33), it can be deduced that

1+C

VreR (S o

(94)

The same upper bound holds for vy, . ...
For a white noise, the property then appears as a straightfor-
ward consequence of the latter inequality and (14) and (15).
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Let us next turn our attention to processes with exponentially
decaying covariance sequences. From (8), (34), and (94), we
deduce that, for all ¢ € Z

ng,myMy

T, .n [z]‘
o—alal

< A +0)/_w e

(95)

As the left-hand side of (95) corresponds to an even function of
£, without loss of generality, it can be assumed that £ > 0. We
can decompose the above integral as

oo e—a|a:| i
- X
Jo T+ |M—iz — (2Nl

= /00 e dx
Jo 14+ (M—iz 4 £)2Nm+1

g Z.
o 1+ [M=iz — (PNa+

The first integral in the right-hand side can be upper-bounded as
follows:

o) e—nT d
. T
o 14+ (M—ig+ £)2Nntl
<1+ EQN’"'H)_I / e~ “dx
0

71(1 + £2Nm+1)71

=«

Lete € (0,1) be given. The second integral can be decomposed
as

ges) e—aw p
- T
o 14 [M—iz — (2Nm+
/e]\[ji e oL
o L+ ({—M-ig)N.+l

oo e—aa:
. dx.
+./5Mjg1+|M*Jx—€|2Nm+1 N

Furthermore, we have

eM7¢ e
- dx
/0 1+ ({— M—ig)2Nntl
eMIl
S (1 + (1 _ 6)2N’"+1£2N’"+1)71/ e O
0
< Oz_l(l _ 6)_2Nm_1(1 +£2Nm+l)—l

0o e—ox
/ — N _de
emie LA+ | M~g — £2Nm

o0
< /r e
eMit

_ -1 — 17
QT e — o 16 ael\fé'

(96)
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From the above inequalities, we obtain

Ve N,
IT,,.

nj m,N j.m

[ < A(1+ C)a~
X ((1 +(1—e)7 =t
X (1 +£2Nm+1)—1 + e—aeMJ'()

As limy_ oo (1 4 (2NmH1)e-aedl? 't = 0, it readily follows that
there exists C' € R such that (36) holds.

The right-hand side of (95) being also an upper bound for
U, ingom (e, £ # 0, (35) is proved at the same time.

APPENDIX VII
PROOF OF PROPOSITION 7

Let us prove (43), the proof of (42) being quite similar. We
first note that ¢,,, (1/) /)" and thereforey,, ,u belongto L%(R)
(see footnote 3). Applying Parseval’s equahty to (8), we obtain
forall/ € 7

Fnj_,mnH , [E]
1[4 L
= 2— F"(w)MJQ/J:z(M]w)’l/JSL,(M]w)e”” dew
T J—oo
1[4 o
=57 | T (35) PP

AsT,, € L1(R), the spectrum density I, is a bounded contin-
uous function. According to Lebesgue dominated convergence
theorem

lim T

J]—00

[

1 ® LA w T TH wlw
— lim T, (W) (W) (w)e™ dw

27r oo J—00 m
/ w ’l/JH ) z[wdw

=Ty ( )V, (=)-

H
n; n
Smot s

APPENDIX VIII
CROSS-CORRELATIONS FOR MEYER WAVELETS

Substituting (47) in (20), we obtain, for all 7 € R

1 7(1—€) p 1 J
’on’wé{(T)—; /0 cos <w< +§—|—’T>> w
7(1+e€) _
L)
m(1—e) 2e 2¢
1
X COS <w (d—i— 3 +T>>dw>
. 1
= (1 — €)sinc <7r(1 —¢€) <d+ 3 + T>>
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2
()
X €OS <7r(60 +1) <d—|— % + T>>d0 97)

where the sinc function is defined by (67). Using (49), we get
0
/ w? <ﬂ> cos <7r(69 +1) <d+ ! +T>>d9
o 2 2
! 1
= / cos <7r(60 -1 <d+ = —|—T>>d0
Jo 2
! 1 1
— / w? <%6> cos <7r(e€ -1) <d—|— 5t T))dﬂ.
Jo

(98)

This allows us to rewrite (97) as

(- (ar17)
e <7r <d+%+7>)ﬂ <d+%+7> . (99)

After simplification, (53) follows.
According to (19) and (51), we have forall me {1, ...,
2} and 7 € R*

M—

V1t (T)

1 </7r(’m+5)
B T w(m—e)

w(m+1—¢)
+ / sin(wT)dw
w(m+te)

rw(m—+14€) 1
+ /( - w2 (i - %) Sin(u}T)du))
T(m+1l—e

_cos(m(m+1—¢€)7) — cos(m(m + €)7)

w? (m e L) sin(wT)dw
2e 2me

T

+ e/_ll w2 (#) sin (m(ef) — m)7) df

1

1 + 0
— e/ w? (T) sin (7(ef +m + 1)7) df.
-1
By proceeding similarly to (97)—(98), we find

Vpr o (1) =(cos(m(m + 1)7)—cos(mmT)) <i _]E(T)> )

T

When 7 is an integer, this expression further simplifies in (55).
Finally, when m = M — 1, we have, for all 7 € R*

Vapar 1 R (T)

L /’“M‘”ﬁ’ e (Molte
T\ Jr(m—1-¢) 2e 2me

wM(1—e€)
x sin(wT)dw + / sin(wT)dw
7(M—1+¢€)

N /TK'M(1+E) W2 w B 1—¢
. w]\f[(l—e) 27T€M 2¢
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X sin(wT)dw)

cos (M (1 — €)7) — cos (n(M — 1+ €)7)

T

1
+ e/ w2 <#> sin (m(ed — M + 1)7) df

(15

cos (mMt) — cos (m(M — 1)7)

> sin (mM(ef + 1)7) df

+ cos (m(M —T)-T) I(7)
—cos(mMT)Ipe (7).

This yields (56).

APPENDIX IX
PROOF OF PROPOSITION 8
Let m € N*. Given (19), (58) leads to
s, (0= |

0
- / [ Ao(@)[2 B ()2 sin(2er) o
0
(100)

|t (w)|? sin(wr)dw

Furthermore, we have

|Ao(w Z Vao | k] exp(—1kw)
=ao [0] + 2 Z Vaq [K] cos(kw).
k=1

Combining this equation with (100) and using classical trigono-
metric equalities, we obtain

T TVl (T)
—20ol0] [ i) Psin(2) e

+ Z’Yao (k] (/ l/}m( )|[2sin ((27 — k)w) dw

+/0 (G () 2 sim (27 + K)o )d)

which, again invoking (19), yields (60). Equation (61) can be
proved similarly starting from (59).

APPENDIX X
CROSS-CORRELATIONS FOR HAAR WAVELET

Knowing the expression of the Fourier transform of the Haar
scaling function in (65) and using the cross-correlation formula
(20), we obtain

V71 eR,
2(k+1)m

Yoo @ = 230 [ e (2)

k=0 2
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1 oo - 8 .
><cos<w<§+7-+d>>dw _2(2+72)/ wdw
0 w
_ 2 i(—l)k /(k"'l)Tr sin22(1/) L 16r /°° sin7(w)cos(<;1)cos(2w'r) dw )
™ 5—0 ko 1% 0 w
x cos (v(1+ 27 + 2d)) dv. (101) (102)

By integration by parts, we find: for all (a, £, 7) € R3 Standard trigonometric manipulations allow us to write:

sin®(w) cos?(w) sin(2w)

B qin2
/ smwgw) cos(nw)dw 1 1
fe% — 4 . T
 sin?(a) cos(a) ) sin?(9) cos(nf) = g sin (w) <Sln(27w) 5 Sin (2(7 + 2)w)
o a I} 1
.\ 2(2 o) /.’6 sin ((2:— n)w) do — g /~ﬁ sin‘(jw) dw —3 sin (2(7 — 2)(4}))
@ o . 8 .
N 1(2 ) )/ﬁ sin (2 — 7)w) N sin®(w) sin(2wT)
4 K a w -1 sin?(w) <sin (2(T + 2)w)
_ sin®(a)cos(na)  sin?(B) cos(np) 16
B « a g +sin (2(7 — 2)w) —sin (2(7 + 1)w)
BM+2) BN o
+ 1(77 +2) / Md” -1 / Mdl/ —4sin (2(7 — 1)w) + 6sin(27w)
4 Jam+2) V¥ 2Jan v
+ 1(77 —2) /ﬂ(n_z) sin(v) v, sin (w) cos(w) cos(2wT)
! e Y = L sint(w) <sin (2(r — 2)w)
Combining this result with (101) leads to (68). 16
On the other hand, according to (66) and (19), we have —sin (2(7 + 2)w) + 2sin (2(7 + 1)w)
vreR, — 2sin (2(r — l)w)) .

1 oo
Vapy o1t (1) = - '/0 sinc? (%) sin? (%) sin(wT)dw.
In [61, p.459] an expression of

/°° sin? (ax) sin? (Bz) sin (2nz)dz
0

2

Inserting these expressions in (102) yields

3yt (T) = Qo(1)J (1) = Q1 () J (T+1) = Q1(=7) J (T —1)
+Q2(7)J(T 4+ 2) + Qa2(—7)J (T —2) (103)

where (see [61, p. 459])

with (e, 3,m) € (R%)? is given. Using this relation yields (69) .,
when 7 > 0. The general expression for 7 € R follows from the ER, J(z) =2 sin”(w)
oddness of Vapy 11 - 0

5 sin(2wz)dw
w

= ; In || + (1 )In |1 |
= ——zhhjz|+(1+z)h|l+2z
APPENDIX XI 2

CROSS-CORRELATION FOR THE FRANKLIN WAVELET (-2l - 2| - 2+ In 2 + |
We have, for all 7 € R 9_ o 4
L[ . + In|2 — x|
Yoot (T) = — —/ |X(w)]” sin(wT)dw
™ Jo aIld
2 00 Li..8 3
= - — / S iw) sin(2wT)dw. Qo(T) = 17'2 -2,
™ Jo w 9
After two successive integrations by parts, we obtain Q1(7) = % +21+1, Qy(r)= g(T +4)2.
Tt (7) Simple algebra allows us to prove that (103) is equivalent to
4 A > sin”(w) cos(w) sin(2w7)d an. B
37 0 w3 w On the other hand, |A; (w)|? can be viewed as the frequency
. .8 response of a noncausal stable digital filter whose transfer func-
. / sin() cos(2u) dw) tion is
0 w !
6(2 — =—)

w

_ _% <28 /0°° sinﬁ(w)COSZ(;J>Sin(2wT>dw Py (2) = (1 +2 (%)j (2 + %)
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C2V3(42+4V3) 42— V3)
9 \z42+4V3 21243
N 7(24+V3) —4(1 4+ V3)z
224243
7(2 - V3) —4(1 = V3)z
224+2-3
We next expand PZI (z) in Laurent series on the holomorphy
domain containing the unit circle, that is,

3—-1 3+1
Dp. = Z€C|\/_ \/_——1—

— < 2| <
A V2 g V2

We thus deduce from the partial fraction decomposition of
Py (z) that

le(z):%\/g 4 i (=1)F(2 — V3)IklI;=F

k=—o0
00

+T 3 (~D)F - V)
k=—occ

+4(1 - V3) i(—l)k

k=0

> (2 _ \/g)k (22k+1 + Z—?k—l)

By identifying the latter expression with Y7 ~va, [k]z7F,

(78) is obtained.

REFERENCES

[1] S.Mallat, A Wavelet Tour of Signal Processing. San Diego, CA: Aca-
demic, 1998.

[2] S. Cambanis and E. Masry, “Wavelet approximation of deterministic
and random signals: Convergence properties and rates,” IEEE Trans.
Inf. Theory, vol. 40, no. 4, pp. 1013-1029, Jul. 1994.

[3] 1. Daubechies, “The wavelet transform, time-frequency localization
and signal analysis,” IEEE Trans. Inf. Theory, vol. 36, no. 5, pp.
961-1005, Sep. 1990.

[4] R. Gribonval and M. Nielsen, “Sparse representations in unions of
bases,” IEEE Trans. Inf. Theory, vol. 49, no. 12, pp. 3320-3325, Dec.
2003.

[5] P. G. Casazza, “The art of frame theory,” Taiwanese J. Math., vol. 15,
no. 4, pp. 129-201, 2000.

[6] R. Coifman and D. Donoho, “Translation-invariant de-noising,” in
Wavelets and Statistics, ser. Lecture Notes in Statistics, vol. 103, A.
Antoniadis and G. Oppenheim, Eds. New York: Springer, 1995, pp.
125-150.

[7] J.-C. Pesquet, H. Krim, and H. Carfatan, “Time-invariant orthogonal
wavelet representations,” IEEE Trans. Signal Process., vol. 44, no. 8,
pp- 1964-1970, Aug. 1996.

[8] H. Bolcskei, F. Hlawatsch, and H. G. Feichtinger, “Frame-theoretic
analysis of oversampled filter banks,” IEEE Trans. Signal Process., vol.
46, no. 12, pp. 3256-3268, Dec. 1998.

[9] E. P. Simoncelli and H. Farid, “Steerable wedge filters for local
orientation analysis,” IEEE Trans. Image Process., vol. 5, no. 9, pp.
1377-1382, Sep. 1996.

[10] M. N. Do and M. Vetterli, “The contourlet transform: An efficient di-
rectional multiresolution image representation,” IEEE Trans. Image
Process., vol. 14, no. 12, pp. 2091-2106, Dec. 2005.

[11] E. Le Pennec and S. Mallat, “Sparse geometric image representations
with bandelets,” IEEE Trans. Image Process., vol. 14, no. 4, pp.
423-438, Apr. 2005.

[12] E.Candes, L. Demanet, D. Donoho, and L. Ying, “Fast discrete curvelet
transforms,” SIAM J. Mult. Model. Simul., vol. 5, no. 3, pp. 861-899,
Mar. 2006.

[13] R. A. Gopinath, “The phaselet transform—An integral redundancy
nearly shift-invariant wavelet transform,” IEEE Trans. Signal Process.,
vol. 51, no. 7, pp. 1792-1805, Jul. 2003.

[14] V. Velisavljevi¢, B. Beferull-Lozano, M. Vetterli, and P. L. Dragotti,
“Directionlets: Anisotropic multidirectional representation with sep-
arable filtering,” IEEE Trans. Image Process., vol. 15, no. 7, pp.
1916-1933, Jul. 2006.

[15] R.Figuerasi Ventura, P. Vandergheynst, and P. Frossard, “Low rate and
flexible image coding with redundant representations,” IEEE Trans.
Image Process., vol. 15, no. 3, pp. 726-739, Mar. 2006.

[16] D. Pastor and R. Gay, “Décomposition d’un processus stationnaire du
second ordre. Propriétés statistiques d’ordre 2 des coefficients d’on-
delettes et localisation fréquentielle des paquets d’ondelettes,” Traite-
ment du Signal, vol. 12, no. 5, pp. 393420, 1995.

[17] M. Vanucci and F. Corradi, Some findings on the covariance structure
of wavelet coefficients: Theory and models in a Bayesian perspective
1997, Preprint.

[18] D. Leporini and J.-C. Pesquet, “High-order wavelet packets and cu-
mulant field analysis,” IEEE Trans. Inf. Theory, vol. 45, no. 3, pp.
863-876, Apr. 1999.

[19] R. Averkamp and C. Houdré, “A note on the discrete wavelet transform
of second-order processes,” I[EEE Trans. Inf. Theory, vol. 46, no. 4, pp.
1673-1676, Jul. 2000.

[20] S. Cambanis and C. Houdré, “On the continuous wavelet transform of
second-order random processes,” IEEE Trans. Inf. Theory, vol. 41, no.
3, pp. 628-642, May 1995.

[21] R. Averkamp and C. Houdré, “Some distributional properties of the
continuous wavelet transform of random processes,” IEEE Trans. Inf.
Theory, vol. 44, no. 3, pp. 1111-1124, May 1998.

[22] J. E. Fowler, “The redundant discrete wavelet transform and additive

noise,” Signal Process. Lett., vol. 12, pp. 629-632, 2005.

P. Abry and P. Flandrin, “Multiresolution transient detection,” in Proc.

Int. Symp. Time-Freq. and Time-Scale Analysis, Philadelphia, PA, Oct.

1994, pp. 225-228.

[24] S. C. Olhede and A. T. Walden, “Analytic wavelet thresholding,”
Biometrika, vol. 91, pp. 955-973, 2004.

[25] P. Abry, Ondelettes et Turbulences. Paris, France: Diderot éd., arts et
sciences, 1997.

[26] N. G. Kingsbury, “The dual-tree complex wavelet transform: A new
technique for shift invariance and directional filters,” in Proc. IEEE
Digital Signal Processing Workshop, Bryce Canyon, UT, Aug. 9-12,
1998.

[27] 1. W. Selesnick, “Hilbert transform pairs of wavelet bases,” Signal
Process. Lett., vol. 8, no. 6, pp. 170-173, Jun. 2001.

[28] 1. W. Selesnick, R. G. Baraniuk, and N. G. Kingsbury, “The dual-tree
complex wavelet transform,” IEEE Signal Process. Mag., vol. 22, no.
6, pp. 123-151, Nov. 2005.

[29] A. Jalobeanu, L. Blanc-Féraud, and J. Zerubia, “Satellite image deb-
bluring using complex wavelet packets,” Int. J. Comp. Vision, vol. 51,
no. 3, pp. 205-217, 2003.

[30] C. Chaux, L. Duval, and J.-C. Pesquet, “Hilbert pairs of M -band or-
thonormal wavelet bases,” in Proc. Eur. Signal and Image Processing
Conf., Vienna, Austria, Sep. 2004, pp. 1187-1190.

[31] C.Chaux, L. Duval, and J.-C. Pesquet, ““ 2D dual-tree M -band wavelet
decomposition,” in Proc. Int. Conf. Acoustics, Speech and Signal Pro-
cessing, Philadelphia, PA, Mar. 2005, vol. 4, pp. 537-540.

[32] C. Chaux, L. Duval, and J.-C. Pesquet, “Image analysis using a dual-
tree M -band wavelet transform,” IEEE Trans. Image Process., vol. 15,
no. 8, pp. 2397-2412, Aug. 2006.

[33] O. Rioul and P. Duhamel, “Fast algorithms for discrete and contin-
uous wavelet transforms,” IEEE Trans. Inf. Theory, vol. 38, no. 2, pp.
569-586, Mar. 1992.

[34] P. Abry and P. Flandrin, “On the initialization of the discrete wavelet
transform algorithm,” Signal Process. Lett., vol. 1, no. 2, pp. 32-34,
Feb. 1994.

[35] B. Wang, Y. Wang, 1. Selesnick, and A. Vetro, “An investigation of
3D dual-tree wavelet transform for video coding,” in Proc. Int. Conf.
Image Processing, Singapore, Oct. 2004, vol. 2, pp. 1317-1320.

[36] L. Sendur and I. W. Selesnick, “Bivariate shrinkage functions for
wavelet-based denoising exploiting interscale dependency,” IEEE
Trans. Signal Process., vol. 50, no. 11, pp. 2744-2756, Nov. 2002.

[37] H. Rabbani, M. Vafadust, and S. Gazor, “Image denoising based on
a mixture of Laplace distributions with local parameters in complex
wavelet domain,” in Proc. Int. Conf. Image Processing, Atlanta, GA,
Oct. 2006, pp. 2597-2600.

[38] C. Chaux, L. Duval, A. Benazza-Benyahia, and J.-C. Pesquet, A non-
linear Stein based estimator for multichannel image denoising 2007,
Preprint, submitted for publication.

[23

[t



4700

[39] P. Steffen, P. N. Heller, R. A. Gopinath, and C. S. Burrus, “Theory of
regular M -band wavelet bases,” IEEE Trans. Signal Process., vol. 41,
no. 12, pp. 3497-3511, Dec. 1993.

[40] S. Touati and J.-C. Pesquet, “Some results on the wavelet packet
decomposition of nonstationary processes,” EURASIP J. Appl. Sign.
Process., no. 11, pp. 1289-1295, Nov. 2002.

[41] Y. Meyer, Ondelettes et Opérateurs. I, ser. Actualités Mathéma-
tiques. Paris, France: Hermann, 1990.

[42] 1. Daubechies, Ten Lectures on Wavelets. Philadelphia, PA: SIAM,
1992, SIAM Lecture Series.

[43] B.Tennantand R. M. Rao, “Solution to the orthogonal M -channel ban-
dlimited wavelet construction proposition,” in Proc. Int. Conf. Acous-
tics, Speech and Signal Processing, Hong Kong, China, Apr. 2003, vol.
6, pp. 389-392.

[44] R. R. Coifman and M. V. Wickerhauser, “Entropy-based algorithms
for best-basis selection,” IEEE Trans. Inf.. Theory, vol. 38, no. 2, pp.
713-718, Mar. 1992.

[45] M. Drmota and J. Rivat, “The sum of digits function of squares,” J.
London Math. Soc., vol. 72, no. 2, pp. 273-292, 2005.

[46] J.-P. Allouche, J. Shallit, and J. Sondow, “Summation of series defined
by counting blocks of digits,” J. Number Theory, vol. 123, no. 1, pp.
133-143, Mar. 2007.

[47] P. Franklin, “A set of continuous orthogonal functions,” Math. An-
nalen, vol. 100, pp. 522-529, 1928.

[48] J. O. Stromberg, “A modified Franklin system and higher-order spline
systems on R™ as unconditional bases for Hardy spaces,” in Proc. Conf.
on Harmonic Analysis in Honor of Antoni Zygmund, Belmont, CA,
Mar. 23-28, 1981, W. Beckner, A. P. Caleron, R. Fefferman, and P.
W. Jones, Eds., Mar. 1983, vol. II, pp. 475-493, Wadworth math. se-
ries.

[49] G. Battle, “A block spin construction of ondelettes. Part I: Lemarié
functions,” Commun. Math. Phys., vol. 110, pp. 601-615, 1987.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 12, DECEMBER 2007

[50] P.-G. Lemarié, “Une nouvelle base d’ondelettes de LZ(R™),” J. de
Math. Pures et Appl., vol. 67, pp. 227-236, 1988.

[51] M. Unser, “Splines, a perfect fit for signal processing,” Signal Process.
Mag., vol. 16, no. 6, pp. 22-38, Nov. 1999.

[52] O. Alkin and H. Caglar, “Design of efficient M -band coders with
linear-phase and perfect-reconstruction properties,” IEEE Trans.
Signal Process., vol. 43, no. 7, pp. 1579-1590, Jul. 1995.

[53] C. Chaux, L. Duval, A. Benazza-Benyahia, and J.-C. Pesquet, “A new
estimator for image denoising using a 2D dual-tree M -band wavelet
decomposition,” in Proc. Int. Conf. Acoustics, Speech and Signal Pro-
cessing, Toulouse, France, May 2006, vol. 3, pp. 249-252.

[54] P. Abry, P. Gongalves, and P. Flandrin, “Wavelets, spectrum analysis
and 1/ f processes,” in Wavelets and Statistics, ser. Lecture Notes in
Statistics, vol. 103, A. Antoniadis and G. Oppenheim, Eds. New
York: Springer, 1995, pp. 15-30.

[55] G. W. Wornell and A. V. Oppenheim, “Wavelet-based representations
for a class of self-similar signals with applications to fractal modula-
tion,” IEEE Trans. Inf. Theory, vol. 38, no. 2, pp. 785-800, Mar. 1992.

[56] H. Krim and J.-C. Pesquet, “Multiresolution analysis of a class of
nonstationary processes,” IEEE Trans. Inf. Theory, vol. 41, no. 4, pp.
1010-1020, Jul. 1995.

[57]1 W. Rudin, Real and Complex Analysis, 3 ed. Singapore: McGraw-
Hill Science, 1987.

[58] I. M. Guelfand and G. E. Chilov, Distributions Vols.1 & 2. Paris,
France: Dunod, 1962.

[59] A. M. Yaglom, Correlation Theory of Stationary and Related Func-
tions I. Basic Results. New York: Springer-Verlag, 1987.

[60] L. Schwartz, Analyse IV: Applications a la théorie de la mesure.
Paris, France: Hermann, 1997.

[61] I.S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Prod-
ucts. San Diego, CA: Academic, 2000.



